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Solving the SPDE?

Zero-coupon bonds

I P(t,T ) = price at time t for maturity T

I no arbitrage: P(·,T ) is a semimartingale for each T

I boundary condition P(T ,T ) = 1
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Solving the SPDE?

Short rate modelling

I dr = a(r)dt + b(r)dW

I Let V (t, r ;T ) solve

∂V

∂t
+ a

∂V

∂r
+

1

2
b2
∂2V

∂r2
= rV

V (T , r ;T ) = 1

I bond price: P(t,T ) = V (t, rt ;T )

I exp
(
−
∫ t
0 rsds

)
P(t,T ) is a local martingale

I no arbitrage

I Vasicek 1977, Cox–Ingersoll–Ross 1985, Hull–White 1990...
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Solving the SPDE?

Finding the functions a(r) and b(r):

I estimation: given robs
t : t < 0, use statistics

I problem: W is a Brownian motion under risk-neutral measure
6= objective measure in general

I calibration: instead make V (0, r0;T ) ≈ Pobs(0,T )

I shortcoming: market data incorporated indirectly
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Solving the SPDE?

Classical HJM(M)

I dft(x) =
(
∂ft
∂x + At(x)

)
dt + Bt(x)dWt

I drift condition: At(x) = Bt(x) ·
∫ x
0 Bt(y)dy

I short rate: rt = ft(0)

I bond price: P(t,T ) = exp
(
−
∫ T−t
0 ft(x)dx

)
I exp

(
−
∫ t
0 rsds

)
P(t,T ) local martingale

I no arbitrage

I Heath–Jarrow–Morton 1992, Musiela 1993...
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Solving the SPDE?

I Shortcoming avoided by taking

f0(T ) = − ∂

∂T
logPobs(0,T )

I Market data incorporated directly

I How to find Bt(x)?

I Calibrate with other derivatives...
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Solving the SPDE?

Main features

I reparametrise from prices to forward rates: boundary
condition P(T ,T ) = 1 automatic

I drift condition ensures prices are local martingales

I initial condition f0(x) and dynamic parameters Bt(x) decouple

How about other markets?
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Solving the SPDE?

Fake geometric Brownian motion
Convex duality

Call options

I St = price of stock at time t

I C (t,T ,K ) price of European call option strike K

I boundary condition C (T ,T ,K ) = (ST − K )+

I simplify: zero interest rates
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Solving the SPDE?

Fake geometric Brownian motion
Convex duality

Stochastic volatility modelling

I stock price: dS = SσdW

I volatility dσ = a(σ)dt + b(σ)dW

I Let V (t, S , σ;T ,K ) solve

∂V

∂t
+ a

∂V

∂σ
+

1

2
S2σ2

∂2V

∂S2
+ Sσb

∂2V

∂S∂σ
+

1

2
b2
∂2V

∂σ2
= 0

V (T ,S , σ;T ,K ) = (S − K )+

I C (t,T ,K ) = V (t,St , σt ;T ,K ) local martingale

I no arbitrage

I Black–Scholes 1973, Stein–Stein 1991, Heston 1993...

Mike Tehranchi HJM approach



Review of HJM
Call options

Power options
Factor models

Solving the SPDE?

Fake geometric Brownian motion
Convex duality

HJM approaches

I Schönbucher 1999

I Davis 2004

I Jacod–Protter 2006

I Schweizer–Wissel 2006, 2008

I Carmona–Nadtochiy 2009, 2012

I Kallsen–Krühner

I ...
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Solving the SPDE?

Fake geometric Brownian motion
Convex duality

Theorem
Suppose F is evolves as

dFt(x ,m) =

(
∂Ft
∂x
− 1

2
m2∂

2Ft
∂m2

σ2t + m
∂Bt

∂m
σt − Btσt

)
dt

+ Bt(x ,m)dWt

Ft(0,m) =(1−m)+

and suppose that
dSt = StσtdWt .

Let
C (t,T ,K ) = StFt(T − t,K/St).

Then C (t,T ,K ) is a local martingale such that
C (T ,T ,K ) = (ST − K )+.
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Solving the SPDE?

Fake geometric Brownian motion
Convex duality

I Set

F0(x ,m) =
C obs(0, x ,S0m)

S0

to match prices.

I End of story?
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Solving the SPDE?

