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Equation

In this talk, we consider

Xt = X0 +

∫ t

0
bsXs ds +

∫ t

0
asXs δWs

+

∫ t

0

∫
{|y |>1}

vs(y)Xs− dN(s, y)

+

∫ t

0

∫
{0<|y |≤1}

vs(y)Xs− dÑ(s, y), 0 ≤ t ≤ T .
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Equation

In this talk, we consider

Xt = X0 +

∫ t

0
bsXs ds +

∫ t

0
asXs δW s

+

∫ t

0

∫
{|y |>1}

vs(y)Xs− dN(s, y)

+

∫ t

0

∫
{0<|y |≤1}

vs(y)Xs− dÑ(s, y), 0 ≤ t ≤ T .

W is the canonical Wiener process, N is the canonical Poisson
random measure with parameter ν and
dÑ(t, y) := dN(t, y)− dt ν(dy).
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Equation

Xt = X0 +

∫ t

0
bsXs ds +

∫ t

0
asXs δW s

+

∫ t

0

∫
{|y |>1}

vs(y)Xs− dN(s, y)

+

∫ t

0

∫
{0<|y |≤1}

vs(y)Xs− dÑ(s, y), 0 ≤ t ≤ T .

The stochastic integral with respect to W (resp. N and Ñ) is in the
Skorohod sense (resp. are pathwise defined).
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Equation

X ε
t = X0 +

∫ t

0
bsX ε

s ds +

∫ t

0
asX ε

s δWs

+

∫ t

0

∫
{|y |>1}

vs(y)X ε
s− dN(s, y)

+

∫ t

0

∫
{ε<|y |≤1}

vs(y)X ε
s− dÑ(s, y), 0 ≤ t ≤ T .
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Lévy process

Let Y = {Yt : t ∈ [0, T ]} be a Lévy process with triplet (γ, σ2, ν).
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Lévy process

Let Y = {Yt : t ∈ [0, T ]} be a Lévy process with triplet (γ, σ2, ν) :

Yt = γt+σWt +

∫
(0,t]×{|x |>1}

xdN(s, x)+lim
ε↓0

∫
(0,t]×{ε<|x |≤1}

xdÑ(s, x).
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Lévy process

Let Y = {Yt : t ∈ [0, T ]} be a Lévy process with triplet (γ, σ2, ν) :

Yt = γt+σW t+

∫
(0,t]×{|x |>1}

xdN(s, x)+lim
ε↓0

∫
(0,t]×{ε<|x |≤1}

xdÑ(s, x).

Here, W = {Wt : t ∈ [0, T ]} is a standard Brownian motion.

Jorge A. León (Cinvestav-IPN) Anticipating SDE Barcelona, 2012 11 / 72



Lévy process

Let Y = {Yt : t ∈ [0, T ]} be a Lévy process with triplet (γ, σ2, ν) :

Yt = γt+σWt +

∫
(0,t]×{|x |>1}

xdN(s, x)+lim
ε↓0

∫
(0,t]×{ε<|x |≤1}

xdÑ(s, x).

Here,
Ñ = N − dtdν

and
N(B) = #{t : (t, ∆Yt) ∈ B}, B ∈ B([0, T ]× R0)

with
R0 = R− {0}.
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Lévy process
Let Y = {Yt : t ∈ [0, T ]} be a Lévy process with triplet (γ, σ2, ν) :

Yt = γt+σWt +

∫
(0,t]×{|x |>1}

xdN(s, x)+lim
ε↓0

∫
(0,t]×{ε<|x |≤1}

xdÑ(s, x).

