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Osgood criterion

Consider

dt

{ W) ey, >0,
v(0) = a.

We define the explosion time as

T =sup{t > 0: |v(t)] < oc}.
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Osgood criterion

Consider

dv(t)
{ 2 = b((r)), >0,
v(0) = a.

(H1) aeRand b: R — R, is a positive, non-decreasing and locally
Lipschitz function.
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Osgood criterion

Consider

dt

{ W) _ ey, >0,
v(0) = a.

(H1) a€ R and b: R — R, is a positive, non-decreasing and locally
Lipschitz function.

Remark

Under (H1), there exists a maximal interval on which above equation
has a unique solution.
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Osgood criterion

Consider

dt

{ W) _ ey, >0,
v(0) = a.

(H1) a€ R and b: R — R, is a positive, non-decreasing and locally
Lipschitz function.

Observe that

V/(t) B t V/(S) . t .
b(u(2)) ‘1;‘/0 b(v(s))° ‘/o s =t
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Osgood criterion

Consider

dt

{ W) ey, >0,
v(0) = a.

(H1) ac€ R and b: R — R, is a positive, non-decreasing and locally
Lipschitz function.

Observe that
V/(t) B t V/(S) . t .
b(u(2)) ‘1:’/0 b(v(s))° ‘/o s =t

/v(t) dy _/v(t) d_y .
. bly) Juo bBly)
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Osgood criterion

v(t) d_y
— =t
/a b(y)

X dy
B(x :/ ——, x> a.
CI= 1, b0
Therefore B(v(t)) = t. Thus

Define

v(t) =B (t), 0 < t < B(c0).
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Osgood criterion

v(t) dy
—_ =t
/a b(y)

X dy
B(x :/ ——, x> a.
0=, b0
Therefore B(v(t)) = t. Thus

Define

v(t) = B (t), 0 < t < B(c).

In this case the explosion time is
> ds
B = —.
= i
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A basic example

Consider the following non-linear ordinary differential equation
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A basic example

Consider the following non-linear ordinary differential equation

dv(t) 2
{ = (v, e
v(0) = a.

For a > 0, there is a unique solution v, in the interval 0 < t < 1/a:

v(t) = 1 .
Ja—t
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A basic example

Consider the following non-linear ordinary differential equation
dv(t
{ MO _ e, e 0,
v(0) = a.
For a > 0, there is a unique solution v, in the interval 0 < t < 1/a:

v(t) = 1/al— t

The number T = 1/a is the explotion time.
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A basic example

Consider the following non-linear ordinary differential equation

dv(t) 2
{ = (v, t>0
v(0) = a.

For a < 0, there is a unique solution v, in the interval 0 < t < 1/a:

1

v(t) = _t——l/a'

In this case the explosion time is T = oc.
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A basic example

Consider the following non-linear ordinary differential equation

dv(t) 2
{ 7=(V(t)) , t>0,
v(0) = a.

Remark
Note that

> dx
. X2

is finite if and only if a > 0.

Jorge A. Ledn (Cinvestav-IPN) An Osgood Criterion Barcelona 16 / 84



Main result

Suppose that g is a measurable function such that

t—o0

lim sup (O<ir/17f<1g(t + h)) = 00,

and b is a positive and nondecreasing function. The solution of the
integral equation

t
Xt:a+/ b(Xs)ds + g(t), t>0,
0
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Main result

Suppose that g is a measurable function such that

lim sup (0<ir’17f<1 g(t+ h)> = 00,

t—oo

and b is a positive and nondecreasing function. The solution of the
integral equation

t
Xy =a +/ b(Xs)ds + g(t), t>0,
0
explodes in finite time if and only if [~ % < 0.

As an example, we see that g can represent the paths of some
stochastic processes.
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Comparison Theorem

Lemma

Assume that b satisfies Hypothesis (H1), a;>a; and T > 0. Also
assume that u and v are two measurable functions on [0, T|] such that

v(t)>a; + /t b(v(s))ds, te]0,T],

and

u(t):az—i-/ot b(u(s))ds, te [0, T].

