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Abstract Integration by Parts Formulas : Let F' be a random variable. There exists
Hy(F) € LP such that

IPap(F)  E(9af(F)) = E(f(F)Ha(F))  Vf €0

Basic example : F' ~ N(0,0). Then
E((F)) = —— [ f/@)e 5o
— x)e 20dx
V2mo
—1

= [ @) e Bodn = ~B((F)).




Malliavin calculus : Simple functionals Ay = W(2ﬁn) ( )

. For F}, we define

DsFp = —¢(Aq,...,An),  DFy € L?(0,1).

8AS
Definition. F' € D12 if there exists F,,,n € N simple functionals such that

Fn — F  L?(dP)
DF, - U  L?(ds x dP)
Then DF = U.

In this way one builts an infinite dimensional differential calculus and employes it in order
to built Ho(F).



Regularity of the Law Fourier Approach. pr(€) = E(e%!"). Then
[ 1Bp©PdE<oo = Pp(de) =pp(z)d
{€]>1}

k|~ k
Jrony € PR@IdE <00 = pp(e) € CF

Link with IP. We have

OpelsT = j£eisT — elsT — —8336 18
S

SO

(€)= —E(9.F) = = B(F Hy(F))
1€ 1€
Than

pr(£)]° dé < L B P (P d¢ < E(|H1(F)|?
Jron, PPOPAE< [ B N[ d < B(H(F)P) |

Malliavin — I P —Regularity.

1€

>1} &2

df 0.



Alternative Approach

Step 1. We consider simple functionals

Fn = ¢(Aq, ..., Ap)

and we use Elementary Finite Dimensional integration by parts and we obtain

IPap(Fn)  BE(0af(Fn)) = B(f(Fa)Ha(Fn))  Vf € C°

Step 2. We fix £ and we write

5r(8)| < |Pr(€) — PF,(6)| + [P, ()]

1
< || E|Fn— F|+ EE(|H1(Fn)|)

Passing to the limit

()] < Eﬂsgp B(|HL(F)) < %' « C.

Remark : We are close to Malliavin calculus.



Problem :
sup B(| Hy(Fr)|?) = oco.
Solution
E|\F,—F|]0 BALANCE E(|H1(Fpn)|) T oo
Examples : Diffusion processes.
d ¢ . t
X(@) =2+ /0 o (Xs(z))dW + /0 b(Xs(x))dWs € R™.
7=1
Semigroup :
Pif(z) = E(f(Xt(x))).
Faymann Kac Formula :

Ot(Pif) = L(P:f) L = (O‘U*)A + bV.



Example (Fournier-Printemps)

d . t
X;=a+ /0 0 i(Xs)dW? +/O b(Xs)dWs € R™.
=1

Theorem. If n = 1 and o Holder continuous of order h > % and oo™ > c then

Px.(dz) = px,(z)dz.

Proof. We fix & > 0 and construct

d . :
X9 = Xp_s+ > 0i(Xp_g) (Wi — Wih_s) 4+ b(X7_5)d.
j=1



Then
1
E ‘XT _ X%) < 0§2(1th)

and (IP for the Gaussian law)

5 C
E ‘Hk(XT)’ < W
Balance
. laa+n 1
()] < lg] 67T < €[F 5k/2
Optimization :
2(k+1)
§ = |¢| FFITh
And obtain

R __kh 5
Dxp(8)] < ClEITF ~ C g



Problem : Dimension.

/Rn ‘ﬁXT(f)|2df = /Rn €]72h dg < oo = 2h > n.

Theorem. V n € N and o Holder continuous of order h > 0 and oo™ > ¢ then

Px,(dz) = px, (z)dz.

Problem : How to eliminate the Dimension ?

Property (False for p > 2) For every p € N we have

/Rn ‘ﬁXT(g)‘p d§ < oo — Abs Continuity.