Here,
Ñ = N − dtdν

and
N(B) = #{t : (t, ∆Yt) ∈ B}, B ∈ B([0, T ]× R0)

i) For B ∈ B([0, T ]× R0), N(B) is Poisson distributed with
parameter λ⊗ ν(B).

ii) If B1, . . . , Bn are pairwisedisjoints, then N(B1), . . . , N(Bn) are
independent random variables.
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Example

A compound Poisson process Z with rate τ and jump size
distribution Q has the form

Zt =
Nt∑
i=1

Yi .
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Example

A compound Poisson process Z with rate τ and jump size
distribution Q has the form

Zt =
Nt∑
i=1

Yi ,

where N = {Nt : t ≥ 0} is a Poisson process with parameter τ and
{Yi : i ≥ 1} are i.i.d. random variables, with distribution Q, which
are also independent of N .
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Example

A compound Poisson process Z with rate τ and jump size
distribution Q has the form

Zt =
Nt∑
i=1

Yi ,

where N = {Nt : t ≥ 0} is a Poisson process with parameter τ and
{Yi : i ≥ 1} are i.i.d. random variables, with distribution Q, which
are also independent of N . Then Z is a Lévy process with triplet
(0, 0, τQ)
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Canonical Lévy space for a compound Poisson
process

Let τ and Q a probability measure supported on S ⊂ R0 := R− {0}.
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Canonical Lévy space for a compound Poisson
process

Let τ and Q a probability measure supported on S ⊂ R0. Set

ΩT :=
⋃
n≥0

([0, T ]× S)n , ([0, T ]× S)0 = {α}.
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Canonical Lévy space for a compound Poisson
process

Let τ and Q a probability measure supported on S ⊂ R0. Set

ΩT :=
⋃
n≥0

([0, T ]× S)n , ([0, T ]× S)0 = {α}.

FT = {B ⊂ ΩT : B ∩ ([0, T ]× S)n ∈ B(([0, T ]× S)n)}.
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Canonical Lévy space for a compound Poisson
process

Let τ and Q a probability measure supported on S ⊂ R0. Set

ΩT :=
⋃
n≥0

([0, T ]× S)n , ([0, T ]× S)0 = {α}.

FT = {B ⊂ ΩT : B ∩ ([0, T ]× S)n ∈ B(([0, T ]× S)n)}.

PT (([0, T ]× S)n ∩ B) = e−τT τ n(dt ⊗ Q)⊗n(([0, T ]× S)n ∩ B)

n!
.
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Canonical Lévy space for a compound Poisson
process

Let τ and Q a probability measure supported on S ⊂ R0. Set

ΩT :=
⋃
n≥0

([0, T ]× S)n , ([0, T ]× S)0 = {α}.

FT = {B ⊂ ΩT : B ∩ ([0, T ]× S)n ∈ B(([0, T ]× S)n)}.

PT (([0, T ]× S)n ∩ B) = e−τT τ n(dt ⊗ Q)⊗n(([0, T ]× S)n ∩ B)

n!
.

(ΩT ,FT , PT ) is the Canonical Lévy space.
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Canonical Lévy space for a compound Poisson
process
Let τ and Q a probability measure supported on S ⊂ R0. Set

ΩT :=
⋃
n≥0

([0, T ]× S)n , ([0, T ]× S)0 = {α}.

FT = {B ⊂ ΩT : B ∩ ([0, T ]× S)n ∈ B(([0, T ]× S)n)}.

PT (([0, T ]× S)n ∩ B) = e−τT τ n(dt ⊗ Q)⊗n(([0, T ]× S)n ∩ B)

n!
.

Yt(ω) =


n∑

j=1
xj1[0,t](tj), if ω = ((t1, x1), · · · , (tn, xn)),

0, if ω = α.
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Canonical Lévy space for a pure jump Lévy process

Let {Y (k)
t : t ∈ [0, T ]} be the canonical compound Poisson process

on (Ω(k),F (k), P(k)) with intensity τk = ν(Sk) and probability
measure Qk = ν(·∩Sk)

ν(Sk)
.
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Canonical Lévy space for a pure jump Lévy process

Let {Y (k)
t : t ∈ [0, T ]} be the canonical compound Poisson process

on (Ω(k),F (k), P(k)) with intensity τk = ν(Sk) and probability
measure Qk = ν(·∩Sk)

ν(Sk)
. Here,

S1 = {x ∈ R : ε1 < |x |} and Sk = {x ∈ R : εk < |x | ≤ εk−1}.

and εn ↓ 0
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Canonical Lévy space for a pure jump Lévy process

Let {Y (k)
t : t ∈ [0, T ]} be the canonical compound Poisson process

on (Ω(k),F (k), P(k)) with intensity τk = ν(Sk) and probability
measure Qk = ν(·∩Sk)

ν(Sk)
. Here,

S1 = {x ∈ R : ε1 < |x |} and Sk = {x ∈ R : εk < |x | ≤ εk−1}.