Then, v>u on [0, T].
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Comparison Theorem

Lemma

Assume that b satisfies Hypothesis (H1), ay<a, and T > 0. Also
assume that u and v are two measurable functions on [0, T|] such that

v(t)<a; + /t b(v(s))ds, te]0,T],

and

u(t):az—i-/ot b(u(s))ds, te [0, T].

Then, v<u on [0, T].
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Comparison Theorem

Lemma

Assume that b satisfies Hypothesis (H1), a;>a; and T > 0. Also
assume that u and v are two measurable functions on [0, T|] such that

v(t)>a; + /t b(v(s))ds, te]0,T],

and
u(t) = a, —|—/0 b(u(s))ds, te]0,T].

Then, v>u on [0, T].

Proof : Note that the facts that a; > a, and v is continuous yield
{t €0, T]:v(s)>u(s), sel0,t]} #0.
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Proof

Thus, we only need to show

T =sup{t (0, T]:v(s)>u(s), s€[0,t]}=T.
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Proof

T =sup{t € (0, T]:v(s) > u(s), se[0,t]} =T.

But, if it is not so, then Hypothesis (H1) and the continuity of the
integral lead to write

v(7' +t)— u(7' +t) > a—a +/0 B [b(v(s)) — b(u(s))] ds

> aat [ b)) - U] e

+
a,—a
> 2 . 250,
for t small enough. Therefore T cannot be the supremum. O
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Main result

Now we study the explosion in finite time of the solution to

t
Xt:a+/ b(Xs)ds + g(t), t>0.
0
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Main result

Now we study the explosion in finite time of the solution to
t
X:=a +/ b(Xs)ds + g(t), t>0.
0

Here a € R, b satisfies Hypothesis (H1) and
(H2) g :[0,00) — R is a function with left and right-limits such that

lim sup (oirpilg(t + h)) = 00.

t—o0
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Main result

Theorem
Let Hypotheses (H1) and (H2) hold. Then, the solution of equation

t
Xt:a+/ b(Xs)ds + z(t), t>0.
0

exploits in finite time if and only if

/m%@o.
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Main result

Theorem
Let Hypotheses (H1) and (H2) hold. Then, the solution of equation

t
X:=a —l—/ b(Xs)ds + z(t), t>0.
0
exploits in finite time if and only if
. b(s) '

Proof : Necessity : Suppose that X exploits at the time T, < co.
Set M := supg<,<7, |g(t)|. Then,

t
th(a+M)+/ b(Xs)ds, tel0, T
0
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Proof

Suppose that X exploits at the time T, < oco. Set
M := supo<.< 7, |g(t)|. Then,

t
X <(a+ M) +/ b(Xs)ds, te]0,T.].
0
Hence, our comparison result implies that the solution of
t
u(t) = (a+ M +1) +/ b(u(s))ds, t>0,
0

exploits in the interval [0, T,].
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Proof

Suppose that X exploits at the time T, < oco. Set
M := supo<.<7, |g(t)[. Then,

Xe <(a+ M)+ /ot b(Xs)ds, te]0,T.].
Hence, our comparison result implies that the solution of
u(t)=(a+M+1)+ /Ot b(u(s))ds, t>0,
exploits in the interval [0, T.], which allows to conclude that

| s

because of Osgood criterion.
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Main result

Theorem
Let Hypotheses (H1) and (H2) hold. Then, the solution of equation

t
X:=a +/ b(Xs)ds + z(t), t>0.
0
exploits in finite time if and only if
/ I
. b(s) '

Proof : Sufficiency : Now assume that the solution X of does not
exploit in finite time.
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Proof

Now assume that the solution X of does not exploit in finite time.
So, using Hypothesis (H2), we can find an increasing sequence
{t, : n € N} such that t, T oo and

oérilélg(t,,—i-h)Too, as n — oo.
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Proof

