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Motivations
We consider SDEs with non smooth coefficients and want to prove
existence of the densities for the law of the solutions.

» SDEs driven by Levy noise with irregular coefficients in RY:
't

Xt:x+/0 a(xs)dzs+/0 b(Xs)ds (1)

with b and o only Holder (or even only bounded for b) ~~ no
Malliavin calculus.

If b and o are smooth, Malliavin calculus can be developped
(Bitcheler-Gravereaux-Jacod, 1987, Picard, 1996, ...)

» application to process used in the probabilistic representation
of the homogeneous Boltzmann equation: when d = 3, the
collision Kernel is too singular.

» develop a method to prove existence of densities without
Malliavin calculus — application to SPDEs for instance: the
application we have in mind is the 3D Navier-Stokes
equations where it is not known whether the solutions are
Malliavin differentiable.



Idea of the method: the non degenerate Brownian case

t t
X¢ zx+/ U(XS)dW5+/ b(Xs)ds (2)
0 0
Now, W is a d-dimensional brownian motion.
1) Take € > 0 small and define

Xi = Xe—e + o(Xe—e)(W(t) = W(t —€)) + eb(Xi—e)

2) If o is non degenerate, X{ has a smooth density

3) Use the fact that X and X are close to obtain the existence
of a density for X;



Idea of the method: the non degenerate Brownian case
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First possibility: Use Characteristic functions (Fournier and
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Idea of the method: the non degenerate Brownian case

Xi = Xe—e + 0(Xe—e)(W(t) — W(t —€)) + eb(Xi—¢)

First possibility: Use Characteristic functions (Fournier and
Printems)
E(e/€X)) =K (E (ef<§,xtf>| o )
=F ei<Xr7e+eb(ere),§>—§I(f(ere)f\z)
< Ce—0<€? elliptic case
E(el6X) < e 4 ‘E(ei@,m _ ei<s,xt>)‘
< Cer @ L [EEIX] - Xl
< Ce € 4+ Clele s
If bis bounded, o is v Holder and elliptic.



Idea of the method: the non degenerate Brownian case

E(e"6%) < Cem* " + Clele 2

Take € = 0272)2 s E(ei<§7Xr) < (:('”5)7+1




Idea of the method: the non degenerate Brownian case

E(e€X) < Ce € 4 Z’|§|61+TV

Take ¢ = ('5792 s B(eH(EX) < cn™!

~ If ¥ > 1/2 and d = 1, the characteristic function is in L%(R)
and by Plancherel, X; has a density in L?(R).
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but it seems impossible to extend the argument to higher spatial
dimension.



Idea of the method: the non degenerate Brownian case

1+y

E(e(6Xt) < Ce € 4 Clele =

In&)2 i . In&)v+!
Take ¢ = (5 s (ell6X) < 08
~ If ¥ > 1/2 and d = 1, the characteristic function is in L%(R)
and by Plancherel, X; has a density in L?(R).

e This can be extended to Levy processes under some conditions
but it seems impossible to extend the argument to higher spatial
dimension.

e If ¥ > 1/2, the method gives a little more: since |£|7E(e/(¢%t) is
in L2(R), the density has some extra regularity.



Idea of the method: the non degenerate Brownian case

We keep the first ingredient (approximation of X; by X}) but
instead of using the characteristic function, we go bak to the basic
idea of Malliavin: use an integration by part.

Since we do not expect to have very smooth density, we use
discrete derivatives ~~ try to estimate:

E(p(X, + h) — o(X,)) = / (0 + h) — p(x)) i (x)dx

Z/i p(x)(Fx.(x = h) = £x.(x))dx.

d



Idea of the method: the non degenerate Brownian case

We keep the first ingredient (approximation of X; by X}) but
instead of using the characteristic function, we go bak to the basic
idea of Malliavin: use an integration by part.

Since we do not expect to have very smooth density, we use
discrete derivatives ~~ try to estimate:

E(p(X: + h) — 0(X,)) =/(ﬂx+m¢w»mwwx

Z/i p(x)(Fx.(x = h) = £x.(x))dx.

d

If we are able to prove
[E(o(Xe + h) — o(Xe))| < CllellsollA]]"-

This (formally) says that

[ Vx4 ) = (0l < Clal.



