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Equation

In this talk, we consider

t t
Xe = Xo +/ bs X ds+/ asXs OWs
0 0

t
+ / / vo(y)Xo_ dN(s,y)
0 J{ly|>1}

t
+/ / Ve(y)Xs— dN(s,y), 0<t<T.
0 J{o<|y|<1}

Jorge A. Ledn (Cinvestav-IPN) Anticipating SDE Barcelona, 2012 4/ 72



Equation

In this talk, we consider
t t
X = X0+/ b X, ds+/ asXs W
0 0
t
s wxe dis.y)
0 J{lyl>1}

t
+ / / W)X dii(s,y), 0<t<T.
0 J{o«ly|<1}

W' is the canonical Wiener process, N is the canonical Poisson
random measure with parameter v and
dN(t,y) := dN(t,y) — dtv(dy).
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Equation

t
X = Xo—l—/bX ds+/asX oWy

/ /{ X aNts.y)

+/ / vs(y)Xs— dN(s,y), 0<t<T.
0 J{0<|y|<1}

The stochastic integral with respect to W (resp. N and N) is in the
Skorohod sense (resp. are pathwise defined).
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Equation

t t
X = X0+/ beX: ds+/ a, Xt 5W,
0

0
t
+ / / v(y)Xe dN(s.y)
0 J{ly[>1}

t
—I—/ / ve(y)X: dN(s,y), 0<t<T.
0 J{e<lyl<1}
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Lévy process

Let Y ={Y;:t €[0, T]} be a Lévy process with triplet (v, o2, v).
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Lévy process

Let Y ={Y;:t €0, T]} be a Lévy process with triplet (v, o2, v/) :

Y: = fyt—l—(th—l—/ de(s,x)+Iim/ xdN(s, x).
(0,t]x{|x|>1} el0 J(0,e]x{e<|x|<1}
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Lévy process

Let Y ={Y;:t €0, T]} be a Lévy process with triplet (v, 02, v) :
Y: = ”yt—FO'Wt-i-/ XdN(s,X)—Him/ xdN(s, x).
(0,8]x{|x|>1} 10 J(0,qx fe<|x|<1}

Here, W = {W, : t € [0, T]} is a standard Brownian motion.
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Lévy process

Let Y ={Y;:t €0, T]} be a Lévy process with triplet (v, 02, /) :

Y: = 7t+aWt+/ de(s,x)+Iim/ xdN(s, x).
(0,t]x{|x|>1} el0 J(o,f]x{e<|x|<1}
Here, }
N = N — dtdv
and

N(B) = #{t: (t,AY:) € B}, B e B([0, T] x [Ry)

with
Ro =R — {0}.
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Lévy process
Let Y ={Y;:t €0, T]} be a Lévy process with triplet (v, 02, /) :

Y: = 7t+0Wt—|—/ de(s,x)+|im/ xdN(s, x).
(0,]x {|x|>1} el0 J(o,t]x{e<|x|<1}
Here, )
N =N — dtdv
and

N(B) = #{t: (t,AY:) € B}, B e B([0, T] x Ry)

i) For B € B([0, T] x Ry), N(B) is Poisson distributed with
parameter A ® v(B).

i) If By, ..., B, are pairwisedisjoints, then N(By),..., N(B,) are
independent random variables.
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Example

A compound Poisson process Z with rate 7 and jump size
distribution @ has the form

N
Z, = Z Y.
i=1
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Example

A compound Poisson process Z with rate 7 and jump size
distribution @ has the form

N
Zt = Z \/ia
i=1

where N = {N, : t > 0} is a Poisson process with parameter 7 and
{Y; i > 1} arei.i.d. random variables, with distribution Q, which
are also independent of N.
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Example

A compound Poisson process Z with rate 7 and jump size
distribution @ has the form

Nt
Z=>_Y,
i=1

where N = {N, : t > 0} is a Poisson process with parameter 7 and
{Y; i > 1} arei.i.d. random variables, with distribution Q, which
are also independent of N. Then Z is a Lévy process with triplet

(0,0,7Q)
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Canonical Lévy space for a compound Poisson
process