Now assume that the solution X of does not exploit in finite time.
So, using Hypothesis (H2), we can find an increasing sequence
{t, : n € N} such that t, T oo and
inf g(t,+h :
oinf g(ta+h)Too, asn— oo

On the other hand, Hypothesis (H1) yields that
t+tn
Xeve, > a+ / b(Xs)ds + g(t + t,)
t"

t
> i .
> at / b(Xei)ds + inf g(ty+h), t<[0.1]
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Proof

Now assume that the solution X of does not exploit in finite time.
So, using Hypothesis (H2), we can find an increasing sequence
{t, : n € N} such that t, T oo and

O%r),];lg(t,,—i—h)Too, as n — oo.

On the other hand, Hypothesis (H1) yields that

t+tn
Xiyt, > a+ / b(Xs)ds + g(t + t,)
th

t
> a+/0 b(Xssr,)ds + inf g(t,+h), t€0,1].

Then, the solution of the equation

u(t) = % (a + ogir)qulg(t" + h)) +/0 b(u(s))ds, t>0,

cannot exploit in the interval [0, 1] due to comparison Lemma.
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Proof

Now assume that the solution X of does not exploit in finite time.
So, using Hypothesis (H2), we can find an increasing sequence
{t, : n € N} such that t, T oo and

O%rp;lg(t,,jth)Too, as n — oo.

Then, the solution of the equation

u(t) = % <a + ogigfglg(t" + h)) + /Ot b(u(s))ds, t>0,

cannot exploit in the interval [0, 1] due to comparison Lemma. In
other words, the time of explosion of equation

/°° ds
2*1(a+inf0§,§1 g(f,-,—‘rh)) b(s)

is bigger than 1.
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Proof

Now assume that the solution X of does not exploit in finite time.
So, using Hypothesis (H2), we can find an increasing sequence
{t, : n € N} such that t, T oo and

0S|r,1'fglg(tn—|—h)Too, as n — oo. (1)

Then, the solution of the equation
1 t
u(t) = 5 <a+og”,1‘;1g(t" + h)) +/0 b(u(s))ds, t >0,

cannot exploit in the interval [0, 1] due to comparison Lemma. In
other words, the time of explosion

/°° ds
2-Y(atinfocp<i g(tath)) b(s)

of this equation is bigger than 1.

Finally, (1) gives [~ % = o0. O
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Main result

Here we show two classes of processes Z, whose paths satisfy
Hypothesis (H2), with probability 1. Consequently, we can analyze
the explosion in finite time of the solution to

t
Xt—a+/ b(Xs)ds + Z;, t >0,
0

where a € R.
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Bifractional Brownian motion

The bifractional Brownian motion (bBm) with parameters H € (0, 1)
and K € (0, 1] was introduced by Houdré and Villa (2003). It is a

centered Gaussian process By x = {Bu k(t) : t > 0} with covariance
function

1 K
Ru(t,s) = 7 {(tZH n SZH) e — s|2HK}

such that, for s, t > 0, the inequalities
27Kt — P < E [(Bu(t) — Bux(s)’] <22 K|t — s (2)

hold.

By := By 1 is the fractional Brownian motion with Hurst parameter
H and W := B, is the Brownian motion.
27
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Bifractional Brownian motion : The law of the
iterated logarithm

Lemma

With probability 1,
. B k(t)
lim su : = I
t—>oop Y k(t)

Yuk(t) = /2t2HK loglogt, t > e.

with
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The law of the iterated logarithm

Proof : In order to see that the result is true, we proceed as in the
Brownian case. That is, we only need to observe that the definition of
B i yields that the process

=~ 0, t=0,
BH,K(t) = { t2HKBHK(1) t>0
) t/?