Fake geometric Brownian motion
Convex duality

PROBLEMS

I Boundary condition ( Durrleman 2007)

σt =
√

2π lim
x↓0

Ft(x , 1)√
x

I The SPDE is ill-posed since the drift

∂F

∂x
− 1

2
m2 ∂

2F

∂m2
σ2 + m

∂B

∂m
σ − Bσ

is very badly behaved.
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Solving the SPDE?

Fake geometric Brownian motion
Convex duality

I F0(x ,m) and Bt(x ,m) are coupled!

I By the Clark–Ocone formula

Bt(x ,m) =

(
m
∂Ft
∂m
− Ft

)
σt + E

[
DtSt+x

St
1{St+x/St>m}|Ft

]
where D is the Malliavin derivative
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Solving the SPDE?

Fake geometric Brownian motion
Convex duality

The martingale
dSt = StσtdWt

is a fake geometric Brownian motion if

log(St/S0) ∼ N(−σ20t/2, σ20t)

for some σ0 > 0. Equivalently,

F0(x ,m) = Φ

(
− logm

σ0
√
x

+
σ0
√
x

2

)
−mΦ

(
− logm

σ0
√
x
− σ0

√
x

2

)
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Solving the SPDE?

Fake geometric Brownian motion
Convex duality

Theorem (MT 2009)

Suppose S is a fake geometric Brownian motion and the put-call
symmetry

Ft(x ,m) = mFt(x , 1/m) + 1−m

holds for all t ≥ 0. Then Ft = F0 for all t ≥ 0, that is S comes
from the Black–Scholes model.
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Solving the SPDE?

Fake geometric Brownian motion
Convex duality

Theorem (MT 2013)

Suppose S is fake geometric Brownian motion. Then

1

t

∫ t

0
σ2t → σ20.

Furthermore, if S = E(σ0X ) for a local martingale X , then√
εXt/ε → Brownian motion.
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Solving the SPDE?

Fake geometric Brownian motion
Convex duality

Theorem
Let Gt(x , λ) evolve as

dGt(x , λ) =

∂Gt

∂x
+

∣∣∣∂Gt
∂λ σt −

∂βt
∂λ

∣∣∣2
2∂

2Gt
∂λ2

− βtσt

 dt

+ βt(τ, λ)dWt

G (0, λ) =λ, all 0 ≤ λ ≤ 1

and dSt = StσtdWt . Then
C (t,T ,K ) = supλ∈[0,1] StGt(T − t, λ)− λK . is a local martingale.
(Compare with Musiela–Zariphopoulou SPDE)
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Solving the SPDE?

Fake geometric Brownian motion
Convex duality

Note that for the Black–Scholes model

GBS(x , λ) = Φ(Φ−1(λ) + σ0
√
x).

In fact, Theorem. Let

G (x , λ) = Ψ(Ψ−1(λ) + h(x))

with h increasing, h(0) = 0, h(∞) =∞. Then

F (x ,m) = sup
λ∈[0,1]

G (x , λ)− λm

is a call price if and only if Ψ is the distribution function of a
log-concave density.
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Solving the SPDE?

I Power option payout: SθT for 0 < θ < 1

I Replication by covered calls:

Sθ = θ(1− θ)

∫ ∞
0

(S ∧ K )K θ−2dK

I Replication of covered calls:

1

2π

∫ ∞
−∞

Sθ+ix K 1−θ−ix

(x − iθ)(x + i(1− θ))
dx = S ∧ K
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Theorem (MT, Cheng 2013)

Let ft(x , θ) evolve as

dft(x , θ) =

(
∂ft
∂x

+ At(x , θ)

)
dt + Bt(x , θ) · dWt

where

At(x , θ) = Bt(x , θ) ·
(

1

2
θ(1− θ)

∫ x

0
Bt(y , θ)dy − θσt

)
,

and
ft(0, θ) = ‖σt‖2 for all 0 < θ < 1.

Let dSt = Stσt · dWt . Then

P(t,T , θ) = Sθt exp
(
−1

2θ(1− θ)
∫ T−t
0 ft(x , θ)dx

)
is a local

martingale.
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Solving the SPDE?

I Parametrisation chosen so that for the Black–Scholes model
ft(x , θ) = σ20

I Poorly behaved differential operator replaced by a coupling at
x = 0
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Solving the SPDE?

