Barcelona Probability Seminar
Faculty of Mathematics, University of Barcelona

May 27, 2014

On numerical solutions of degenerate stochastic PDEs

Istvan Gyongy
School of Mathematics and Maxwell Institute
Edinburgh University

Based on joint work with N.V. Krylov and

M. Gerencsér



I. Solvability of degenerate SPDEs in Ly spaces

II. Stochastic finite diff. schemes
e Solvability and estimates in Ly-spaces
e Rate of convergence, accelerated schemes

e [runcated schemes



I. Solvability of degenerate SPDEs in L, spaces

duy = (Lug + fi) dt + (M"us + g1 ) dwy, (1)
on Hp :=[0,T] x R%, with
up(z) =1(z), =z€RY, (2)
with independent (F;)¢>o-Wiener processes (w")>2 {,

L=a"Dj;+b'Dj+¢c, M =0"D;+ 1",
a = a’ij(w7 27>, b= b%(wa 33)7 ¢ = Ct(w7 ZE),
(of" (w,2))p2q €lo, (W (w, )92, € lo,

77D S Lpa ft S Lpa (917;)7?0:1 S Lpa
te[0,T],i,j=1,2,...d, z € R% p>2.



Assumption 1 (stochastic parabolicity).

>0 weQ, tel0,T], zeR%
o o o o m . .
a’ = a" — = Z oo, 4,7=1,2,....d
r=1

Degenerate parabolic SPDE

Aim: EXxistence, uniqueness, regularity
and finite difference approximations of the solutions
in Ly spaces under stochastic parabolicity



Historical remarks:
(a) Deterministic PDEs: du; = (Luz+ f)dt, (a”) >0

e Solvability in Lo-spaces
O. A. Oleinik (1965), O.A. Oleinik—V.A. Radkevit (1966)

e Solvability in Ly spaces (for SPDESs):
N. V. Krylov—B.L. Rozovskii (1982),
N.V. Krylov=I.G. (2003)

M. Gerencsér—N.V. Krylov—-1.G. (2014)

Our first aim is to improve the results of Krylov-Rozovskii
(1982) and N.V. Krylov—I1.G. (2003) and also to extend
them to systems of SPDEs.



A Wy-valued u = (ut)yefo ) IS @ solution
to (1)-(2) if almost surely

T
/O |ut|€vpl dt < oo,

t .
(ur, ) =(¥,9) + | {=(a"Dius, Dyo)
+ (0"Djus + cus + fs, )} ds
+ [ O us+ g7, o) dw

for t € [0,T], ¢ € CL(RY), where b = b' — D;a%, (,) is
the inner product in Lo(R%).



Let K > 0 be a constant, p > 2.

Assumption 2.

|CL|CQ S K7 |b|C’1 S K7 |C|01 S K7

olez < K, |vlea < K.

Assumption 3. ¢ € W1, Fy-measurable;

T

ICP(T) :=/

0 |ft|€[/pl + |gt|€VpQ dt < oo (a.s.).



Theorem 1.(M. Gerencsér, N.V. Krylov, 1.G. 2014) Let
Assumptions 1-3 hold. Then 3! solution w. Moreover,
u 1S weakly continuous Wpl-valued, strongly continuous
Ly-valued process, and for every g > 0O

E sup |ull, < N(E[Y[T , + EKUT)) (3)
te[0,T] p p

with N = N(p,q,d, K, T).

More regular data—more regular solution:
Let m > 1, m = max(m,2)
Assumption 2,,.

alem <K, blom <K, dlom < K,

lolem+1 < K, |V[gm+1 < K.



Assumption 3,,. v € W JFp-measurable;

T
KP (T :=/ b p dt < oo.
(1) 0 |ft|Wp ‘|‘|gt|W£@+1 00

Theorem 2. Let Assumptions 1, 2, and 3,, hold.
Then v is weakly continuous W’m—valued strongly con-
tinuous Wm 1_valued process, and for every ¢ > 0O

te[0,T]

with N = N(m,p,q,d,K,T).

To prove Theorems 1 and 2 we need to estimate the Ly
norm of Dqu,...Dgu. Since Du := (Dju,..., Dyu) satisfies
a system of SPDEs, it is natural to consider systems
of parabolic SPDEs, and Thm1l is proved for a class of
parabolic system od SPDEs.



