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Abstract Integration by Parts Formulas : Let F be a random variable. There exists
H�(F ) 2 Lp such that

IP�;p(F ) E(@�f(F )) = E(f(F )H�(F )) 8f 2 C1c

Basic example : F � N(0; �): Then

E(f(F )) =
1p
2��

Z
f 0(x)e�

x2

2�dx

=
�1p
2��

Z
f(x)

x

�
e�

x2

2�dx = �E(f(F )F
�
):



Malliavin calculus : Simple functionals �k =W ( k2n)�W (k�12n )

Fn = �(�1; :::;�n)

: For Fn we de�ne

DsFn =
@

@�s
�(�1; :::;�n); DFn 2 L2(0; 1):

De�nition. F 2 D1;2 if there exists Fn; n 2 N simple functionals such that

Fn ! F L2(dP )

DFn ! U L2(ds� dP )

Then DF = U:

In this way one builts an in�nite dimensional di¤erential calculus and employes it in order
to built H�(F ):



Regularity of the Law Fourier Approach. bpF (�) = E(ei�F ): ThenZ
fj�j>1g

jbpF (�)j2 d� <1 =) PF (dx) = pF (x)dxZ
fj�j>1g

j�jk jbpF (�)j d� <1 =) pF (x) 2 Ck:

Link with IP. We have

@xe
i�x = i�ei�x ! ei�x =

1

i�
@xe

i�x

so

bpF (�) = 1

i�
E(@xe

i�F ) =
1

i�
E(ei�FH1(F ))

ThanZ
fj�j>1g

jbpF (�)j2 d� � Z
fj�j>1g

1

�2

���E(ei�FH1(F ))���2 d� � E(jH1(F )j2) Zfj�j>1g 1�2d� <1:
Malliavin ! IP !Regularity.



Alternative Approach

Step 1. We consider simple functionals

Fn = �(�1; :::;�n)

and we use Elementary Finite Dimensional integration by parts and we obtain

IP�;p(Fn) E(@�f(Fn)) = E(f(Fn)H�(Fn)) 8f 2 C1c

Step 2. We �x � and we write

jbpF (�)j � ���bpF (�)� bpFn(�)���+ ���bpFn(�)���
� j�jE jFn � F j+

1

j�j
E(jH1(Fn)j):

Passing to the limit

jbpF (�)j � 1

j�j
sup
n
E(jH1(Fn)j) <

1

j�j
� C:

Remark : We are close to Malliavin calculus.



Problem :

sup
n
E(jH1(Fn)j2) =1:

Solution

E jFn � F j # 0 BALANCE E(jH1(Fn)j) " 1

Examples : Di¤usion processes.

Xt(x) = x+
dX
j=1

Z t
0
�j(Xs(x))dW

j
s +

Z t
0
b(Xs(x))dWs 2 Rn:

Semigroup :

Ptf(x) = E(f(Xt(x))):

Faymann Kac Formula :

@t(Ptf) = L(Ptf) L = (���)� + br:



Example (Fournier-Printemps)

Xt = x+
dX
j=1

Z t
0
�j(Xs)dW

j
s +

Z t
0
b(Xs)dWs 2 Rn:

Theorem. If n = 1 and �j Hölder continuous of order h > 1
2 and ��

� > c then

PXT (dx) = pXT (x)dx:

Proof. We �x � > 0 and construct

X�T = XT�� +
dX
j=1

�j(XT��)(W
j
T �W

j
T��) + b(XT��)�:



Then

E
���XT �X�T ��� � C�12(1+h)

and (IP for the Gaussian law)

E
���Hk(X�T )��� � C

�k=2
:

Balance ���bpXT (�)��� � j�j �12(1+h) + 1

j�jk �k=2
:

Optimization :

� = j�j�
2(k+1)
k+1+h

And obtain ���bpXT (�)��� � C j�j� kh
k+1+h � C j�j�h



Problem : Dimension.

Z
Rn

���bpXT (�)���2 d� =
Z
Rn
j�j�2h d� <1 () 2h > n:

Theorem. 8 n 2 N and �j Hölder continuous of order h > 0 and ��� > c then

PXT (dx) = pXT (x)dx:

Problem : How to eliminate the Dimension ?

Property (False for p > 2) For every p 2 N we haveZ
Rn

���bpXT (�)���p d� <1 =) Abs Continuity.



