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I. Solvability of degenerate SPDEs in Lp spaces

II. Stochastic finite diff. schemes

• Solvability and estimates in Lp-spaces

• Rate of convergence, accelerated schemes

• Truncated schemes

2



I. Solvability of degenerate SPDEs in Lp spaces

dut = (Lut + ft) dt+ (Mrut + grt ) dw
r
t , (1)

on HT := [0, T ]× Rd, with

u0(x) = ψ(x), x ∈ Rd, (2)

with independent (Ft)t≥0-Wiener processes (wr)∞r=1,

L = aijDij + biDi + c, Mr = σriDi + νr,

a = a
ij
t (ω, x), b = bit(ω, x), c = ct(ω, x),

(σirt (ω, x))∞r=1 ∈ l2, (νrt (ω, x))∞r=1 ∈ l2,

ψ ∈ Lp, ft ∈ Lp, (grt )
∞
r=1 ∈ Lp,

t ∈ [0, T ], i, j = 1,2, ..., d, x ∈ Rd, p ≥ 2.
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Assumption 1 (stochastic parabolicity).

â ≥ 0, ω ∈ Ω, t ∈ [0, T ], x ∈ Rd.

âij := aij −
1

2

∞∑
r=1

σirσjr, i, j = 1,2, ..., d

Degenerate parabolic SPDE

Aim: Existence, uniqueness, regularity

and finite difference approximations of the solutions

in Lp spaces under stochastic parabolicity
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Historical remarks:

(a) Deterministic PDEs: dut = (Lut+ ft) dt, (aij) ≥ 0

• Solvability in L2-spaces

O. A. Olěinik (1965), O.A. Olěinik–V.A. Radkevič (1966)

• Solvability in Lp spaces (for SPDEs):

N. V. Krylov–B.L. Rozovskii (1982),

N.V. Krylov–I.G. (2003)

M. Gerencsér–N.V. Krylov–I.G. (2014)

Our first aim is to improve the results of Krylov-Rozovskii

(1982) and N.V. Krylov–I.G. (2003) and also to extend

them to systems of SPDEs.
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Definition. A W1
p -valued u = (ut)t∈[0,T ] is a solution

to (1)-(2) if almost surely∫ T

0
|ut|pW1

p
dt <∞,

(ut, ϕ) =(ψ,ϕ) +
∫ t

0
{−(aijDius, Djϕ)

+ (̂biDius + cus + fs, ϕ)} ds

+
∫ t

0
(Mrus + grs, ϕ) dwrs

for t ∈ [0, T ], ϕ ∈ C∞0 (Rd), where b̂i = bi −Djaij, (, ) is

the inner product in L2(Rd).
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Let K ≥ 0 be a constant, p ≥ 2.

Assumption 2.

|a|C2 ≤ K, |b|C1 ≤ K, |c|C1 ≤ K,

|σ|C2 ≤ K, |ν|C2 ≤ K.

Assumption 3. ψ ∈W1
p , F0-measurable;

Kp(T ) :=
∫ T

0
|ft|pW1

p
+ |gt|pW2

p
dt <∞ (a.s.).
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Theorem 1.(M. Gerencsér, N.V. Krylov, I.G. 2014) Let

Assumptions 1-3 hold. Then ∃! solution u. Moreover,

u is weakly continuous W1
p -valued, strongly continuous

Lp-valued process, and for every q > 0

E sup
t∈[0,T ]

|ut|qW1
p
≤ N(E|ψ|q

W1
p

+ EKq(T )) (3)

with N = N(p, q, d,K, T ).

More regular data–more regular solution:

Let m ≥ 1, m̄ = max(m,2)

Assumption 2m.

|a|Cm̄ ≤ K, |b|Cm ≤ K, |c|Cm ≤ K,

|σ|Cm+1 ≤ K, |ν|Cm+1 ≤ K.
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Assumption 3m. ψ ∈Wm
p , F0-measurable;

Kpm(T ) :=
∫ T

0
|ft|pWm

p
+ |gt|p

Wm+1
p

dt <∞.

Theorem 2. Let Assumptions 1, 2m and 3m hold.
Then u is weakly continuous Wm

p -valued, strongly con-
tinuous Wm−1

p -valued process, and for every q > 0

E sup
t∈[0,T ]

|ut|qWm
p
≤ N(E|ψ|q

Wm+1
p

+ EKqm(T )) (4)

with N = N(m, p, q, d,K, T ).

To prove Theorems 1 and 2 we need to estimate the Lp
norm of D1u,...Ddu. Since Du := (D1u, ..., Ddu) satisfies
a system of SPDEs, it is natural to consider systems
of parabolic SPDEs, and Thm1 is proved for a class of
parabolic system od SPDEs.