The Besov space By

The Besov space Bj . can be characterized in terms of finite
differences: define

(ALF)(x) = f(x + h) — f(x),
then, for s < 1,

ALf
Ifllg; . = Iflls + sup 1257 s
|hl<1

is an equivalent norm of Bfm(Rd). Moreover pro(Rd) can be
defined as the set of L'(R?) functions such that these quantities
are finite.

It is well know that we have s >3, p € [1,d/(d — 3)]:

B; . (RY) C Bf (RY) = WSH(R?) C LP(RY).



The Besov space By

The Besov space Bj . can be characterized in terms of finite
differences: define

(ALF)(x) = f(x + h) — f(x),
then, for s < 1,

1
IFllsr.. = s + sup 15872
Y |hl<1
is an equivalent norm of Bfm(Rd). Moreover pro(Rd) can be
defined as the set of L'(R?) functions such that these quantities
are finite.
It is well know that we have s >3, p € [1,d/(d — 3)]:

B o (RY) C Bf 1 (RY) = WHH(RY) C LP(RY).
~ fx, € B (R?) and thus in LP(RY) for some p > 1.



Idea of the method: the non degenerate Brownian case

We again use X{ and write:
E(p(Xe +h) = (X))l < [E(o(X; + h) = 9°(X{))]
HE(p(X: + h) — (X7 + h)]

+HE(p(Xe) — ¢(X5))]
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2
with ¢ = || h|| 7+,



Idea of the method: the non degenerate Brownian case

We thus obtain the weaker inequality:

n(1+~)
E(o(Xe + h) — o(Xe))| < Cl[Al|70+ T || en

n(1+v)

Since )4

> 7 for n < ﬁ we have a gain in regularity.



Idea of the method: the non degenerate Brownian case
We thus obtain the weaker inequality:

n(1+~)
T g o

E(p(Xe + h) — o(Xe))| < Cllh

n(1+y)
n(1+y)+1

Lemma Let g € M(RY). Assume that there are 0 <7 < a<1
and a constant K such that for all ¢ € C"(RY), all h € RY with
h <1,

Since > 7 for n < ﬁ we have a gain in regularity.

Nyo(x)g(dx)| < Kl[l|cngeylhl*. (3)

Rd

Then, for any v € (0,a — 1), g has a density in Bﬁm.



Idea of the method: the non degenerate Brownian case

We thus obtain the weaker inequality:

n(1+~)
T g o

E(p(Xe + h) — o(Xe))| < Cllh

Since 77(7]1(41;;421 > 1 for 1) < 11=, we have a gain in regularity.

Lemma Let g € M(RY). Assume that there are 0 <7 < a <1
and a constant K such that for all ¢ € C"(RY), all h € RY with

h <1,

Ajp(x)g(dx)

< Klloll cn(raylhl®. (3)
Rd

Then, for any v € (0,a — 1), g has a density in Bf’oo.

~»  We obtain a density with Besov regularity under the
assumption v > 0.



Remarks

> The above argument can be slighltly improved and a Besov
regularity of order < ~ can be obtained

» Also, we do not need 7 > 1/2.

» The obtained regularity is low and not optimal at all ! By
PDE argument, much more regularity can be obtained.

» In the Brownian case, when o is invertible, Girsanov formula
can be used. However, this method can be applied in

situations where Girsanov formula does not apply. For
instance if X; is the solution of a SPDE.



Application to Lévy driven SDEs

We consider, on some filtered probability space (2, F, (F¢)>0,P),
a pure jump d-dimensional Lévy process (Z;):>o with Lévy
measure m.

Denote by fz, the law of Z; and recall that for € R

72.(€) := Elexp(i (¢, Z1))] = exp(—tW(€)),
where V(&) = /Rd (1 — el&2) 4 i, z) I[{|Z|§1}) m(dz).
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Application to Lévy driven SDEs

We consider, on some filtered probability space (2, F, (F¢)>0,P),
a pure jump d-dimensional Lévy process (Z;):>o with Lévy
measure m.

Denote by fz, the law of Z; and recall that for £ € RY

72.(€) := Elexp(i (¢, Z1))] = exp(—tW(€)),
where V(&) = /Rd (1 —el&n) 4 (&, z) I[{|Z|§1}) m(dz).

