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Introduction



Introduction

Given a normal ultrafilter U on a measurable cardinal, we let UltpV, Uq

denote the induced ultrapower and we let jU : V ÝÑ UltpV, Uq denote

the corresponding elementary embedding.

We identify UltpV, Uq with its transitive collapse and its elements rf sU

with their images under the given transitive collapse.

The work presented in this talk studies the closure properties of

measurable ultrapowers.



Introduction

The following proposition lists the basic closure and non-closure properties

of models of the form UltpV, Uq.

Proposition

Let U be a normal ultrafilter on a measurable cardinal δ.

‚ δUltpV, Uq Ď UltpV, Uq.

‚ U R UltpV, Uq.

‚ jU rδ
`s R UltpV, Uq.



Introduction

The following theorem of Cummings shows that additional closure

properties of UltpV, Uq can highly depent on the underlying model of set

theory.

Theorem (Cummings)

The following statements are equiconsistent over the theory ZFC:

‚ There exists a P2pδq-hypermeasure.

‚ There exists a normal ultrafilter U on a measurable cardinal δ with

the property that Ppδ`q Ď UltpV, Uq.



Introduction

In the following, we want to study the closure and non-closure properties

of measurable ultrapowers through the following notion introduced by

Hamkins:

Definition (Hamkins)

Given a class M , a set A of ordinals is fresh over M if A RM and

AX α PM for all α ă lubpAq.



Introduction

The above theorem can now be rephrased in the following way:

Theorem (Cummings)

The following statements are equiconsistent over the theory ZFC:

‚ There exists a P2pδq-hypermeasure.

‚ There exists a normal ultrafilter U on a measurable cardinal δ with

the property that no unbounded subset of δ` is fresh over UltpV, Uq.



Introduction

For a given normal ultrafilter U , we now to determine the class of limit

ordinals containing an unbounded subset that is fresh over UltpV, Uq.

For the images of regular cardinals under the embedding jU , this question

was already studied by Assaf Shani.

Moreover, Hiroshi Sakai investigated stronger closure properties of

measurable ultrapowers that imply the non-existence of unbounded fresh

subsets at many ordinals.



Introduction

We continue by listing the obvious closure properties of measurable

ultrapowers with respect to the non-existence of fresh subsets.

We will later show that this list covers all provable closure and non-closure

properties of measurable ultrapowers, in the sense that there are . . .

‚ . . . models of set theory in which fresh subsets exist at all limit

ordinals that are not ruled out by these properties, and

‚ . . . models in which fresh subsets only exist at limit ordinals, where

their existence is guaranteed by them.



Basic closure and non-closure

properties



Basic closure and non-closure properties

Proposition

Let U be a normal ultrafilter on a measurable cardinal δ.

If κ ą δ is the minimal cardinal with Ppκq Ę UltpV, Uq, then there is an

unbounded subset of κ that is fresh over UltpV, Uq.

Proof.

Every element of PpκqzUltpV, Uq is unbounded in κ and fresh over

UltpV, Uq.



Basic closure and non-closure properties

Proposition

Let U be a normal ultrafilter on a measurable cardinal δ.

If λ is a limit ordinal with cofpλqUltpV,Uq “ jU pδ
`q, then there is an

unbounded subset of λ that is fresh over UltpV, Uq.

Proof.

Fix a cofinal function c : jU pδ
`q ÝÑ λ in UltpV, Uq and set

A “ pc ˝ jU qrδ
`s.

Since jU rδ
`s is a cofinal subset of jU pδ

`q of order-type δ`, we know

that A is a cofinal subset of λ of order-type δ`.

Then the closure of UltpV, Uq under δ-sequences implies that every

proper initial segment of A is an element of UltpV, Uq.

Finally, since jU rδ
`s R UltpV, Uq, we can conclude that A is fresh over

UltpV, Uq.



Basic closure and non-closure properties

Proposition

Let U be a normal ultrafilter on a measurable cardinal δ.