Let 7 and Q a probability measure supported on S C Ry := R — {0}.
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Canonical Lévy space for a compound Poisson
process

Let 7 and @ a probability measure supported on S C Rq. Set

Qr = J (0, TIx9)", ([0, T]x5)°={a}.

n>0
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Canonical Lévy space for a compound Poisson
process

Let 7 and @ a probability measure supported on S C Rq. Set

Qr = J (0, T1x9)", ([0, T]1x5)°={a}.

n>0

Fr={BcQr:Bn([0,T] x S)" € B(([0, T] x S)")}.
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Canonical Lévy space for a compound Poisson
process

Let 7 and @ a probability measure supported on S C Rq. Set

Qr = J (0, T1x9)", ([0,T]1x5)°={a}.

n>0

Fr={BcCQr:Bn(0,T]xS)" €B(([0, T] x $)")}.

o7 7"(dt @ Q)F"(([0, T] x 5)" N B)
n! )

Pr(([0, T] x S)"N B) =
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Canonical Lévy space for a compound Poisson
process

Let 7 and @ a probability measure supported on S C Rq. Set

Qr = J (0. T1x5)", ([0,T]x5)°={a}.

Fr=1{BCQr:B(0.T]x 5)" € B(([0, T] x 5)")}.

o7 7"(dt® Q*"(([0, T] x 5)" N B)

Pr(([0, T] x S)" N B) = -

(Qr, Fr, Pr) is the Canonical Lévy space.
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Canonical Lévy space for a compound Poisson

process
Let 7 and @ a probability measure supported on S C Ry. Set

Qr = J (0, T1x9)", ([0,T]1x5)°={a}.

n>0

Fr={BCQr:Bn([0, T] x S)" € B(([0, T] x $)")}.

_r7"(dt ® Q)*"(([0, T] x 5)" N B)
n! '

Pr(([0,T] x S)"nB)=e

n 1 t: if = t- e tm 7)),
Y (w) = j:lXJ 0.4(t), if w=((t,x), -, (ts, xn))
07 lf w = .
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Canonical Lévy space for a pure jump Lévy process

Let {Yt(k) :t € [0, T]} be the canonical compound Poisson process

on (QK FK)pk)) with intensity 7, = v/(Sx) and probability

measure Qx = ”l(/'(r;.fg).
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Canonical Lévy space for a pure jump Lévy process

Let {Yt(k) : t € [0, T]} be the canonical compound Poisson process

on (QU), F( pk)) with intensity 7, = 1(Sk) and probability

measure Qx = ”,S'(r;%). Here,

S5={xeR:e; < |x]} and Sk={xeR:ecr <|x| <ey_1}.

and ¢, | 0
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Canonical Lévy space for a pure jump Lévy process

Let {Yt(k) :t € [0, T]} be the canonical compound Poisson process

on (QK), FK)pk)) with intensity 7, = v/(Sx) and probability

measure Qx = ”l(,'(r;f’)‘). Here,

51:{XERZ€1<|X|} and Sk:{XGRZEk<|X|§€k_1}.

(QN>fN7PN) = ®(Q(k)af(k)a P(k))7

k>1
Ji() = YO (Wh) + lim Y (Y}“(wk) —t / xdu(x))
n—o0 o Sy

with w = (w‘k)k>1 € QJ.

Jorge A. Ledn (Cinvestav-IPN) Anticipating SDE Barcelona, 2012 26 / 72



Canonical Lévy space

(Q,F,P)=(Qw ® Qn, Fw @ Fn, Pw @ Py),

where (Qw, Fw, Pw) is the canonical Wiener space.
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Canonical Lévy space

(Q,F,P) = (Qw @ Qn, Fw @ Fn, Pw @ Py),
where (Quw, Fw, Pw) is the canonical Wiener space.

/ 1"

Yi(w) =t 4+ o/ (t) + J(w), w=(J W),

is a Lévy process with triplet (v, 02, v).
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Derivative operator

SY(L2(Qy)) is the set of all smooth L?(Qy)-random variables of the
form

.
F= Zf/ hy i(s)dW., / h.i(5)dWs)G;.
0
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Derivative operator

SY(L2(Qy)) is the set of all smooth L?(Qy)-random variables of the
form

F= Zf/ h.i(s)d ...,/OThn,.,,-(s)dWs)G,-.