Let (X¢)r>0 be a (F;)s>0-adapted cadlag solution to

't

ot
Xt :x+/ o(Xs—)dZs +/ b(Xs)ds.
0 0

We introduce X{ = Xi—c + 0(Xe—e)(Zt — Zp—) + eb(Xi—¢)
We need two ingredients:

» Prove that X has a smooth density and measure its
smoothness in terms of ¢

» Estimate precisely how X; and X{ are close.



Application to Lévy driven SDEs

t
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If o is invertible, the smoothness of the density of X; is obtained
thanks to the smoothness of Z; — Z;_.
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Application to Lévy driven SDEs

t

t
X, = x + / (X )dZs + / b(X.)ds
0 0
Xj_f = the + O-(the)(zt - the) + Eb(the)
If o is invertible, the smoothness of the density of X; is obtained

thanks to the smoothness of Z; — Z;_.
We consider stable like processes:

W)V B e0,a), [(1 21" m(dz) < o0,
()3 C>0,Vae (0,1, [y, lz°m(dz) < Ca,

(iii)3c>0,3r >0,V > r, [pa(1 —cos((&,2)))m(dz) > c|]*.

~ €] <R W(E) < CIE|?, Fz, decays very fast and f7, is smooth.
Schilling, Sztonyk, Wang have proved that this implies that

10° 2]l 2 ey < C(m)e~ ™/
for |B] = m.
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Application to Lévy driven SDEs

t t
X, = x + / (X )dZs + / b(X.)ds
0 0
Xj_f = the + O-(the)(zt - the) + Eb(the)

We deduce that X{ has a density fx: such that

—m/«

||fX§”Bg;71(Rd) < C(5)||fX§||B{71(Rd) = [[fxellwmi(rey < C(m, d)e

The Besov space By can also be characterized in terms of higher
order finite differences: define

(AL)(x) = F(x + h) — F(x)
(B2F)(x) = AL(AT ) (x) = (- 1) (J) Fx + Jh)
j=0

then, for n integer such that s < n, we can take

Ifllg; ., = [[fll + sup
’ lhl<1



Application to Lévy driven SDEs

t t

X, = x + / (X )dZs + / b(X.)ds
0 0
Xt.E = thﬁ + O'(the)(zt — the) + Eb(the)

[E(ARe(Xe))| < [E(ARe(XE))] + [E(ARp(Xe) — AFe(XE))l
Write:

BRI = | || ARe0If (e =1 [ ol)A” ().



Application to Lévy driven SDEs

t t

X, = x + / (X )dZs + / b(X.)ds
0 0
Xi = Xe—e + 0(Xeee)(Zt — Zr—¢) + €b(Xe—e)

[E(ARp(Xe))| < [E(ARp(X))] + [E(ARe(Xe) — Ajp(XP))]

Write:
BRI = | || ARe0If (e =1 [ ol)A” ().
Then
AR fxe |l 2 N
fxel||gn @y = || fxe 1d—|—sup7t§Cn,56”/a.
Ixellgr, | ey = IMxellr(re) SUP " pfr-s (n,9)
Deduce:

E(ARe(X))l < Cligllooe™™[[l1" + [E(Afp(Xe) — Ahe(X)))
< Cllglloce™*All" + Cllpl cnBIIXe — Xg |-



Estimate of E||X; — X{||"” and conclusion:

For o € [1,2), this is estimated by classical stochastic calculus:
E| X, — X£|? < G5 (eﬁ(lwl)/a 4 65(1+92/a)>

for all 5 € (0,). If bis 6> Holder (or bounded with 6> = 0) and
o is 01 Holder. Set k = min{1 + 01, + O} ~~

E@5e(X)| < Cligllen (1Al + /)
< Cllplies Al

cn

with A\, — k7, when n — oo.
Use a generalization of the above Lemma ~~ X; has a density in
Bi ., forany s < s — 1.



Estimate of E||X; — X{||"” and conclusion:

» The case a € (0,1) is slightly more complicated:
Xi=Xe—e + 0(Xe—e)(Zt — Zi—c) + €b(Xi—¢) is not a good
approximation of X;.
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» The case a € (0,1) is slightly more complicated:
Xi=Xe—e + 0(Xe—e)(Zt — Zi—c) + €b(Xi—¢) is not a good
approximation of X;.
> Set )
Yi=2Z: + tfHZHSI zm(dz), b(x) = b(x) — o(x) fIIZIISI zm(dz)
and rewrite the equation as
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Xt_x—i—/ a(Xs_)dYs+/ B(X.)ds
JO 0



Estimate of E||X; — X{||"” and conclusion:

» The case a € (0,1) is slightly more complicated:
Xi=Xe—e + 0(Xe—e)(Zt — Zi—c) + €b(Xi—¢) is not a good
approximation of X;.