If 2δ “ δ` holds and λ is a limit ordinal with cofpλq “ δ`, then there is

an unbounded subset of λ that is fresh over UltpV, Uq.

Proof.

First, assume that cofpλqUltpV,Uq “ δ`.

Since 2δ “ δ`, there is an unbounded subset A of δ` that is fresh over

UltpV, Uq and we can use a cofinal function from δ` to λ in UltpV, Uq

to find an unbounded subset of λ that is fresh over UltpV, Uq.

Now, assume that cofpλqUltpV,Uq ą δ` and fix an unbounded subset A of

λ of order-type δ`.

Then the closure of UltpV, Uq under δ-sequences implies that A is fresh

over UltpV, Uq.



Basic closure and non-closure properties

Proposition

Let U be a normal ultrafilter on a measurable cardinal δ and let λ be a

limit ordinal.

If cofpλq ď δ, then no unbounded subset of λ is fresh over UltpV, Uq.

Proof.

This statement follows directly from the closure of UltpV, Uq under

δ-sequences.



Basic closure and non-closure properties

Proposition

Let U be a normal ultrafilter on a measurable cardinal δ and let λ be a

limit ordinal.

If the cardinal cofpλq is weakly compact, then no unbounded subset of λ

is fresh over UltpV, Uq.



Assume that κ “ cofpλq is a weakly compact cardinal greater than δ and

fix an unbounded subset A of λ with AX γ P UltpV, Uq for all γ ă λ.

Fix sequences xfα | α ă κy and xgα | α ă κy of functions with domain δ

such that the sequence xrfαsU | α ă κy is cofinal in λ and

rgαsU “ AX rfαsU for all α ă κ.

Let c : rκs2 ÝÑ U denote the unique function with the property that

cptα, βuq “ tξ ă δ | fαpξq ă fβpξq, gαpξq “ fαpξq X gβpξqu

holds for all α ă β ă κ.

Since κ ą 2δ “ |U | is weakly compact, there is an unbounded subset H of

κ and X P U with crHs2 “ tXu.

Pick a function g with domain δ and gpξq “
Ť

tgαpξq | α P Hu for ξ P X.

Then rgsU X rfαsU “ rgαsU for α P H and rgsU “ A P UltpV, Uq.



Basic closure and non-closure properties

Proposition

Let U be a normal ultrafilter on a measurable cardinal δ and let λ be a

limit ordinal.

If there exists a ăp2δq`-closed ultrafilter F on λ that contains all

cobounded subsets of λ, then no unbounded subset of λ is fresh over

UltpV, Uq.



Assume that A is an unbounded subset of λ that is fresh over UltpV, Uq.

Given η ă λ, fix functions fη and gη with domain δ satisfying rfηsU “ η

and rgηsU “ AX η.

Given η ă λ and X P U , define Aη,X to be the set of all ζ P pη, λq with

X “ tξ ă δ | fηpξq ă fζpξq, gηpξq “ gζpξq X fηpξqu.

If η ă λ, then
ď

tAη,X | X P Uu “ pη, λq P F.

Then there is a sequence xXη P U | η ă λy with Aη,Xη P F for all η ă λ.

Given X P U , set EX “ tη ă λ | Xη “ Xu.

Since
Ť

tEX | X P Uu “ λ, there is X˚ P U with EX˚
P F .



We found X˚ P U and EX˚
P F with Aη,X˚

P F for all η P EX˚
, where

Aη,X˚
“ tζ P pη, λq | X˚ “ tξ ă δ | fηpξq ă fζpξq, gηpξq “ gζpξq X fηpξquu.

Claim

If η, ζ P EX˚
, ξ P X˚ and α “ minpfηpξq, fζpξq, then

gηpξq X α “ gζpξq X α.

Proof of the Claim.

Pick ρ P Aη,X˚
XAζ,X˚

P F . Then α ă fρpξq and

gηpξq X α “ gρpξq X α “ gζpξq X α.