Criterion : Some notation

1. (Sobolev) Let F' such that I Py »(F') holds for |a| < k. We define

IFllkp =11Fll,+ > [[Ho(F),,
|a|<k

2. Fortet-Mourier (Wasserstein) distance

d1(F, G) = sup{|E(¢(F)) — E(¢(G))]; [[Plloo + IVPll oo < 1}
3. The interpolation fuctional : Given F' € R and a sequence Fj, € R* n € N

mp(F, (Fn)n) == on(1+d/ps)q, (F, F,) + Z 22mn 1 Fnllom.p -

n

Lemma. Suppose that F ~ f(x)dz. Then for every sequence Fj, € R4 n € N and
every p > 1

[fll, < mp(F, (Fn)n)-



Corollary Let F. Suppose that there exists p > 1 and a sequence F), € Rd, n € N such
that mp(F, (Fn)n) < co. Then F ~ f(x)dz.

Proof. Put
F¢ =eA+ F, F: =eA + Fy.
Then
di(F*, Fp) < di(F, Fn) ([ Fpllomp < 1Fnllom,p
so that

1£51l, < 7p(FS, (FE)n) < mp(Fy (Fa)n) < o0, Ve > 0.

Relative compacity f¢ — f € LP. [

Corollary Suppose that
1 + d/p*

2m

dl(F> Fn) X ”FnH%m,p < C, >

Then F' ~ f(x)dzx.



Diffusion :

1
dy(Xr,X7) < E ‘XT — X%| < ¢52(1th)

and
d\|[P\1/p Cp
(B | Ham(X9)[)P < 25
We need
5 S _ <i(1+h) 1 1+ d/px«
di (X7, X3) x HXTHm,p — §2 X2 <0 a>——=.

This amounts to
1+ d/ps
2

1
S+ h) >

with is true for p — 1(px — 00).



Convergence. Suppose that

1 + d/p«
(F,F) [ FlG, <O, B> 10"
Then F' ~ f(x)dx, Fy ~ fn(x)dx and
1 1
dry (F, Fn) < ||f — anp < C’d?(F, ) 0 = mm{Ea 1 — m—ﬁ}

Example. X diffusin process with CP° coefficients and oo™ > ¢ > 0 (unifform ellipticity).

X"™ Euler scheme. Then for every m € N,p > 1

C
sup | X2, , < C < oo dy(Xp, X3) < =
n ’ n
We mau take any 3. We optimize
1 1 1
g="1T —  f==-=1-
m I} m+ 1

Corollary (Sub-optimal) For every € > 0
C

nl—s

dTV(XT7 X%) <



Link with Interpolation Spaces.

7Tp(F, (Fn)n) = Z2n(1—|—d/p*)d (F Fn) + Z 22mn || n||2m,p

n

If F' ~ f(x)dx, and Fy, ~ fn(x)dx the above functional "is"

mp(f, (fu)n) = 22"V | 1f — 1oo+222mn | fallwom.s

Then, with

X=w?P c  Y=Wp™

we have

_ 1+ d/p«

2m

Tp(f5 (frn)n) < 00 <~ fe(X,Y),
We have proved that
Tp(f, (fr)n) < o0 felLP

SO

(X,Y), C LP



Idea of the proof.

ho = Hermite functions on R"
Wy, = Vect{ha : |a| =k}  L?(R", dz) = & W
Operator
L=A—|z|?
Lf =R2k+n)f f e Wp.
Decomposition : f, f;. € L? such that f, — f. We write

=Y Jef =D ((f — f&) + Iefi) =D | Je(f — fr) + L™J
f zk: kS zk:( k(S = fx) + I i) %( k(f = fr) 2k + )™ kfk)
Analogy
Fourier Transform — Projection Jj
O > L
191, < 3 (an(f i)l + oy ||Lkafk||p> < T, (Fu)n)



Projections

H(@,y) = Y ha@haly)  —  Jif@)= [ Hy(w,y)f(y)dy

laf|=F

Mixed Projections

We take a function a : Ry — R with the support included in [%,4] such that
a(t) + a(4t) = 1, t e (0,1)

and we define
4N+1

Ao = X al(pH()
j=4N-1

and

TS (@) = | Hiy(@,v)F (v)dy



Decomposition : f, fi. € L2

a a a a 1 m 7Ta
f= zk:ka = zk:(efk(f—fk)Jerfk) =) (Jk(f_fk)‘l’ (2k+n)mL J]<;fk>

k

Crucial estimate For each m € N
2k(|a|+n)
"1+ 2k |z — y)m

)| <0
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