> Set )
Yi=2Z: + tfHZHSI zm(dz), b(x) = b(x) — o(x) fIIZIISI zm(dz)
and rewrite the equation as

t t
Xt_x—i—/ a(Xs_)dYs+/ B(X.)ds
JO 0

VS)ds

s

» We take V{ which satisfies t
Vi = Xe—e +/ b(
and set t—e

Xi = Vi +o(Xee)(Ye = Yi-e)

» Then, for 5 < a,
E||X; — Xte”[?’ < Cg (65(1/a+91) + PAH02/a) Eﬁ/(l—fb))



Estimate of E||X; — X{||"” and conclusion:

We again have: X{ = V{ + a(Xe—o)(Ye — Yi—e) with V¢ which is
Fi_c-measurable and such that, for § < «,

E|X, — X¢||P < Cs (Eﬁ(l/awl) 1 B+02/0) 4 66/(1—@))

Similar argument as in the case a € [1,2) give a density in Bf
for any s < (k — 1)a.



Refinement when o is not invertible everywhere:
Write:

= ()| = 2 (8000 | ey~ o))

L e <[AZ¢>(Xt) - qub(x;)]M)'

+ e ([Az<z>(x,f)]|g—1(i<t_e)|> ‘ |

Since

Apo(Xe) \ VRN S
8 (|01(Xt)|> B /]Rd Aho( )|071(X)|fxt(d )

Use the same ideas to obtain that fx,(dx)/|c~%(x)| has a density
in a Besov space.



Refinement when o is not invertible everywhere:
Write:

= ()| = 2 (8000 | ey~ o))

+ |E ([Azw@ - Ape(X ”M)'

+ e ([Az¢>(x,f)]|g—1(i<t_e)|> ‘ |
Since

App(Xe) | _ N S
E (|01(Xt)|> = /. Apo( )|U,1(X)|fxt(d )

Use the same ideas to obtain that fx,(dx)/|c~%(x)| has a density
in a Besov space. This shows that fx, has a density on the set
{x € RY: o(x) is invertible}.



The result for a € [1,2):

Let 0 : RY ++ My g(R) and b : RY — R be measurable and
bounded. Consider a (F:):>0-adapted cadlag solution (X;):>0 to

t t
Xt_x—i—/ a(XS_)dZS+/ b(X.)ds
JO JO

where (Z;):>0 is a Lévy process with Lévy measure m satisfying
(Hy) for some a € [1,2).

Assume that o € C%(R?) for some 6; € (0,1), that b is
measurable (then set #, = 0) or that b € C%(RY) for some

0, € (0,1) and that kK = min{1 + 01, + 62} > 1.

Then for all t > 0, the law fx, of X; has a density on the set
{y € R?: o(y) invertible}. Furthermore, for all v € (0,x — 1),
o 1|y, € B] o (RY).



The result for o € (0, 1):

Let o : RY + My g(R) and b : RY — R be measurable and
bounded. Consider a (F:):>0-adapted cadlag solution (X;):>0 to

t t
Xt_x—i—/ a(XS_)dZS+/ b(X.)ds
JO JO

where (Z;):>0 is a Lévy process with Lévy measure m satisfying
(Hy) for some « € (0,1).

Assume that o € C%(R?) for some 61 € (0, 1), that b € C%(RY)
for some 6 € (1 — «, 1), where

b(x) := b(x) — o(x) f{\z\<1} zm(dz) is the true drift coefficient and
set £ = min{l+ aby,a + 02, /(1 — 62)} > 1.

Then for all t > 0, the law fx, of X; has a density on the set

{y € R? : o(y) invertible}. Furthermore, for all v € (0, (x — 1)a),
o=t x, € B (RY).