(ΩN ,FN ,PN) =
⊗
k≥1

(Ω(k),F (k), P(k)),

Jt(ω) = Y (1)
t (ω1) + lim

n→∞

n∑
k=2

(
Y (k)

t (ωk)− t
∫

Sk

xdν(x)

)
with ω = (ωk)k≥1 ∈ ΩJ .
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Canonical Lévy space

(Ω,F , P) = (ΩW ⊗ ΩN ,FW ⊗FN , PW ⊗ PN),

where (ΩW ,FW , PW ) is the canonical Wiener space.
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Canonical Lévy space

(Ω,F , P) = (ΩW ⊗ ΩN ,FW ⊗FN , PW ⊗ PN),

where (ΩW ,FW , PW ) is the canonical Wiener space.

Yt(ω) = γt + σω′(t) + Jt(ω
′′
), ω = (ω′, ω

′′
),

is a Lévy process with triplet (γ, σ2, ν).
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Derivative operator

SW (L2(ΩN)) is the set of all smooth L2(ΩN)-random variables of the
form

F =
n∑

i=1

fi(
∫ T

0
h1,i(s)dWs , . . . ,

∫ T

0
hni ,i(s)dWs)Gi .
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Derivative operator

SW (L2(ΩN)) is the set of all smooth L2(ΩN)-random variables of the
form

F =
n∑

i=1

fi(
∫ T

0
h1,i(s)dWs , . . . ,

∫ T

0
hni ,i(s)dWs)Gi .

Here hj,i ∈ L2([0, T ]), Gi ∈ L2(ΩN) and fi ∈ C∞b (Rni ).
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Derivative operator

SW (L2(ΩN)) is the set of all smooth L2(ΩN)-random variables of the
form

F =
n∑

i=1

fi(
∫ T

0
h1,i(s)dW s , . . . ,

∫ T

0
hni ,i(s)dW s)Gi .

The derivative of the random variable F with respect to W is the
L2(ΩN × [0, T ])-valued random variable

DW F =
n∑

i=1

ni∑
j=1

(∂j fi)(
∫ T

0
h1,i(s)dWs , . . . ,

∫ T

0
hni ,i(s)dWs)hj,iGi .
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Derivative operator
SW (L2(ΩN)) is the set of all smooth L2(ΩN)-random variables of the
form

F =
n∑

i=1

fi(
∫ T

0
h1,i(s)dW s , . . . ,

∫ T

0
hni ,i(s)dW s)Gi .

The derivative of the random variable F with respect to W is the
L2(ΩN × [0, T ])-valued random variable

DW F =
n∑

i=1

ni∑
j=1

(∂j fi)(
∫ T

0
h1,i(s)dWs , . . . ,

∫ T

0
hni ,i(s)dWs)hj,iGi .

Hence

DW : DW
1,2(L2(ΩN)) ⊂ L2 (Ω) → L2 (Ω× [0, T ]) .
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Divergence operator with respect to W

Skorohod integral with respect to W , denoted by δW , is the adjoint
of the derivative operator

DW : DW
1,∞(L∞(ΩN)) ⊂ L∞ (Ω) → L∞ (Ω× [0, T ]) .
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Divergence operator with respect to W

u is in Dom δW if and only if u ∈ L1 (Ω× [0, T ]) and there exists a
random variable δW (u) ∈ L1(Ω) satisfying the duality relation

E
[∫ T

0
utDW

t Fdt
]

= E
[
δW (u)F

]
for every F ∈ DW

1,∞(L∞(ΩN)).
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Divergence operator with respect to W
u is in Dom δW if and only if u ∈ L1 (Ω× [0, T ]) and there exists a
random variable δW (u) ∈ L1(Ω) satisfying the duality relation

E
[∫ T

0
utDW

t Fdt
]

= E
[
δW (u)F

]
for every F ∈ DW

1,∞(L∞(ΩN)).