Here h_/",' c LZ([O, T]), G,' € LZ(QN) and f, € Cgo(]Rn,)
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Derivative operator

SY(L?(Qn)) is the set of all smooth L2(Qy)-random variables of the
form

.
F= Z /hl, W/ hasi(5)d W) G;.
0

The derivative of the random variable F with respect to W is the
L2(Qn % [0, T])-valued random variable

.
DVF = ZZ (9;5)( / hyi( )dWS...,/ hoy.i(5)dW,) h; G
0

i=1 j=1
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Derivative operator

SY(L%(Qy)) is the set of all smooth L?(Qy)-random variables of the
form

.
F = Zf/ hyi(s W/ h.i(5)d W) G;.
0

The derivative of the random variable F with respect to W is the
L2(Qn % [0, T])-valued random variable

n T
DYF = ZZ (9,5)( / hy i )dWS...,/ hn,.i(5)dWe)h; i G;.
0

i=1 j=1

Hence
D" : D% (L(Q)) € L2(Q) — L2 (2 x [0, T]).
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Divergence operator with respect to W

Skorohod integral with respect to W, denoted by ", is the adjoint
of the derivative operator

DY DY (L=(Q)) C L2(Q) — L (2 x [0, T]).
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Divergence operator with respect to W

uis in Dom 6" if and only if u € L* (Q x [0, T]) and there exists a
random variable §"(u) € L*(Q) satisfying the duality relation

;
E U utDtWth] =E[6"(u)F] forevery F €D (L®(Qw)).
0
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Divergence operator with respect to W

For u € Dom 6", we will make use of the notation
6" (u)

.
= / Ut(SWt
0
and for ulljg 4 € Dom 6", we will write

Jorge A. Ledn (Cinvestav-IPN)

uis in Dom 6" if and only if u € L' (Q x [0, T]) and there exists a
random variable §"(u) € L}(Q) satisfying the duality relation
T
E [/ utDtWth} =E [0 (u)F] for every F €D/ (L™(Q)).
0

t
5W(u]1[07t]):/ u55W5.
0

Anticipating SDE

it
V)

p)




Properties of D and 9

Lemma
Let F € D{%(L*(Q)) and u € Dom 6*. Then, for almost all
w" € Qu, F(-,w") € DY, u(-,w") € Dom 6" N L* (Qw x [0, T]),

DYF(-,w") = (DY F)(-,w")

and

0" (u(-,w")) = 8" (u)(-, w")-
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Properties of D and 9

Lemma

Let F € DY%(L*(Qn)) and u € Dom 6*. Then, for almost all
w" € Qu, F(-,w") € DY, u(-,w") € Dom " N L* (Qw x [0, T]),

DYF(.,w") = (D" F)(-,w")

and

8" (u(-,0") = 8" (u)(-,w").
Proof : H € S and G € L>*(Qy). Then,

E [G /OT uth/VHdt} =E [G§Y(u)H)] .
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Properties of D and 9

Lemma

Let F € DY%(L*(Qn)) and u € Dom 6*V. Then, for almost all
w" € Qu, F(-,w") € DY, u(-,w") € Dom " N L* (Qw x [0, T]),

DYF(-,w") = (D" F)(-,w")

and

0" (u(-,w")) = 6" (u)(-,w")-

Proof : Consequently, for a.a. w” € Qy,

Ew [/0 (-, w")DY Hdt | = Ey [6% (u)(-,w")H (-, w")] .