Comments on the assumptions on m:
We have assumed

(i)V B €0, ), f{|z|21} 1z|°m(dz) < oo,

()3 C >0, Vae (0,1, [, lz?m(dz) < Ca~,
(iii)3c>0,3r >0,V > r, [pa(1 —cos((&,2)))m(dz) > c|].
» (iii) is equivalent to 3 ¢ > 0, Va € (0,1], V|[(| = 1:

/ (¢,2)? m(dz) > ca®™“.
{|z|<a}



Comments on the assumptions on m:
We have assumed

DV BE0, ), [51 217 m(dz) < oo,
(i))3 C >0, Vae(0,1], f{|2|§a} |z|°m(dz) < Ca*~¢,
(iii)3c>0,3r >0,V > r, [pa(1 —cos((&,2)))m(dz) > c|].
» (iii) is equivalent to 3 ¢ > 0, Va € (0,1], V|[(| = 1:
/ (¢, 2)* m(dz) > ca®™®.
{lzI<a}
» This can be satisfies by very rough measures. For instance:

m(A) = [ uter) [ 1aro)N(o)

for \ nonnegative finite measure on S~ whose support
contains a basis of RY and 1 = Zn21 n‘kl(Sl/,,



Comments on the assumptions on m:
We have assumed

(i)V B el0,a), f{|z|2]_} |z|Pm(dz) < oo,

()3 C>0,Vae (0,1, [y, lzPm(dz) < Ca,

(iii)3c>0,3r >0,V > r, [pa(1 —cos((&,2)))m(dz) > c|]*.

> If we consider a a-stable process (Y:)e>o with o € (1,2),

Fro() := Elexp(i (€, Ye))] = exp(—tW(¢)),
where V(&) = /]Rd (1 —el&2 4 (f,z)) m(dz),

where m(A) = [ r= " tdr [ou Ta(ro)A(do), (Ha)-(i)-(ii)
clearly hold. If the support of \ contains a basis of RY, then
(Ha )—(iii) is also OK.

> Zi =Y — . xm(dx) satisfies all our assumptions.

lIx11>



Comments on the assumptions on m:
We have assumed

()V B €0,a), f{IZIZI} 1z|m(dz) < oo,
()3 C>0,Vae (0,1, [y, lzPm(dz) < Ca,

(iii)3c>0,3r >0,V > r, [pa(1 —cos((&,2)))m(dz) > c|]*.

» If we consider a a-stable process (Y:)e>o with a € (0, 1),

Fro(€) == Elexp(i (€, Y2))] = exp(—tW(¢)),
where V() = /Rd (1 — ei<5’z>> m(dz),

where m(A) = [ r 7 tdr [ou Ta(ro)A(do), (Ha)-(i)-(ii)
clearly hold. If the support of \ contains a basis of RY, then
(Hq)-(iii) is also OK.

> Zi =Y+ tfHXH<1 xm(dx) satisfies all our assumptions.



Comments on the assumptions on m:

We have assumed
()Y 6 € 10.0), [io1, |2°m(dz) < oo,
()3 C>0,Vae (0,1, [y, |2°m(dz) < Ca*,

(iii)3c>0,3r >0, V€] > r, [pa(1 —cos((&,2)))m(dz) > c|]*.

» (i) is not essential and can be replaced by

/ m(dz) < oo.
{lz|>1}

The conclusion is the same: existence of a density where o is
invertible but we loose the Besov smoothness



Comments on the assumptions on m:

We have assumed
()V B €0,a), f{|z|21} 1z|°m(dz) < oo,

(i)3C >0, ¥ae(0,1], [y, l2I?m(dz) < Ca2~,

(iii)Ic>0,Ir >0, V|| > 1, fRd(l —cos((§, z)))m(dz) > c|£]*.

» It would more satisfactory to prove a result with (ii) and (iii)
satisfied with possibly different values of .. This could be
studied but the computations would be much longer.



The stochastic Navier-Stokes equations in dimension 3

Let u, p be the velocity and pressure of an incompressible fluid in a
domain O:

du+ (—vAu+ Vp+ (u-V)u)dt = fdt +dn, t >0, x € O,
divu=0t>0, xe O,

u=20, ondO,

u(0) = wp, x € O.

> v is the viscosity and we take it equal to 1.

> The exterior forcing has two component. A deterministic one
f, we take f = 0 and a random one of white noise type:
n= Ql/2 ZiGN piej = Ql/2 w.

» The covariance operator describres the spatial smoothness of
the noise



The stochastic Navier-Stokes equations in dimension 3

Let u, p be the velocity and pressure of an incompressible fluid in a
domain O:

du+ (—vAu+Vp+ (u-V)u)dt = fdt +dW, t > 0, x € O,
divu=0,t>0, xe O,

u=0, on 00,

u(0) = up, x € 0.