We found X˚ P U and EX˚
P F with

gηpξq X α “ gζpξq X α

whenever η, ζ P EX˚
, ξ P X˚ and α “ minpfηpξq, fζpξq.

Pick a function g with domain δ and

gpξq “
ď

tgηpξq | η P EX˚
u

for all ξ P X˚. By the above claim, we now know that gpξqX fηpξq “ gηpξq

holds for all η P EX˚
and all ξ P X˚ P U . But this directly implies that

rgsU X η “ rgηsU “ AX η

for all η P EX˚
. Hence, we can conclude that rgsU “ A P UltpV, Uq, a

contradiction.



Basic closure and non-closure properties

By the filter extension property of strongly compact cardinals, the above

result directly implies the following corollary.

This corollary also follows directly from results of Hiroshi Sakai.

Corollary

Let U be a normal ultrafilter on a measurable cardinal δ and let λ be a

limit ordinal.

If the interval pδ, cofpλqq contains a strongly compact cardinal, then no

unbounded subset of λ is fresh over UltpV, Uq.



Sakai’s result



Sakai’s result

We now use a theorem of Hiroshi Sakai to show that the above results

include all provable non-closure properties of measurable ultrapowers.

Sakai’s result relies on another concept isolated by Hamkins:

Definition (Hamkins)

Given an infinite cardinal κ, an inner model M has the κ-approximation

property if X PM holds for every set X of ordinals with the property

that X X a PM for all a PM with |a|M ă κ.

Proposition

Let κ be an uncountable regular cardinal and let M be an inner model

with the κ-approximation property.

If λ is a limit ordinal with cofpλq ě κ, then no unbounded subset of λ is

fresh over M .



Sakai’s result

Theorem (Sakai)

Let δ be a measurable cardinal and let W be an inner model such that

the GCH holds in W , V is a Colppδ`qV,ăpδ``qVqW -generic extension

of W and pδ``qV is strongly compact in W .

If U is a normal ultrafilter on δ, then the inner model UltpV, Uq has the

δ``-approximation property.

Corollary

In the situation of the above theorem, the following statements are

equivalent for every normal ultrafilter U on δ and every limit ordinal λ:

‚ There is an unbounded subset of λ that is fresh over UltpV, Uq.

‚ cofpλq “ δ`.



Measurable ultrapowers of canonical

inner models



Measurable ultrapowers of canonical inner models

We now want to show that the above results also include all provable

closure properties of measurable ultrapowers.

More specifically, we show that measurable ultrapowers of canonical inner

models possess the minimal amount of closure properties with respect to

freshness.

Our results apply to a large class of canonical inner models, so called

Jensen-style extender models, that can contain various large cardinals

below supercompact cardinals.



Measurable ultrapowers of canonical inner models

Theorem (L.–Müller)

Assume that V is a Jensen-style extender model that does not have a

subcompact cardinal.

Then the following statements are equivalent for every normal ultrafilter

U on a measurable cardinal δ and every limit ordinal λ:

‚ There is an unbounded subset of λ that is fresh over UltpV, Uq.

‚ The cardinal cofpλq is greater than δ and not weakly compact.

The proof of this result makes use of the existence of various square

sequences in these models.



Measurable ultrapowers of canonical inner models

Definition

‚ (Todorčević) Given an uncountable regular cardinal κ, a sequence

xCγ | γ P LimX κy is a pκq-sequence if the following statements hold:

‚ Cγ is a closed unbounded subset of γ for all γ P LimX κ.

‚ If γ P LimX κ and β P LimpCγq, then Cβ “ Cγ X β.

‚ There is no closed unbounded subset C of κ with C X γ “ Cγ for

all γ P LimpCq.

‚ (Jensen) Given an infinite cardinal κ, a pκ`q-sequence

xCγ | γ P LimX κ
`y is a κ-sequence if otppCγq ď κ holds for

all γ P LimX κ`.