0
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Hypothesis

DY (L*(Q2w)) represents the elements F in D% (L*(Qy)) such that

1Fll1.00 = [[Flloo + DY Fl2 [loc < o0
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Girsanov trannsformations

For a € L*([0, T]; DY, (L*(Q))) . we consider
{T: Q= Qu:0<t<T}land {As: : Q= Quw:0<s<t< T},
which are the solutions of the equations

tA-
(Trw). =/ +/ as(Tsw,w") ds.
0
and

tA-
(Astw). =w! —/ a, (A, w,w") dr,

A~

respectively.
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Girsanov trannsformations

tA-
(Trw). = +/ as(Tsw,w") ds.
0

and o~
(Astw). =w! —/ a, (A, ww,w") dr,

A+

Proposition

Let a € L2([0, T]; DY _(L*(Qn))). Then, there exist two unique
families of absolute/y continuous transformations { T, : 0 <t < T}
and {As:: 0 <s <t < T} that satisfy above equations. Moreover,
foreach s, t € [0, T], s <t, Ast = T:A:, with Ay = Aoy, Tt is
invertible with inverse A, and a.(T.(x,u"),w") € L*([0, T]; D{",.), for
a.a. " € Qy.

.
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Auxiliary result

For an absolutely continuous functions w’ of Q,y, with
square-integrable derivatives,

W' [em = </0Td/(t)2dt>é .
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Auxiliary result

For an absolutely continuous functions w’ of Qy, with
square-integrable derivatives,

T 3
\w'|CM = </ djl(t)zdt> .
0
Lemma

Let a € L*([0, T]; D1, (L*(Q2n))). Then, for any u < s < t, we have

t T
|Au,tw—Au,sw|%Ms2( / ||ar||§odr) exp{z / |||DWar|§||oodr}.
s 0
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Auxiliary result

1

T 5
| em = (/ ;L"(t)2dt> .
0
Lemma
Let a € L*([0, T]; D{Y (L*(Q))). Then, for any u < s < t, we have

t T
|Au,tw—Au,sw|%Ms2( / ||ar||§odr) exp{z / |||DWar|§||oodr}.
s 0

Proof Let v < s < t. Then,

|Au,sw - Au,tw|2CM

SA- tA-
/ a, (A, sw,w")dr — / a, (A, sw,w")dr

A- un-

2

M
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Auxiliary result

Lemma
Let a € L*([0, T]; D1 (L*(Q2n))). Then, for any u < s < t, we have

t T
uso= sl <2 ([ ladir) e {2 [ 110" a et}
s 0

Proof Let v < s < t. Then,

[Ausw = Auwlc

/
_ / L () ar(Arsws ") — L (r)ar (v, ") Pr
0
t s
< 2/ |a,(Ar,tw,w”)|2dr+2/ |2, (A, sw, ") — a (A w, ") |Pdr

t S
< 2 / lar|Podr + 2 / 11D% 2, ool Arst — Aol
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Buckdahn result

Let

:w'—i-/ o( Tsw,w") ds.
0

and
(Astw). = / A, cw, ") dr,

then

E[F(Asw,w")Ls ()] = E[F]
and

E[F(Asw,w")] =E[FLs,],
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Buckdahn result

E[F(As w,w")Ls ((w)] = E[F]
and

E[F(Asw,w")] =E[FLs,],
where

Lo(w) = L

t
(A w, )W, — 5/ (A, w,w")dr

{

t
[
t ° t
_ / (DuWa,)(A,,tw,w")DrW[au(Au,tw,w”)]dudr}
t
| otra

and

-

/

L) = ewf-
/

1 t
ar(T:Aw, "W, — 5 / (T Aw, ") dr

t r
_ / (DY a,)(T.Aw,w")DY [a,( T Auw, w”)]dudr}
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SDE on canonical Wiener space

On the canonical Wiener space, consider the linear stochastic
differential equation

t t
Zt:ZO+/ heZ, ds+/ a.Z, SW,,  telo,T]
0 0
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SDE on canonical Wiener space
Consider the linear stochastic differential equation

t t
zt:zo+/ heZs d5+/ a,Z, 6W,,  tel0,T]
0 0

Theorem

Assume a € [*([0, T], 1), h € L*([0, T],L~()) and
Zy € L*°(R2). Then, the process Z = {Z, : t € [0, T]} defined by