is also a bBm with parameters H and K, and that
Bri.k(h)

lim supBH’K(t) = limsup =1
t—o0 YHk(t) ho  /2h2HK log log h—1

The last equality is an immediate consequence of Arcones (1995)
(Corollary 3.1). O
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Bifractional Brownian motion

Lemma
With probability 1,

B t)— B
sup |Br k(t) — Brk(s)]
s, te[nnt2] Y.k (n)

— 0, asn— oo,

where

Y k(t) = +/2t?HK loglogt, t>e.
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Proof

For each n € N consider the centered Gaussian process

{Buk(t+ n) — By x(n):t €[0,2]}. Then, from inequality (2) and
Carmona et al. (2003) (Lemma 5.2), we have that for p > 1/HK,
there exists a constant C > 0, that only depends on H, K and p,
such that

E [( sup ’BH,K(t) — BH7K(S)’> ] S C2PHK.

s, te[n,n+2]
Hence,
00 p 0o
E Z sup |BH’K(t) — BH’K(S)l < Z —C2PHK < 0
—1 \St€[nn+2] wH,K(n) N —1 wH,K(n)p
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Bifractional Brownian motion

t
Xt:a—}-/ b(X.)ds + Z., t>0,
0

Theorem

Assume that Hypothesis (H1) is satisfied and that the process Z is
the bifractional Brownian motion By k. Then, the solution of above
equation explodes in finite time with probability 1 if and only if

[ % < oo0.
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Bifractional Brownian motion

t
Xt:a+/ b(Xs)ds + Z;, t>0,
0

Theorem

Assume that Hypothesis (H1) is satisfied and that the process Z is
the bifractional Brownian motion By k. Then, the solution of above
equation explodes in finite time with probability 1 if and only if

[ % < 0.

Proof : we only need to see that the paths of By k are as in
Hypothesis (H2) with probability 1.
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Proof

Toward this end, let wy € Q. Then,
Ogirf]ril BHyK(wO, t 4+ h)
= BH,K(WO; t) + Ogir)ri;l (BH,K(WO7 t+ h) — BH,K(W07 t))
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Proof

Toward this end, let wy € Q. Then,

inf BH’K(u}o, t+ h)
0<h<1
= BH,K(WO; t) + 0§ir/]721 (BH,K(wo, t+ h) — BH7K(wo, t))

> inf (— _
> BH,K(wo,t)+0§|T;1( |Bu,k(wo, t + h) — By k(wo, t)])
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Proof

Toward this end, let wy € Q. Then,

inf BH7K(w0, t+ h)

0<h<1
= BH,K(u)o, t) + Ogi?’il (BH,K(WO7 t+ h) — BH,K(W07 t))

> By k(wo, t) + ogirp; (= |Bu,k(wo, t + h) — By k(wo, t)])

|BH K(u)o, t+ h) - BH K(u)g, t)
= Byk(wo,t)— | su ’ ’
(0. 1) <03h21 VYuk([t])

) bin([t]),

where [t] is the integer part of t.
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Proof

Toward this end, let wy € Q. Then,

Oglrll121 BH,K(wo, t+ h)

_ su |BH7K(u}0, t + h) — BH7K(w0, t)
Z BH,K(WOa t) <0§h21 wH,K([t]) ) wH,K([t])7

Lemma
With probability 1,

|Br.k(t) — Brk(s)|

sup — 0, asn— oo,
s,t€[n,n+2] ¢H,K(n)
where
Yuk(t) = /2t2HK loglogt, t > e.
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Proof

Therefore, for t large enough

0<lrll7£ B,k (wo, t + h) > Buk(wo, t) — —@/JH Kk ([t])-
Jorge A. Ledn (Cinvestav-IPN)
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Proof

Therefore, for t large enough,

_ 1
inf BHJ((WQ, t+ h) > BH,K(WO> t) - ZwH,K([t])

0<h<1
Bu .k (wo, t)

1
Yy, k(t) Yrk(t) = Z¢H,K([t]).
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Proof

Therefore, for t large enough,

0<h<

Bh k(wo, t)