» Project the equation on H = {u € (L?(0))3; div u=0}.
» Define A= Au, D(A) = H?>(0) N H}(0) N H.
» P is the projector onto H and b(u) = P.

_>

du = (Au+ b(u))dt +/QdW,
{ U(O) =ug € H.
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{ du = (Au+ b(u))dt + V/QdW),

U(O) =up € H.
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du = (Au+ b(u))dt + V/QdW),

u(0) =up € H.

» The noise is supposed to be sufficiently smooth: Tr @ < oo
and existence of weak martingale solutions is classical.

» It is difficult to go beyond this except for very non degenerate
noises.
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du = (Au+ b(u))dt + /QdW),

u(0) =up € H.

» The noise is supposed to be sufficiently smooth: Tr @ < oo
and existence of weak martingale solutions is classical.

» It is difficult to go beyond this except for very non degenerate
noises.

> Since no Lebesgue measure exist in infinite dimension, a
natural idea is to prove existence of a density for the law of

the solutions with respect to the gaussian measure invariant
for the linear equation
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du = (Au+ b(u))dt + /QdW),

u(0) =up € H.

» The noise is supposed to be sufficiently smooth: Tr @ < oo
and existence of weak martingale solutions is classical.

» It is difficult to go beyond this except for very non degenerate
noises.

> Since no Lebesgue measure exist in infinite dimension, a
natural idea is to prove existence of a density for the law of
the solutions with respect to the gaussian measure invariant
for the linear equation

» open problem. Very difficult, even for d = 2
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du = (Au+ b(u))dt + /QdW),

u(0) =up € H.

» The noise is supposed to be sufficiently smooth: Tr @ < oo
and existence of weak martingale solutions is classical.

» It is difficult to go beyond this except for very non degenerate
noises.

> Since no Lebesgue measure exist in infinite dimension, a
natural idea is to prove existence of a density for the law of
the solutions with respect to the gaussian measure invariant
for the linear equation

» open problem. Very difficult, even for d = 2

» Try to prove that finite dimensional projections of u have
densities with respect to the Lebesgue measure.



The stochastic Navier-Stokes equations in dimension 3
du = (Au+ b(u))dt +/QdW,
U(O) =ug € H.

» |t seems difficult to use Malliavin calculus. Indeed
DIu(t) = n(t) where 7 is the solution of

d
2 = A+ b(u) -,
n(0) = +Qh.

» We have no control on the Malliavin derivative of u.

» If the noise is sufficiently non degenerate, it is possible to use
Malliavin on a truncated form of the Navier-Stokes equation
and to obtain densities for the finite dimensional projections.

» Can we obtain something for degenerate noise ?



The stochastic Navier-Stokes equations in dimension 3
du = (Au+ b(u))dt +/QdW,

U(O) =ug € H.

> Let F be a finite dimensional subspace of H and 7 be the
projector onto F.
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U(O) =ug € H.

> Let F be a finite dimensional subspace of H and 7 be the
projector onto F.

» ur = mru satisfies dup = (Aur + meb(u))dt + 7/ QdW
(assume for simplicity that 7, A, Q commute).
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du = (Au+ b(u))dt +/QdW,

U(O) =ug € H.

> Let F be a finite dimensional subspace of H and 7 be the
projector onto F.

» ur = mru satisfies dup = (Aur + meb(u))dt + 7/ QdW
(assume for simplicity that 7, A, Q commute).

> We investigate the quantity:

/F Ah(2)dve(z) = E(Ahp(rru(1)))



The stochastic Navier-Stokes equations in dimension 3
du = (Au+ b(u))dt +/QdW,

U(O) =ug € H.

> Let F be a finite dimensional subspace of H and 7 be the
projector onto F.

» ur = mru satisfies dup = (Aur + meb(u))dt + 7/ QdW
(assume for simplicity that 7, A, Q commute).