Time-dependent Black Scholes

I Let f0(x , θ) = Q0(x) for all 0 < θ < 1

I and Bt(x , θ) = 0

I then ft(x , θ) = Q0(t + x , θ)
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Solving the SPDE?

Time-dependent Heston

I Let f0(x , θ) = Q1(x , θ)v0 + Q0(x , θ) constant v0 ≥ 0 and
Q0(x , θ) and Q1(x , θ) which solve

∂Q1

∂x
= [θcρ− b]Q1 −

1

2
θ(1− θ)cQ1

∫ x

0
c(y)Q1(y , θ)dy

∂Q0

∂x
= aQ1

Q1(0, θ) = 1 and Q0(0, θ) = 0

given functions a, b, c , ρ

I Let Bt(x , θ) = c(x)Q1(x , θ)
√
vt
(1
0

)
where

dvt = [a(t)− b(t)vt ]dt + c(t)
√
vtdW

1
t .

I Then ft(x , θ) = Q1(x , θ)vt + Q0(x , θ) and

σt =
√
vt
( ρ(t)√

1−ρ(t)2
)
.
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Time-dependent Stein–Stein
I Let f0(x , θ) = 1

2Q2(x , θ)v20 + Q1(x , θ)v0 + Q0(x , θ) constant
v0 functions Q0, Q1 and Q2 which verify

∂Q2

∂x
=[θcρ− b]− 1

2
θ(1− θ)cQ2

∫ x

0
c(y)Q2(y , θ)dy

∂Q1

∂x
=[θcρ− b]Q1 + aQ2

− 1

2
θ(1− θ)

[
cQ1

∫ x

0
c(y)Q2(y , θ)dy

+

[
cQ2

∫ x

0
c(y)Q1(y , θ)dy

]
∂Q0

∂x
= aQ1 −

1

2
θ(1− θ)cQ1

∫ x

0
c(y)Q1(y , θ)dy +

1

2
c2Q2

I Q2(0, θ) = 1 and Q1(0, θ) = Q0(0, θ) = 0 for all 0 < θ < 1
given functions a, b, c and ρ
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Stein–Stein continued

I and dvt = [a(t)− b(t)vt ]dt + c(t)dWt .

I then ft(x , θ) = 1
2Q2(x , θ)v2t + Q1(x , θ)vt + Q0(x , θ) with

Bt(x , θ) = c(x)[Q2(x , θ)vt + Q1(x , θ)]
(1
0

)
and

σt = vt
( ρ(t)√

1−ρ(t)2
)
.
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Solving the SPDE?

General case

I Let V (Z , x , θ) solve

∂V

∂x
=

1

2
‖b‖2

(
∂2V

∂Z 2
− θ(1− θ)

∂V

∂Z

∫ x

0

∂V

∂Z
(Z , y , θ)dy

)
+(a + θb · U)

∂V

∂Z
V (Z , 0, θ) = ‖U(Z )‖2

I dZ = a(Z )dt + b(Z ) · dW
I ft(x , θ) = V (Zt , x , θ) solves equation with σt = V0(Zt) and

Bt(x , θ) = b(Zt)
∂V

∂Z
(Zt , x , θ)
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Solving the SPDE?

I Let H be a suitable Hilbert space of functions on
[0,∞)× [0, 1]

I Let (Sth)(x , θ) = h(t + x , θ)

I Generator of semigroup (St)t≥0 is ∂
∂x .

I Rewrite SPDE in mild form

ft = St f0 +

∫ t

0
St−sAsdt +

∫ t

0
St−sBsdWs
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Solving the SPDE?

PROBLEM

I Let
H0 = {h ∈ H : θ 7→ h(0, θ) is constant }

I Even if f0 ∈ H0, no guarantee that St f0 ∈ H0!!
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I Let
(Tth)(x , θ) = h(x + t, θ)− h(t, θ) + h(t, 0)

I (Tt)t≥0 semigroup on H0 with generator

L =
∂

∂x
− ∂

∂x

∣∣
x=0

+
∂

∂x

∣∣
x=0,θ=0

I Question: When do the solutions of

df = (Lf + A)dt + BdW

also satisfy

df =

(
∂f

∂x
+ A

)
dt + BdW ?
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