1
— WwH’K(t) - Zﬁ’HK([t])

_ 1
inf Bux(wo,t+h) > Bux(wo, t) = zvmx([t])

Lemma
With probability 1,
lim supBH’K(t) =
t—oo YH,k(t) ’
with
Y k(t) = /2t2HK loglogt, t > e. |

Barcelona
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Proof

Hence, there exists a sequence 0 < t, T oo such that

_ 1 1
ogr];; By k(wo, ty +h) > EwH,K(tn) — ZwH,K([tn])
1

> ZwH,K([fn]) — 00.
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Proof

Hence, there exists a sequence 0 < t, T co such that

_ 1 1
oér),];l By k(wo, ta + h) > §¢H,K(tn) — Zl/)H,K([tn])
1

> Zl/)H,K([fn]) — 00.

Thus,

t—o0

lim sup (oir),]il By k(wo, t + h)) = 00.
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Self-similar processes

Let 5 € (0,1). Now we consider an increasing 1/-self similar process
Z, whose trajectories satisfies Hypothesis (H2). The reader can
consult Rivero (2003) (and references therein) for details.
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Self-similar processes

Let £ = {& : t > 0} be a Lévy process. Set

' £
A = / exp (—S) ds, t>0,
0 o

7(t) = inf{s: As > t},

where o > 0, and

the time change related to A.
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Self-similar processes
Let £ = {& : t > 0} be a Lévy process. Set

' £
A = / exp (—S) ds, t>0,
0 o

7(t) = inf{s : As > t},

the time change related to A. Then, the process

where o > 0, and

Zt = X exp (gT(tx—l/O‘)> , t2 Oa

with x > 0, is an a-self similar Markov process.
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Self-similar processes

It is well-known that the law of & is characterized by its Laplace
transform

E (exp(—)\&:)) = exp(—tp(N)), t>0and A > 0.
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Self-similar processes

It is well-known that the law of & is characterized by its Laplace
transform

E (exp(—A&:)) = exp(—tp(A)), t>0and A > 0.

Here, by the Lévy-Khintchine's formula, ¢ has the form

d(A) = d\+ / (1 — exp(—Ax))M(dx),

(0,00)

where d is called the drift coefficient and [1 the Lévy measure
associated with &.
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Self-similar processes

It is well-known that the law of & is characterized by its Laplace
transform

E (exp(—)\&:)) = exp(—top(N)), t>0and A > 0.

Here, by the Lévy-Khintchine's formula, ¢ has the form
d(N) = d\+ / (1 — exp(—Ax))M(dx),
(0,00)

where d is called the drift coefficient and [1 the Lévy measure
associated with &.

Now consider 3 € (0, 1) and the measure

B exp(x)
N [ O ©
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Self-similar processes

Theorem

Let Z be the 1/(3-self similar Markov process related to a
subordinator with zero drift and Lévy measure (3). Then, under
Hypothesis (H1), the solution of equation

t
Xt:a-i-/ b(Xs)ds + Z;, t=>0,
0

explodes in finite time with probability 1 if and only if
/ > ds -
— < 0.
. b(s)
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Proof

The result follows from Theorem M and from the fact that

. Z;
Iltnl!)gf tl/ﬂ(log |og t)(ﬁ*l)/ﬁ - ﬁ(

1— 5)(1—/6)/5’

which is proven in Rivero (2003) (see p. 469). O
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Feller test

Let W = {W,;: t > 0} be a Brownian motion. We can use the Feller

test to see if the solution of a stochastic differential equation of the
form

dX: = b(Xy)dt + o(Xe)dW,, t>0,
Xo = a,

explodes in finite time, with probability 1, knowing only the
coefficients b and o.
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Feller test