Criterion : Some notation

1. (Sobolev) Let F such that IP�;p(F ) holds for j�j � k: We de�ne

kFkk;p = kFkp +
X
j�j�k

kH�(F )kp

2. Fortet-Mourier (Wasserstein) distance

d1(F;G) = supfjE(�(F ))� E(�(G))j ; k�k1 + kr�k1 � 1g:

3. The interpolation fuctional : Given F 2 Rd and a sequence Fn 2 Rd; n 2 N

�p(F; (Fn)n) :=
X
n
2n(1+d=p�)d1(F; Fn) +

X
n

1

22mn
kFnk2m;p :

Lemma. Suppose that F � f(x)dx: Then for every sequence Fn 2 Rd; n 2 N and
every p > 1

kfkp � �p(F; (Fn)n):



Corollary Let F: Suppose that there exists p > 1 and a sequence Fn 2 Rd; n 2 N such
that �p(F; (Fn)n) <1: Then F � f(x)dx:

Proof. Put

F " = "�+ F; F "n = "�+ Fn:

Then

d1(F
"; F "n) � d1(F; Fn) kF "nk2m;p � kFnk2m;p

so that

kf"kp � �p(F
"; (F "n)n) � �p(F; (Fn)n) <1; 8" > 0:

Relative compacity f" ! f 2 Lp: �

Corollary Suppose that

d1(F; Fn)� kFnk�2m;p � C; � >
1 + d=p�
2m

:

Then F � f(x)dx:



Di¤usion :

d1(XT ; X
�
T ) � E

���XT �X�T ��� � C�12(1+h)
and

(E
���H2m(X�T )���p)1=p � Cp

�m

We need

d1(XT ; X
�
T )�

X�T �2m;p = �12(1+h) � 1

�m�
� C; � >

1 + d=p�
2m

:

This amounts to
1

2
(1 + h) >

1 + d=p�
2

with is true for p! 1(p� !1):



Convergence. Suppose that

d1(F; Fn)� kFnk
�
2m;p � C; � >

1 + d=p�
m

:

Then F � f(x)dx; Fn � fn(x)dx and

dTV (F; Fn) � kf � fnkp � Cd
�
1(F; Fn) � = minf1

�
; 1� 1

m�
g:

Example. X di¤usin process with C1b coe¢ cients and ��� � c > 0 (uni¤orm ellipticity).

Xn Euler scheme. Then for every m 2 N; p > 1

sup
n
kXnTkm;p � C <1 d1(XT ; X

n
T ) �

C

n
:

We mau take any �: We optimize

� =
m+ 1

m
! � =

1

�
= 1� 1

m+ 1

Corollary (Sub-optimal) For every " > 0

dTV (XT ; X
n
T ) �

C

n1�"



Link with Interpolation Spaces.

�p(F; (Fn)n) :=
X
n
2n(1+d=p�)d1(F; Fn) +

X
n

1

22mn
kFnk2m;p :

If F � f(x)dx; and Fn � fn(x)dx the above functional "is"

b�p(f; (fn)n) :=X
n
2n(1+d=p�) kf � fnkW 1;1

�
+
X
n

1

22mn
kfnkW 2m;p

Then, with

X =W 2m;p � Y =W
1;1
�

we have

b�p(f; (fn)n) <1 , f 2 (X;Y )�; � =
1 + d=p�
2m

:

We have proved that

b�p(f; (fn)n) <1 f 2 Lp

so

(X;Y )� � Lp



Idea of the proof.

h� = Hermite functions on Rn

Wk = V ectfh� : j�j = kg L2(Rn; dx) = �1k=0Wk:

Operator

L = 4� jxj2

Lf = (2k + n)f f 2Wk:

Decomposition : f; fk 2 L2 such that fk ! f: We write

f =
X
k

Jkf =
X
k

(Jk(f � fk) + Jkfk) =
X
k

 
Jk(f � fk) +

1

(2k + n)m
LmJkfk

!
Analogy

Fourier Transform ! Projection Jk
@� ! L

kfkp �
X
k

 
kJk(f � fk)kp +

1

(2k + n)m
kLmJkfkkp

!
� �m;p(f; (fn)n)



Projections

Hk(x; y) =
X

k�k=k
h�(x)h�(y) ! Jkf(x) =

Z
Hk(x; y)f(y)dy

Mixed Projections

We take a function a : R+ ! R+ with the support included in [14; 4] such that

a(t) + a(4t) = 1; t 2 (0; 1)

and we de�ne

HaN(x; y) =
4N+1X
j=4N�1

a(
j

4N
)Hj(x; y)

and

JaNf(x) =
Z
HaN(x; y)f(y)dy



Decomposition : f; fk 2 L2

f =
X
k

Jakf =
X
k

(Jak (f � fk) + J
a
kfk) =

X
k

 
Jak (f � fk) +

1

(2k + n)m
LmJakfk

!

Crucial estimate For each m 2 N���� @@x�Hak(x; y)
���� � Cm 2k(j�j+n)

(1 + 2k jx� yj)m
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