For u ∈ Dom δW , we will make use of the notation

δW (u) =

∫ T

0
utδWt

and for u11[0,t] ∈ Dom δW , we will write

δW (u11[0,t]) =

∫ t

0
usδWs .
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Properties of D and δ

Lemma
Let F ∈ DW

1,2(L2(ΩN)) and u ∈ Dom δW . Then, for almost all
ω′′ ∈ ΩN , F (·, ω′′) ∈ DW

1,2, u(·, ω′′) ∈ Dom δW ∩ L1 (ΩW × [0, T ]),

DW F (·, ω′′) = (DW F )(·, ω′′)

and
δW (u(·, ω′′)) = δW (u)(·, ω′′).
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Properties of D and δ

Lemma
Let F ∈ DW

1,2(L2(ΩN)) and u ∈ Dom δW . Then, for almost all
ω′′ ∈ ΩN , F (·, ω′′) ∈ DW

1,2, u(·, ω′′) ∈ Dom δW ∩ L1 (ΩW × [0, T ]),

DW F (·, ω′′) = (DW F )(·, ω′′)

and
δW (u(·, ω′′)) = δW (u)(·, ω′′).

Proof : H ∈ SW and G ∈ L∞(ΩN). Then,

E
[
G

∫ T

0
utDW

t Hdt
]

= E
[
GδW (u)H)

]
.
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Properties of D and δ

Lemma
Let F ∈ DW

1,2(L2(ΩN)) and u ∈ Dom δW . Then, for almost all
ω′′ ∈ ΩN , F (·, ω′′) ∈ DW

1,2, u(·, ω′′) ∈ Dom δW ∩ L1 (ΩW × [0, T ]),

DW F (·, ω′′) = (DW F )(·, ω′′)

and
δW (u(·, ω′′)) = δW (u)(·, ω′′).

Proof : Consequently, for a.a. ω′′ ∈ ΩN ,

EW

[∫ T

0
ut(·, ω′′)DW

t Hdt
]

= EW
[
δW (u)(·, ω′′)H(·, ω′′)

]
.

�
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Hypothesis

DW
1,∞(L2(ΩN)) represents the elements F in DW

1,2(L2(ΩN)) such that

||F ||1,∞ := ||F ||∞ + || |DW F |2 ||∞ < ∞.
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Girsanov trannsformations

For a ∈ L2([0, T ]; DW
1,∞(L2(ΩN))) , we consider

{Tt : Ω → ΩW : 0 ≤ t ≤ T} and {As,t : Ω → ΩW : 0 ≤ s ≤ t ≤ T},
which are the solutions of the equations

(Tt ω)· = ω′· +

∫ t∧·

0
as(Tsω, ω′′) ds.

and
(As,t ω)· = ω′· −

∫ t∧·

s∧·
ar(Ar ,tω, ω′′) dr ,

respectively.
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Girsanov trannsformations

(Tt ω)· = ω′· +

∫ t∧·

0
as(Tsω, ω′′) ds.

and
(As,t ω)· = ω′· −

∫ t∧·

s∧·
ar(Ar ,tω, ω′′) dr ,

Proposition
Let a ∈ L2([0, T ]; DW

1,∞(L2(ΩN))). Then, there exist two unique
families of absolutely continuous transformations {Tt : 0 ≤ t ≤ T}
and {As,t : 0 ≤ s ≤ t ≤ T} that satisfy above equations. Moreover,
for each s, t ∈ [0, T ], s < t, As,t = TsAt , with At = A0,t , Tt is
invertible with inverse At and a·(T·(∗, ω′′), ω′′) ∈ L2([0, T ]; DW

1,∞), for
a.a. ω′′ ∈ ΩN .
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Auxiliary result

For an absolutely continuous functions ω′ of ΩW , with
square-integrable derivatives,

|ω′|CM :=

(∫ T

0
ω̇′(t)2dt

) 1
2

.