II. Stochastic Finite Difference Schemes

Consider (1)-(2). The finite difference approximations
(in spatial variables) are defined as follows:

For a finite set A ¢ R%\ {0}, and h > O define

Gy, = {h()\l + ...+ )\, EANU {—-A\},n=1,2, ..},

1 1
opap(z) = (p(@ + hA) — o(@)), o = 5Onx+0-n);

du (z) =(Liup(x) + fi(x)) dt
+ (M (@) + gf (2)) duw} (5)
uf(z) =¢(z) (6)
for t € [0,T] and z € Gy,



where

L= %" oM+ BT+ Y (oAt an 0+,
AyEN AEA AENA
(7)

M = > ,u>"'“5§f +v, r=1,2,.., (8)
AEN

with bounded real-valued oY = 7%, 84, p?, q*; bounded
I>-valued o = (6?)% , v* = (V)% 4, on Q x Hyp, for
all A,y € A.
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Aim: Show the existence of an expansion of u” in h:

k ' ,
@)= 3 DD @)+ @), (9)

j=07

where u(9) = 4, «(1),. . 4*) are random fields on Hrp,
independent of A, and rP is a random field on Hp s.t.

Esup sup [r(z)|? < N (10)
t<T zeGy,

with a constant N independent of h.
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e expansion with k£ = 0 gives

uf'(z) — up(2)| < hri(a),
and the estimate on r yields

) sup |u?(w) — u(x)]9 < Nhi
te[0,T],2eGy,

e expansion with k= 1: v = u 4+ hu(l) + r2r" gives
ol =22 oy = + h2(2rh/2 —rM),
which vyields

E sup "U{L(ZE) — uy(z)|? < Nh?4.
te[0,T],zeRd
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e For £ > 1 define

(Ao, ALy M) = (1,0,...,0)V 1,

where V1 is the inverse of the (k+1) x (k+1) Vander-
monde matrix V = (V¥) given by Vi = 2-(-1)(~-1)
Set

k |
o = Z )\iuh/zz.
i=0
Then expansion (9) gives

E sup sup |v?(a:) —u(x)]9 < Nth(k_H).
tc[0,T] x€Gy,
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To obtain a power series expansion we make the fol-
lowing assumptions:

Assumption 0. (consistency)

a¥ = 37 N, b= 3B+t - g
A, YEN AEN

g Z M)xr)\i.
AEN
Assumption 1.
() Canen(@ = 3N M) 202y > 0, Vzy €R, AEA;
(i) p» >0, ¢* >0 VX eA.
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Assumption II. m > 1, m = max(m, 2)
A A
|a VlCm < K, |B |C’m < K, |C|Cm < K,
()22
Assumption III. ¢y € W, Fo-measurable;

Zilem+1 < K, [(V)iZ]gme < K.

T p
K, (T) :/o | fely T+ |9t WL, )dt < oo.
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Theorem 4. Let p=2. Let £ > 0 be an integer, let
Assumptions O-III hold with

d
m>2k—|—3—|—§.

Then expansion (9) holds for h > 0, t € [0,T], =z € Gy,
with a continuous random field (T?(x))(t,a:)eHT satisfy-
ing (10) with N = N(K, T, k,d,\).
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Truncated Finite Difference Schemes
Let € > 0 and nonnegative ¢ € CL(RY), s.t.,
C(x)=1if || <1, {(x) =0 if |[z| > p> 1.

hor . __
Set pgr(z) 1= p(z/R), Lk = ogrL", Mp" = @pMhrT,
frR:=vRrS, 9R = ¥YRY

Consider
dug (z) =(Lh put' (2) + fra(x)) dt
+ (Mghu(z) + g (2)) dw]  (11)

ubi(z) =yr(z) (12)
for t € [0,T] and = € Gy, g, ‘= Gy, N {|z| < Rp}.

Set vh 1= Zéﬂ:o )\juh/zj.
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Theorem 6. Let p =2, k> 0, and Assumptions O-III
hold with

d
m>2k—|—3-|—§.
Then for R>0, k€ (0,1), ¢ >0

2
E sup sup |v%t(az)—ut(x)|q < Nlhq(k_l_l)—l—NQe_eR
te[0,T] zeGpn{|x|<kR} ’

with positive constants N1, No, 6, independent of h.
If k is odd and p* = gq* =0 for XA € A, then

d

is sufficient.
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Thank Youl
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