Measurable ultrapowers of canonical inner models

Seminal results of Schimmerling and Zeman show that, in Jensen-style

extender models, a ν-sequence exists if and only if ν is not a subcompact

cardinal.

In addition, Zeman extended results of Jensen by showing that pκq-

sequences exist in these models for all inaccessible, non-weakly compact

cardinals.

Finally, it should be noted that results of Kypriotakis and Zeman show

that, in Jensen-style extender models, a pκ`q-sequence exists if κ is the

least subcompact cardinal.



Measurable ultrapowers of canonical inner models

Theorem

Let U be a normal ultrafilter on a measurable cardinal δ. Assume that

the following statements hold:

‚ The GCH holds at all cardinals greater than or equal to δ.

‚ If κ ą δ` is a regular cardinal that is not weakly compact, then

there exists a pκq-sequence.

‚ If κ ą δ is a singular cardinal, then there exists a κ-sequence.

Then the following statements are equivalent for every limit ordinal λ:

‚ There is an unbounded subset of λ that is fresh over UltpV, Uq.

‚ The cardinal cofpλq is greater than δ and not weakly compact.



Measurable ultrapowers of canonical inner models

In the following, we discuss the central parts of the proof of this result.

We first observe that it suffices to concentrate on the regular cardinals of

the ultrapower.

Proposition

Let U be a normal ultrafilter on a measurable cardinal δ and let λ be a

limit ordinal. If there is an unbounded subset of cofpλqUltpV,Uq that is

fresh over UltpV, Uq, then there is an unbounded subset of λ that is

fresh over UltpV, Uq.



Indexed squares



Indexed squares

The following result allows us to handle the image points of regular

cardinals in the proof of the above theorem.

It strengthens results of Sakai and Shani.

Theorem

Let U be a normal ultrafilter on a measurable cardinal δ and let κ ą δ be

a regular cardinal.

If there exists a pκq-sequence, then there is a closed unbounded subset

of jU pκq that is fresh over UltpV, Uq.



Indexed squares

This result can already be used to show that the conclusion of Sakai’s

theorem has high consistency strength.

First, if U is a normal ultrafilter on a measurable cardinal δ with the

property that for every limit ordinal λ with cofpλq P tδ``, δ```u, no

unbounded subset of λ is fresh over UltpV, Uq, then κ “ δ`` is a

countably closed regular cardinal greater than maxt2ℵ0 ,ℵ3u with the

property that there are no pκq- and no κ-sequences.

By a result of Schimmerling, the existence of such a cardinal implies

Projective Determinacy.

In addition, work of Jensen, Schimmerling, Schindler and Steel shows that

the existence of such a cardinal implies the existence of a sharp for a

proper class model with a proper class of strong cardinals and a proper

class of Woodin cardinals.



Indexed squares

Now, assume that U is a normal ultrafilter on a measurable cardinal δ and

κ ą δ is a singular strong limit cardinal with the property that unbounded

subsets of limit ordinals of cofinality κ` are not fresh over UltpV, Uq.

Then the above theorem shows that there are no κ-sequences and

therefore the work of Steel shows that AD holds in LpRq.

Even stronger consequences of this conclusion can be derived with the help

of results of Sargsyan.



Definition (Lambie-Hanson)

Let δ ă κ be infinite regular cardinals. A indpκ, δq-sequence is a matrix

xCγ,ξ | γ ă κ, ipγq ď ξ ă δy

satisfying the following statements:

‚ If γ P LimX κ, then ipγq ă δ.

‚ If γ P LimX κ and ipγq ď ξ ă δ, then Cγ,ξ is a club in γ.

‚ If γ P LimX κ and ipγq ď ξ0 ă ξ1 ă δ, then Cγ,ξ0 Ď Cγ,ξ1 .

‚ If β, γ P LimX κ and ipγq ď ξ ă δ with β P LimpCγ,ξq, then

ξ ě ipβq and Cβ,ξ “ Cγ,ξ X β.