> We investigate the quantity:

/F Ah(2)dve(z) = E(Ahp(rru(1)))
» Introduce u°:
ui(t) = u(t).t <1,

(I = mp)u(t) = (| — mF)u(t), t > 1 e,

drnpu® = TFAUS + TV QAW , t > 1 — .
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{ du = (Au+ b(u))dt +/QdW,

u(0) =up € H.

ut(t) = u(t), t <1—g¢,
(I = mp)us(t) = (I —mp)u(t), t > 1 —¢,

drpu® = TrAu + e/ QdW ., t > 1 — €.
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{ du = (Au+ b(u))dt +/QdW,

u(0) =up € H.

ut(t) = u(t), t <1—g¢,
(I = mp)us(t) = (I —mp)u(t), t > 1 —¢,

drpu® = TrAu + e/ QdW ., t > 1 — €.

u(1) = eAu(1— )+ / L A b(u(s))ds + / | A0 /Qaw(s)

l—¢ l—¢
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du = (Au+ b(u))dt +/QdW,
{ u(0) =ug € H.

ut(t) = u(t), t <1—g¢,

(I = mp)us(t) = (I —mp)u(t), t > 1 —¢,

drpu® = TrAu + e/ QdW ., t > 1 — €.
1 1
u(l) = ePu(l—e)+ / eA1=9)p(u(s))ds+ / eA1=9)/QdW (s)
1—e¢ 1—¢

ue(1) = eAu(l —€) + / 1 eA1=9)/Qdw (s)

1—e¢
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{ du = (Au+ b(u))dt +/QdW,

u(0) =up € H.

ut(t) = u(t), t <1—g¢,
(I = mp)us(t) = (I —mp)u(t), t > 1 —¢,

drpu® = TrAu + e/ QdW ., t > 1 — €.

u(1) = eAu(1— )+ / L A b(u(s))ds + / | A0 /Qaw(s)

1—e¢ 1—¢
1
G(1) = eAu(l — €) + / A9 /Qdw(s)
l1—e

» Since E(|mgb(u)|) is bounded. It is easy to check that
E(|rru(l) — mru(1)]) < Ge.
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We then write, assuming that ker Q = {0}:
E(Ane(u(1))) = E(Ane(u(1)) — Anp(ut(1)))

+E(App(ut(1) + h) — Afp(u(1)))
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We then write, assuming that ker Q = {0}:
E(Ane(u(1))) = E(Ane(u(1)) — Anp(ut(1)))

+E(App(ut(1) + h) — Afp(u(1)))

IN

ol co(mE(mr(u(l) — ut(1)])*

+Crallplloolhl" e

IN

Clplca(re® + Collelloc| ™ €2

IN

2an_
Calp| ca(rylh|2atn

for e = \h|%
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We then write, assuming that ker Q = {0}:
E(Ane(u(1))) = E(Ane(u(1)) — Anp(ut(1)))

+E(App(ut(1) + h) — Afp(u(1)))

IN

l¢lcopyE(Imr(u(l) — u(1)[)*

+Cr.ollellolh" e/

< CPlelcarye® + Collllo] hl™ e/
2an_

< Gilplca(rylhlzan

for e = \h|% We deduce that u(1) has a density in Bf  (F) for

2an
s<2a+n—a—>awhenn—>oo.




The stochastic Navier-Stokes equations in dimension 3

Theorem: Consider the stochastic Navier-Stokes equations,
assume that ker Q = {0} then for any finite dimensional space
F C H and any solution v of the martingale problem (limit of
some Galerkin approximation), mru(1) has a density with respect
to the Lebesgue measure in B (F) for any 7 < 1 and in LP(F)
forany 1 <p<d/d—1.



The stochastic Navier-Stokes equations in dimension 3
A stationary solution has more regularity property (Flandoli &
Romito):

E (’VUs‘Q) < 00

This allow to improve the approximation of u by u¢:

1
u (1) = eEAu(le)Jr/ A1) p(eAT1Iy(1 — €))ds

1—e

1
+/ A=)\ /QdW s)
1—e

We can prove

Theorem: Consider the stochastic Navier-Stokes equations,
assume that ker Q = {0} then for any finite dimensional space

F C H and any stationary solution v of the martingale problem
(limit of some Galerkin approximation), mFu(1) has a density with
respect to the Lebesgue measure in B] __(F) for any v < 2 and in
WLP(F) for any 1 < p < d/d — lor in LP(F) for any
1<p<d/d-2.
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Remark

e This together with a result of Shirikyan implies that the densities
are positive.

e Can we extend this result to the hypoelliptic case ?

e Can we obtain more regularity 7