Jorge A. León (Cinvestav-IPN) Anticipating SDE Barcelona, 2012 44 / 72



Auxiliary result

For an absolutely continuous functions ω′ of ΩW , with
square-integrable derivatives,

|ω′|CM :=

(∫ T

0
ω̇′(t)2dt

) 1
2

.

Lemma
Let a ∈ L2([0, T ]; DW

1,∞(L2(ΩN))). Then, for any u ≤ s ≤ t, we have

|Au,tω−Au,sω|2CM ≤ 2
(∫ t

s
||ar ||2∞dr

)
exp

{
2
∫ T

0
|| |DW ar |22 ||∞dr

}
.
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Auxiliary result

|ω′|CM :=

(∫ T

0
ω̇′(t)2dt

) 1
2

.

Lemma
Let a ∈ L2([0, T ]; DW

1,∞(L2(ΩN))). Then, for any u ≤ s ≤ t, we have

|Au,tω−Au,sω|2CM ≤ 2
(∫ t

s
||ar ||2∞dr

)
exp

{
2
∫ T

0
|| |DW ar |22 ||∞dr

}
.

Proof Let u ≤ s ≤ t. Then,

|Au,sω − Au,tω|2CM

=

∣∣∣∣∫ s∧·

u∧·
ar(Ar ,sω, ω′′)dr −

∫ t∧·

u∧·
ar(Ar ,tω, ω′′)dr

∣∣∣∣2

CM
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Auxiliary result
Lemma
Let a ∈ L2([0, T ]; DW

1,∞(L2(ΩN))). Then, for any u ≤ s ≤ t, we have

|Au,tω−Au,sω|2CM ≤ 2
(∫ t

s
||ar ||2∞dr

)
exp

{
2
∫ T

0
|| |DW ar |22 ||∞dr

}
.

Proof Let u ≤ s ≤ t. Then,
|Au,sω − Au,tω|2CM

=

∫ T

0
|11(u,s](r)ar(Ar ,sω, ω′′)− 11(u,t](r)ar(Ar ,tω, ω′′)|2dr

≤ 2
∫ t

s
|ar(Ar ,tω, ω′′)|2dr + 2

∫ s

u
|ar(Ar ,sω, ω′′)− ar(Ar ,tω, ω′′)|2dr

≤ 2
∫ t

s
||ar ||2∞dr + 2

∫ s

u
|| |DW ar |22 ||∞|Ar ,sω − Ar ,tω|2CMdr .
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Buckdahn result

Let
(Tt ω)· = ω′· +

∫ t∧·

0
as(Tsω, ω′′) ds.

and
(As,t ω)· = ω′· −

∫ t∧·

s∧·
ar(Ar ,tω, ω′′) dr ,

then

E [F (As,tω, ω′′)Ls,t(ω)] = E [F ]

and
E [F (As,tω, ω′′)] = E [FLs,t ] ,
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Buckdahn result

E [F (As,tω, ω′′)Ls,t(ω)] = E [F ]

and
E [F (As,tω, ω′′)] = E [FLs,t ] ,

where

Ls,t(ω) = exp
{∫ t

s
ar(Ar ,tω, ω′′)δWr −

1
2

∫ t

s
a2

r (Ar ,tω, ω′′)dr

−
∫ t

s

∫ t

r
(DW

u ar)(Ar ,tω, ω′′)DW
r [au(Au,tω, ω′′)]dudr

}
and

Ls,t(ω) = exp
{
−

∫ t

s
ar(TtArω, ω′′)δWr −

1
2

∫ t

s
a2

r (TtArω, ω′′)dr

−
∫ t

s

∫ r

s
(DW

u ar)(TtArω, ω′′)DW
r [au(TtAuω, ω′′)]dudr

}
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SDE on canonical Wiener space

On the canonical Wiener space, consider the linear stochastic
differential equation

Zt = Z0 +

∫ t

0
hsZs ds +

∫ t

0
asZs δWs , t ∈ [0, T ].
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SDE on canonical Wiener space
Consider the linear stochastic differential equation

Zt = Z0 +

∫ t

0
hsZs ds +

∫ t

0
asZs δWs , t ∈ [0, T ].