Z, = Zo(Ao.) exp { /O ha(And) ds} Lo. (1)

belongs to L*(2 x [0, T]) and is a solution of above equation.
Conversely, if Y € L}(Q x [0, T]) is a global solution of above
equation and, if, moreover, a, h € L>°(Q2 x [0, T]) and

DWa e L>(Q x [0, T)?), then Y is of the form (1).

v
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SDE on canonical Wiener space

On the canonical Wiener space, consider the linear stochastic
differential equation

t t
zt_zo+/ heZ, ds+/ a,Z, W,,  telo,T],
0 0

Theorem
Assume Zy € DY, h € L'([0, T], 1) and that, for some p > 2,

a € L% ([o, T],DlVYOO) N L*([o, T],DgYoo).

Then, ,
Zy = Zo(Ao,t) exp {/ hs(As.¢) ds} Lo
0

has continuous trajectories a.s.

4
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SDE on canonical Wiener space

Theorem

t
Zt = ZO(AO,t) eXp {/ hS(AS,t) C/S} LO,t
0

has continuous trajectories a.s.

Idea of the proof :

t s
/ g (A, )dr — / g (A, s)dr
0 0

t s
< / e loodr + / 11D 2 lloclAre — Avsl crrdr

/ ngHOOdr + (/ || |Dgr|2 Hoodr) sup |Art r,leM-
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Hypotheses

(H1) Assume that X € DY _(L>(Qw)),
b,v.(y) € L*([0, T], D", .(L>(Qn)), for all y € Ro. Moreover,
there exists p > 2 such that

ac Lz([07 T]>Dgf/oo(Loo(QN)) A sz([oa T]a]D){E/oo(LOO(QN))'

(H2) There exist a positive function g € L?(Ry, ) N L*(Ry, /) such
that
lvs(y,w)| < g(y), uniformly on w and s,
and
lim g(y)=0.

ly|—0

(H3) The function g satisfies fRO(e2g(y) — 1)v(dy) < oo.
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Main result

Theorem
The process

X = Xo(Aoloe [ [1+w(y. As)ANGs, )]

s< t,yERO

Xexp{ /0 by(As) ds — /0 t /R A H(@) ds}

is the unique solution in L1(Q x [0, T]) of

t t t
X, = Xo + / b X.ds + / a X.OW, + / / ve(y)Xs— dN(s,y),
0 0 0 JRg

t € [0, T].

o’
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Proof : Step 1

Theorem
Let = > 0. Then, the process

th

X:£ = XO(AO,t)LO,t H [1 + VT;E(Yiga AT;E,t)]

i=1
t t
X exp {/ bs(As ) ds —/ / vs(y, Ast) v(dy) ds}
0 0 J{ly|>¢}

is the unique solution in L1(Q x [0, T]) of

t t t
Xi" = Xo+ / bs Xs" ds+ / as X6 Wi+ / / vs(y)XC_ dN(s, y),
0 0 o J{ly>e}

t €0, T].

.
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Proof of Step 1 : Existence

Le
t o) = [T [t+wln.TIANCy)].

r<s,e<l|yl
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Proof of Step 1 : Existence

Let

P (w) = H [1 + v, (y, T,)AN(r,y)].

r<s,e<|y|

Due to Girsanov's theorem and that A, ; = T, o A;, we have
t
E{ / a. X:DY Gds}
0
t s
= E[ / asXo(Aos) exp { / bf(A,,s)dr}Lo,sqi(As)DSW Gds]
0 0
t s
= E[/ as(Ts) Xo exp {/ bf(T,)dr}cbg (DSWG)(Ts)ds].
0

0
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Proof of Step 1 : Existence

Due to Girsanov's theorem and that A, ; = T, o A;, we have

t
E{ / a, X:DY Gds}
0

t s
= E[ / asxo(Ao,s)exp{ / bf(Ar,s)dr}L0,5¢§(AS)D5WGds]
0 0

- E{/t (T)Xoexp{/osbf(T)dr}CDE (DY G)(T. )ds}.
Since £ G(Ts) = a5(T)(D.Y G)(Ts), we get

{ aSXEDWGds]