II. Stochastic Finite Difference Schemes

Consider (1)-(2). The finite difference approximations

(in spatial variables) are defined as follows:

For a finite set Λ ⊂ Rd \ {0}, and h > 0 define

Gh = {h(λ1 + ...+ λn) : λi ∈ Λ ∪ {−Λ}, n = 1,2, ...},

δh,λϕ(x) =
1

h
(ϕ(x+ hλ)− ϕ(x)), δhλ =

1

2
(δh,λ + δ−h,λ);

duht (x) =(Lht u
h
t (x) + ft(x)) dt

+ (Mh,r
t ut(x) + grt (x)) dwrt (5)

uh0(x) =ψ(x) (6)

for t ∈ [0, T ] and x ∈ Gh,
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where

Lh =
∑

λ,γ∈Λ

αλγδhλδ
h
γ +

∑
λ∈Λ

βλδhλ+
∑
λ∈Λ

(pλδh,λ+qλδh,−λ)+c,

(7)

Mh,r =
∑
λ∈Λ

µλrδhλ + νr, r = 1,2, ..., (8)

with bounded real-valued αλγ = αγλ, βλ, pλ, qλ; bounded

l2-valued σλ = (σλr)∞r=1, νλ = (νλr)∞r=1, on Ω×HT , for

all λ, γ ∈ Λ.
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Aim: Show the existence of an expansion of uh in h:

uht (x) =
k∑

j=0

hj

j!
u

(j)
t (x) + hk+1rht (x), (9)

where u(0) = u, u(1),...,u(k) are random fields on HT ,

independent of h, and rh is a random field on HT s.t.

E sup
t≤T

sup
x∈Gh

|rht (x)|q ≤ N (10)

with a constant N independent of h.
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• expansion with k = 0 gives

|uht (x)− ut(x)| ≤ hrht (x),

and the estimate on r yields

E sup
t∈[0,T ],x∈Gh

|uht (x)− ut(x)|q ≤ Nhq

• expansion with k = 1: uh = u+ hu(1) + h2rh gives

vh := 2uh/2 − uh = u+ h2(2rh/2 − rh),

which yields

E sup
t∈[0,T ],x∈Rd

|vht (x)− ut(x)|q ≤ Nh2q.
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• For k ≥ 1 define

(λ0, λ1, ..., λk) = (1,0, ...,0)V −1,

where V −1 is the inverse of the (k+1)×(k+1) Vander-

monde matrix V = (V ij) given by V ij = 2−(i−1)(j−1).

Set

vh =
k∑
i=0

λiu
h/2i.

Then expansion (9) gives

E sup
t∈[0,T ]

sup
x∈Gh

|vht (x)− ut(x)|q ≤ N1h
q(k+1).
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To obtain a power series expansion we make the fol-

lowing assumptions:

Assumption 0. (consistency)

aij =
∑

λ,γ∈Λ

αλγλiγj, bi =
∑
λ∈Λ

(βλ + pλ − qλ)λi,

σir =
∑
λ∈Λ

µλrλi.

Assumption I.

(i)
∑
λ,γ∈Λ(αλγ − 1

2µ
λrµγr)zλzγ ≥ 0, ∀zλ ∈ R, λ ∈ Λ;

(ii) pλ ≥ 0, qλ ≥ 0 ∀λ ∈ Λ.
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Assumption II. m ≥ 1, m̄ = max(m,2)

|αλγ|Cm̄ ≤ K, |βλ|Cm ≤ K, |c|Cm ≤ K,

|(µλr)∞r=1|Cm+1 ≤ K, |(νr)∞r=1|Cm+1 ≤ K.

Assumption III. ψ ∈Wm
p , F0-measurable;

Kpm(T ) =
∫ T

0
|ft|pWm

p
+ |gt|p

Wm+1
p (l2)

dt <∞.
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Theorem 4. Let p = 2. Let k ≥ 0 be an integer, let

Assumptions 0-III hold with

m > 2k + 3 +
d

2
.

Then expansion (9) holds for h > 0, t ∈ [0, T ], x ∈ Gh
with a continuous random field (rht (x))(t,x)∈HT satisfy-

ing (10) with N = N(K,T, k, d,Λ).
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Truncated Finite Difference Schemes

Let ε > 0 and nonnegative ζ ∈ C∞0 (Rd), s.t.,
ζ(x) = 1 if |x| ≤ 1, ζ(x) = 0 if |x| ≥ ρ > 1.

Set ϕR(x) := ϕ(x/R), LhR := ϕRL
h, Mh,r

R := ϕRM
h,r,

fR := ϕRf , gR := ϕRg

Consider

duht (x) =(LhR,tu
h
t (x) + fR,t(x)) dt

+ (Mh,r
R,tut(x) + grR,t(x)) dwrt (11)

uh0(x) =ψR(x) (12)

for t ∈ [0, T ] and x ∈ Gh,Rρ := Gh ∩ {|x| ≤ Rρ}.

Set vh :=
∑k
j=0 λju

h/2j.
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Theorem 6. Let p = 2, k ≥ 0, and Assumptions 0-III

hold with

m > 2k + 3 +
d

2
.

Then for R > 0, κ ∈ (0,1), q > 0

E sup
t∈[0,T ]

sup
x∈Gh∩{|x|≤κR}

|vhR,t(x)−ut(x)|q ≤ N1h
q(k+1)+N2e

−θR2

with positive constants N1, N2, θ, independent of h.

If k is odd and pλ = qλ = 0 for λ ∈ Λ, then

m > 2k + 2 +
d

2
is sufficient.
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Thank You!
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