Theorem
Assume a ∈ L2([0, T ], DW

1,∞), h ∈ L1([0, T ], L∞(Ω)) and
Z0 ∈ L∞(Ω). Then, the process Z = {Zt : t ∈ [0, T ]} defined by

Zt := Z0(A0,t) exp
{∫ t

0
hs(As,t) ds

}
L0,t (1)

belongs to L1(Ω× [0, T ]) and is a solution of above equation.
Conversely, if Y ∈ L1(Ω× [0, T ]) is a global solution of above
equation and, if, moreover, a, h ∈ L∞(Ω× [0, T ]) and
DW a ∈ L∞(Ω× [0, T ]2), then Y is of the form (1).
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SDE on canonical Wiener space
On the canonical Wiener space, consider the linear stochastic
differential equation

Zt = Z0 +

∫ t

0
hsZs ds +

∫ t

0
asZs δWs , t ∈ [0, T ],

Theorem
Assume Z0 ∈ DW

1,∞, h ∈ L1([0, T ], DW
1,∞) and that, for some p > 2,

a ∈ L2p([0, T ], DW
1,∞) ∩ L2([0, T ], DW

2,∞).

Then,
Zt := Z0(A0,t) exp

{∫ t

0
hs(As,t) ds

}
L0,t

has continuous trajectories a.s.
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SDE on canonical Wiener space
Theorem

Zt := Z0(A0,t) exp
{∫ t

0
hs(As,t) ds

}
L0,t

has continuous trajectories a.s.

Idea of the proof :∣∣∣∣∫ t

0
gr(Ar ,t)dr −

∫ s

0
gr(Ar ,s)dr

∣∣∣∣
≤

∫ t

s
||gr ||∞dr +

∫ s

0
|| |Dgr |2 ||∞|Ar ,t − Ar ,s |CMdr

≤
∫ t

s
||gr ||∞dr +

(∫ T

0
|| |Dgr |2 ||∞dr

)
sup
r≤s

|Ar ,t − Ar ,s |CM .
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Hypotheses

(H1) Assume that X0 ∈ DW
1,∞(L∞(ΩN)),

b, v·(y) ∈ L1([0, T ], DW
1,∞(L∞(ΩN)), for all y ∈ R0. Moreover,

there exists p > 2 such that

a ∈ L2([0, T ], DW
2,∞(L∞(ΩN)) ∩ L2p([0, T ], DW

1,∞(L∞(ΩN)).

(H2) There exist a positive function g ∈ L2(R0, ν) ∩ L1(R0, ν) such
that

|vs(y , ω)| ≤ g(y), uniformly on ω and s,

and
lim
|y |→0

g(y) = 0.

(H3) The function g satisfies
∫

R0
(e2g(y) − 1)ν(dy) < ∞.
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Main result
Theorem
The process

Xt = X0(A0,t)L0,t
∏

s≤t,y∈R0

[
1 + vs(y , As,t)∆N(s, y)

]
× exp

{∫ t

0
bs(As,t) ds −

∫ t

0

∫
R0

vs(y , As,t) ν(dy) ds
}

is the unique solution in L1(Ω× [0, T ]) of

Xt = X0 +

∫ t

0
bsXsds +

∫ t

0
asXsδWs +

∫ t

0

∫
R0

vs(y)Xs− dÑ(s, y),

t ∈ [0, T ].
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Proof : Step 1
Theorem
Let ε > 0. Then, the process

Xt
ε = X0(A0,t)L0,t

Nt ε∏
i=1

[
1 + vτi ε(yi

ε, Aτi ε,t)
]

× exp
{∫ t

0
bs(As,t) ds −

∫ t

0

∫
{|y |>ε}

vs(y , As,t) ν(dy) ds
}

is the unique solution in L1(Ω× [0, T ]) of

Xt
ε = X0+

∫ t

0
bsXs

εds+
∫ t

0
asX ε

s δWs+

∫ t

0

∫
{|y |>ε}

vs(y)X ε
s− dÑ(s, y),

t ∈ [0, T ].
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Proof of Step 1 : Existence

Let
Φε

s(ω) =
∏

r≤s,ε<|y |

[
1 + vr(y , Tr)∆N(r , y)

]
.
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Proof of Step 1 : Existence

Let
Φε

s(ω) =
∏

r≤s,ε<|y |

[
1 + vr(y , Tr)∆N(r , y)

]
.