E[/O (%G(TS)) Xoexp{/os bf(T,)dr}d)ids].
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Proof of Step 1 : Existence

t
E{ / a. X:DY Gds}
0

= [ [ (Lo xoen { [[smaer) o]

Using fot f{|y|>€} dN(s,y) < oo a.s., we have

t
E[/ astDsWGds}
0

o0 TENAE s
= ZEU (iG(Ts)> Xoexp{/ bf(T,)dr}d)i_e Atds].
i=1 A 0 o
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Proof of Step 1 : Existence

Finally, integration by parts and the fact that
g  __ € €
(DTI.E - (D‘rf_l(]' + VT,-E(yi ) TT,E))

imply

t t
EU aszDsWGds} - E[G(xg‘—xo—/ b XEds
0 0

_ /0 t /{ e dRi(s, y))].
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Proof : Step 1

Theorem
Let = > 0. Then, the process

th

X:£ = XO(AO,t)LO,t H [1 + VT;E(Yiga AT;E,t)]

i=1
t t
X exp {/ bs(As ) ds —/ / vs(y, Ast) v(dy) ds}
0 0 J{ly|>¢}

is the unique solution in L1(Q x [0, T]) of

t t t
X, = Xo—i—/ bsXseds—i—/ asX§(5Ws—|—/ / vs(y)Xs—® dN(s,y),
0 0 0 J{ly|>¢}

t €0, T].

.
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Proof of Step 1 : Uniqueness

Let Y* be a solution to

t t t
X = X0+/ bsngds—i—/ astcSWs—l—/ / vs(y)Xs—" dN(s,y).
0 0 0 J{lyl>¢}
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Proof of Step 1 : Uniqueness

Let Y* be a solution to
t t t .
X = Xot / b X, ds+ / 2 XEO Wit / / v(y)Xe dii(s, ).
0 0 0 J{lyl>¢}

Then, for t € [75,75),

E[Y{G(A)] =E[X5 G| +E

t
/ be Y;G(Aﬁ,s)ds] |

1
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Proof of Step 1 : Uniqueness

Let Y* be a solution to

t t t
X = XO—I—/ bsXSEds—l—/ asXs€5Ws+/ / vs(y)XZ dN(s,y).
0 0 0 J{lyl><}

Then, for t € [75,75),

E[Y{G(A.)] =E[X; G| +E

t
/ b YSEG(ATf,S)ds] .

T

Thus,

E[Y{(To.e)r5.66) = B[ X5 G| +E

t
/ b:(TTf,S) YsE(TTf,S)'CTf,s GdS] .

1
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Proof of Step 1 : Uniqueness
For t € [r§,75),

E[Y{G(A,)] =E[X5 G| +E

t
/ b YEG(A,: s)ds] |

£
1

Thus,

E[Y{(To.e)Cr5.06) = B[ X5 G| +E

t
/ bi(T’rf,s) Yss(Trf,s);CTlﬁ75GdS] .

£
1

t
Ve(Tor ) onee = X+ / b (Toe ) Yo(Tor o) Lo o,

£
1
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Main result

Theorem
The process

X = Xo(Aoloe [ [1+w(y. As)ANGs, )]

s< t,yERO

Xexp{ /0 by(As) ds — /0 t /R A H(@) ds}

is the unique solution in L1(Q x [0, T]) of

t t t
X, = Xo + / b X.ds + / a X.OW, + / / ve(y)Xs— dN(s,y),
0 0 0 JRg

t € [0, T].

o’
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Step 2

We have

Jorge A. Ledn (Cinvestav-IPN)

X — X in L}Q x [0, T]).
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Step 2

We have
Xt —= X in LI(Q x [0, T])

and we know

t t
EU asX;‘DSWGds} - E{G(XE—XO—/ by XEds
0

~ /0 t /{ e dRi(s, y))].
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Step 2
We have
X — X in LYQx [0, T])

and we know

t t
EU aszD!VGds} - E[G(Xf—xo—/ b XEds
0 0

_ /0 t /{ e dRi(s, y))].

Then,

t t
E[/ asstsWGds] - E{G(Xt—xo—/ by X, ds
0 0

[ woediita)]
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