‚ If β, γ P LimX κ with β ă γ, then there is an ipγq ď ξ ă δ such

that β P LimpCγ,ξq.

‚ There is no closed unbounded subset C of κ and ξ ă δ such

that ξ ě ipγq and Cγ,ξ “ C X γ hold for all γ P LimpCq.



Indexed squares

Theorem (Lambie-Hanson–L.)

Let δ ă κ be infinite regular cardinals. If there exists a pκq-sequence,

then there exists a indpκ, δq-sequence.

Theorem

Let U be a normal ultrafilter on a measurable cardinal δ and let κ ą δ be

a regular cardinal.

If there exists a pκq-sequence, then there is a closed unbounded subset

of jU pκq that is fresh over UltpV, Uq.



Fix a indpκ, δq-sequence

xCγ,ξ | γ ă κ, ipγq ď ξ ă δy.

Given γ P LimX κ, let fγ : δ ÝÑ Ppγq denote the unique function with

fγpξq “ H for all ξ ă ipγq and fγpξq “ Cγ,ξ for all ipγq ď ξ ă δ.

By  Los’ Theorem, if β, γ P LimX κ with β ď γ, then rfγsU is closed

unbounded in jU pγq and

rfβsU “ rfγsU X jU pβq

holds. Define

A “
ď

trfγsU | γ P LimX κu.

Since jU pκq “ suppjU rκsq, the set A is closed unbounded in jU pκq with

AX jU pγq “ rfγsU for all γ P LimX κ.



Indexed squares

Assume that A P UltpV, Uq and pick f : δ ÝÑ Ppκq with rf sU “ A and

the property that fpξq is a closed unbounded subset of κ for all ξ ă δ.

Given γ P LimX κ, we have

tξ P ripγq, δq | fγpξq “ fpξq X γu P U.

Hence, we can find ξ ă δ with the property that ξ ě ipγq and

fpξq X γ “ Cγ,ξ holds for unboundedly many γ below κ.

Pick β P Limpfpξqq and β ă γ ă κ with ξ ě ipγq and fpξq X γ “ Cγ,ξ.

Then β P LimpCγ,ξq, ξ ě ipβq and Cβ,ξ “ Cγ,ξ X β “ fpξq X β.

Hence, there is a club C in κ and ξ ă δ with ξ ě ipβq and C X β “ Cβ,ξ

for all β P LimpCq, a contradiction.



Successors of singular cardinals



Successors of singular cardinals

The other important case in the proof of our main theorem are limit

ordinals whose cofinality is the successor of a singular cardinal of cofinality

equal to the given measurable cardinal.

These ordinals will be handled by the next result:

Theorem

Let U be a normal ultrafilter on a measurable cardinal δ and let κ be a

singular cardinal of cofinality δ.

If the GCH holds above δ and there exists a κ-sequence, then there is

a closed unbounded subset of κ` that is fresh over UltpV, Uq.



Successors of singular cardinals

The proof of the above result makes use of the following standard lemmas:

Lemma

Let U be a normal ultrafilter on a measurable cardinal δ.

If ν ą δ is a cardinal with cofpνq ‰ δ and λδ ă ν for all λ ă ν, then

jU pνq “ ν and jU pν
`q “ ν`.

Lemma

Let κ be a singular cardinal and let S be a stationary subset of κ`.

If there exists a κ-sequence, then there exists a κ-sequence

xCγ | γ P LimX κ
`y and a stationary subset E of S such that

otppCγq ă κ and LimpCγq X E “ H for all γ P LimX κ`.



Successors of singular cardinals

Fix a κ-sequence xCγ | γ P LimX κ
`y and a stationary subset E of Sκ

`

δ

such that otppCγq ă κ and LimpCγq X E “ H for all γ P LimX κ`.

By our assumptions, there is a continuous, strictly increasing sequence

xκξ | ξ ă δy of jU -fixed points that is cofinal in κ.