Due to Girsanov’s theorem and that Ar ,t = Tr ◦ At , we have

E
[ ∫ t

0
asX ε

s DW
s Gds

]
= E

[ ∫ t

0
asX0(A0,s) exp

{ ∫ s

0
bε

r (Ar ,s)dr
}

L0,sΦ
ε
s(As)DW

s Gds
]

= E
[ ∫ t

0
as(Ts)X0 exp

{ ∫ s

0
bε

r (Tr)dr
}

Φε
s (DW

s G)(Ts)ds
]
.
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Proof of Step 1 : Existence
Due to Girsanov’s theorem and that Ar ,t = Tr ◦ At , we have

E
[ ∫ t

0
asX ε

s DW
s Gds

]
= E

[ ∫ t

0
asX0(A0,s) exp

{ ∫ s

0
bε

r (Ar ,s)dr
}

L0,sΦ
ε
s(As)DW

s Gds
]

= E
[ ∫ t

0
as(Ts)X0 exp

{ ∫ s

0
bε

r (Tr)dr
}

Φε
s (DW

s G)(Ts)ds
]
.

Since d
ds G(Ts) = as(Ts)(DW

s G)(Ts), we get

E
[ ∫ t

0
asX ε

s DW
s Gds

]
= E

[ ∫ t

0

(
d
ds G(Ts)

)
X0 exp

{ ∫ s

0
bε

r (Tr)dr
}

Φε
sds

]
.
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Proof of Step 1 : Existence

E
[ ∫ t

0
asX ε

s DW
s Gds

]
= E

[ ∫ t

0

(
d
ds G(Ts)

)
X0 exp

{ ∫ s

0
bε

r (Tr)dr
}

Φε
sds

]
.

Using
∫ t

0
∫
{|y |>ε} dN(s, y) < ∞ a.s., we have

E
[ ∫ t

0
asX ε

s DW
s Gds

]
=

∞∑
i=1

E
[ ∫ τε

i ∧t

τε
i−1∧t

(
d
ds G(Ts)

)
X0 exp

{ ∫ s

0
bε

r (Tr)dr
}

Φε
τε

i−1∧tds
]
.
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Proof of Step 1 : Existence

Finally, integration by parts and the fact that

Φε
τε

i
= Φε

τε
i−1

(1 + vτε
i
(y ε

i , Tτε
i
))

imply

E
[ ∫ t

0
asX ε

s DW
s Gds

]
= E

[
G

(
X ε

t − X0 −
∫ t

0
bsX ε

s ds

−
∫ t

0

∫
{|y |>ε}

vs(y)X ε
s− dÑ(s, y)

)]
.
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Proof : Step 1
Theorem
Let ε > 0. Then, the process

Xt
ε = X0(A0,t)L0,t

Nt ε∏
i=1

[
1 + vτi ε(yi

ε, Aτi ε,t)
]

× exp
{∫ t

0
bs(As,t) ds −

∫ t

0

∫
{|y |>ε}

vs(y , As,t) ν(dy) ds
}

is the unique solution in L1(Ω× [0, T ]) of

Xt
ε = X0+

∫ t

0
bsXs

εds+
∫ t

0
asX ε

s δWs+

∫ t

0

∫
{|y |>ε}

vs(y)Xs−
ε dÑ(s, y),

t ∈ [0, T ].
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Proof of Step 1 : Uniqueness

Let Y ε be a solution to

Xt
ε = X0+

∫ t

0
bsXs

εds+
∫ t

0
asX ε

s δWs+

∫ t

0

∫
{|y |>ε}

vs(y)Xs−
ε dÑ(s, y).
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Proof of Step 1 : Uniqueness

Let Y ε be a solution to

Xt
ε = X0+

∫ t

0
bsXs

εds+
∫ t

0
asX ε

s δWs+

∫ t

0

∫
{|y |>ε}

vs(y)X ε
s− dÑ(s, y).