The normality of U then implies that rξ ÞÑ κξsU “ κ and

rξ ÞÑ κ`ξ sU ď κ`.

Given γ P LimX κ`, let ξγ denote the minimal element ξ of δ with

κ`ξ ą otppCγq.

Note that, if γ P LimX κ` and β P LimpCγq, then ξβ ď ξγ .



Successors of singular cardinals

We inductively construct a sequence

xfγ P
ź

ξăδ

κ`ξ | γ ă κ`y

with the following properties:

‚ If β ă γ ă κ`, then fβpξq ă fγpξq for coboundedly many ξ ă δ.

‚ If γ P LimX κ` and β P LimpCγq, then fβpξq ă fγpξq for all

ξγ ď ξ ă δ.

‚ If γ P LimX κ`, then fγpξq P Lim for all ξ ă δ.

Given β ă γ ă κ`, we then have

rfβsU ă rfγsU ă rξ ÞÑ κ`ξ sU .

In particular, this shows that rξ ÞÑ κ`ξ sU “ κ`.



Successors of singular cardinals

The construction of this sequence is straightforward:

‚ f0pξq “ 0 for all ξ ă δ.

‚ fγ`1pξq “ fγpξq ` 1 for all γ ă κ` and ξ ă δ.

‚ If γ P LimX κ` with LimpCγq bounded in γ and ξ ă δ, then

fγpξq “ mintρ P Lim | ρ ą fβpξq for all β P CγzmaxpLimpCγqqu.

‚ If γ P LimX κ` with LimpCγq unbounded in γ, then

fγpξq “

$

&

%

ω, if ξ ă ξγ .

suptfβpξq | β P LimpCγqu, if ξγ ď ξ ă δ.



Successors of singular cardinals

Since 2κ “ κ` holds, there is an enumeration xhα | α ă κ`y of
ś

ξăδ Ppκ
`
ξ q of order-type κ`.

Let xγα | α ă κ`y denote the monotone enumeration of the stationary set

E that is avoided by our κ-sequence.

We inductively define a sequence xcγ | γ P LimX κ
`y of functions with

domain δ satisfying the following statements for all γ P LimX κ`:

(a) cγpξq is a closed unbounded subset of fγpξq for all ξ ă δ.

(b) If β P LimX γ, then cβpξq “ cγpξq X fβpξq for coboundedly many

ξ ă δ.

(c) If γ R E, β P LimpCγq and ξγ ď ξ ă δ, then cβpξq “ cγpξq X fβpξq.

(d) If α ă κ` and ξγα ď ξ ă δ, then cγαpξq ‰ hαpξq X fγαpξq.



Successors of singular cardinals

Then rcγsU is a closed unbounded subset of rfγsU for all γ P LimX κ`.

Moreover, rcβsU “ rcγsU X rfβsU for all β, γ P LimX κ` with β ă γ.

In particular, there is a club C in κ` with C X rfγsU “ rcγsU for all

γ P LimX κ`.

Finally, we have

C X rfγαsU “ rcγαsU ‰ rhαsU X rfγαsU

for all α ă κ` and hence C R UltpV, Uq.



Case

γ “ γα P E for some α ă κ`.

Let xβξ | ξ ă δy be the monotone enumeration of a subset of LimpCγq of

order-type δ that is closed unbounded in γ.

Given ξγ ď ξ ă δ, we have fβξpξq ă fγpξq and we can pick a club subset

Cγξ of fγpξq with minpCγξ q “ fβξpξq and Cγξ ‰ hαpξq X rfβξpξq, fγpξqq.

Define

cγpξq “

$

&

%

ω, for all ξ ă ξγ .

cβξpξq Y Cγξ , for all ξγ ď ξ ă δ.

Then cγpξq is a club subset of fγpξq for all ξ ă δ and

cγpξq ‰ hαpξq X fγpξq

holds for all ξγ ď ξ ă δ. Moreover, it is easy to check that cγ also satisfies

the other desired properties.



Thank you for listening!
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