Then, for t ∈ [τ ε
1 , τ ε

2 ),

E
[
Y ε

t G(Aτε
1 ,t)

]
= E

[
X ε

τε
1
G

]
+ E

[∫ t

τε
1

bε
s Y ε

s G(Aτε
1 ,s)ds

]
.
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Proof of Step 1 : Uniqueness
Let Y ε be a solution to

Xt
ε = X0+

∫ t

0
bsXs

εds+
∫ t

0
asX ε

s δWs+

∫ t

0

∫
{|y |>ε}

vs(y)X ε
s− dÑ(s, y).

Then, for t ∈ [τ ε
1 , τ ε

2 ),

E
[
Y ε

t G(Aτε
1 ,t)

]
= E

[
X ε

τε
1
G

]
+ E

[∫ t

τε
1

bε
s Y ε

s G(Aτε
1 ,s)ds

]
.

Thus,

E
[
Y ε

t (Tτε
1 ,t)Lτε

1 ,tG
]

= E
[
X ε

τε
1
G

]
+E

[∫ t

τε
1

bε
s (Tτε

1 ,s)Y ε
s (Tτε

1 ,s)Lτε
1 ,sGds

]
.
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Proof of Step 1 : Uniqueness

For t ∈ [τ ε
1 , τ ε

2 ),

E
[
Y ε

t G(Aτε
1 ,t)

]
= E

[
X ε

τε
1
G

]
+ E

[∫ t

τε
1

bε
s Y ε

s G(Aτε
1 ,s)ds

]
.

Thus,

E
[
Y ε

t (Tτε
1 ,t)Lτε

1 ,tG
]

= E
[
X ε

τε
1
G

]
+E

[∫ t

τε
1

bε
s (Tτε

1 ,s)Y ε
s (Tτε

1 ,s)Lτε
1 ,sGds

]
.

Y ε
t (Tτε

1 ,t)Lτε
1 ,t = X ε

τε
1

+

∫ t

τε
1

bε
s (Tτε

1 ,s)Y ε
s (Tτε

1 ,s)Lτε
1 ,sds.
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Main result
Theorem
The process

Xt = X0(A0,t)L0,t
∏

s≤t,y∈R0

[
1 + vs(y , As,t)∆N(s, y)

]
× exp

{∫ t

0
bs(As,t) ds −

∫ t

0

∫
R0

vs(y , As,t) ν(dy) ds
}

is the unique solution in L1(Ω× [0, T ]) of

Xt = X0 +

∫ t

0
bsXsds +

∫ t

0
asXsδWs +

∫ t

0

∫
R0

vs(y)Xs− dÑ(s, y),

t ∈ [0, T ].
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Step 2

We have
X ε → X in L1(Ω× [0, T ]).
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Step 2

We have
X ε → X in L1(Ω× [0, T ])

and we know

E
[ ∫ t

0
asX ε

s DW
s Gds

]
= E

[
G

(
X ε

t − X0 −
∫ t

0
bsX ε

s ds

−
∫ t

0

∫
{|y |>ε}

vs(y)X ε
s− dÑ(s, y)

)]
.
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Step 2
We have

X ε → X in L1(Ω× [0, T ])

and we know

E
[ ∫ t

0
asX ε

s DW
s Gds

]
= E

[
G

(
X ε

t − X0 −
∫ t

0
bsX ε

s ds

−
∫ t

0

∫
{|y |>ε}

vs(y)X ε
s− dÑ(s, y)

)]
.

Then,

E
[ ∫ t

0
asXsDW

s Gds
]

= E
[
G

(
Xt − X0 −

∫ t

0
bsXsds

−
∫ t

0

∫
{|y |>0}

vs(y)Xs−dÑ(s, y)
)]

.
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