Let W = {W,;:t > 0} be a Brownian motion. We can use the Feller

test to see if the solution of a stochastic differential equation of the
form

dXt - b(Xt)dt + U(Xt)th, t > O,
Xo = a,

explodes in finite time, with probability 1, knowing only the

coefficients b and o.
In our case (i.e., 0 = 1), this test can be expressed as follows :
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Feller test

Let p(x) = [, exp (=2 f; b(r)dr) ds and v(x) —2pr(X)p

Proposition (Feller test)

The explosion time T, of the solution X of the equation

dX, = b(X)dt+dWi, t>0,
Xo = 3,

is finite with probability 1 if and only if, one of the following
conditions holds : (i) v(c0) < 0o and v(—o0) < oo,

(if) v(o0) < 00 and p(—o0) = —o0,

(i) v(—o0) < oo and p(o0) = oo.
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Example

Let us consider
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Example

Let us consider

Here b(x) = x?, o(x) =1

dX, = X2dt + dW,, Xo = —1.
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Example

Let us consider
dX; = XZdt + dW,, Xp = —1.

Here b(x) = x?, o(x) = 1. Then

p(x) = /exp (—2/ r2dr> ds
0 0
= /e‘gs3ds.
0
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Example

Let us consider
dX, = X2dt + dW,, Xp = —1.

Here b(x) = x?, o(x) = 1. Then

p(x) = /exp (—2/ r2dr> ds
0 0
2.3

Hence

A TEE) Y A TE)
v(x) =2 e3' " YV )dzdy = v(oc0) =2 e3\ " Y )dzdy.
o Jo o Jo
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Example
Let us consider

dX, = X2dt + dW,, Xp = —1.

p(x) = /OX exp <—2/0s r2dr> ds

Then

Hence

X y 2,3 3 > Y 2(,3_3
v(x) = 2/ / 3@ ) dzdy = v(o0) = 2/ / 3= dzdy.
0 0 0 0

So we study

& 4 2,3 3 1 e Y 2(,3 3
[ L= ([ [) ([ 4 )o
0 0 0 1 0
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Example

0
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/OO /y eE N dzdy =
1

1

e§z3dz/ e_%y3dy

0 1

+/ es” </ e§y3dy> dz.
1 z



Example

/ /e3(z Y)dzdy / %
_|_

On the other hand

> ~ 2,3 °°y2 2,3 L[>, _2,3
e dy < ;e3 dyz; y“e 3 dy
1 e 3’ > ’
o2\ 2

2.3
3

e

of o
(r

2
e 3%

223

z

Using this,

oo o8 0o _2,3
3z ~dy )d </ ) (AR PR
/1 e3 </Z e 3 y) Iz < 1 es 252 Iz 5 0.
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Example

This implies v (00) < co. Moreover

p(—o0) = /O_Oo e

By Feller test, P(T, < o0) = 1.
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Feller test

Theorem

(i) p(—00) = —o0
(i)

Let b satisfy Hypothesis (H1). Then we have
X ds
0 b(s)

< oo if and only if v(oo

) < oo
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Feller test

Theorem
Let b satisfy Hypothesis (H1). Then we have

(i) p(=00) = —oc.

(ii) [5° ‘(f) < 00 if and only if v(c0) < 0.

Remark : The Feller test is proven using the 1t6's calculus. However
when Z By k, we cannot use this important tool because, in general,

B,k is not a semimartingale.
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Proof

(/) Observe that

p(—o0) = —/:exp (2/50 b(r)dr> ds
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Proof

(ii) Suppose [, b( 7 < 00. Then

2/000 /yoo %exp <_2/05 b(r)dr) exp (2/0y b(t )dt) dsdy
= 2/000 ﬁexp (2 /Oy b(t)dt> (/yoo b(s) exp (—2 /Os b(r )dr> ds) dy
- [

where, in order to evaluate the integral, we used that

/OOO b(r)dr > b(0) /OOO dr —

IA

v(o0)
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Proof

Conversely, now let us assume that v(oco) < co. We first note that

L ()ex"< 2 [0 "(r)‘”)"s

< | b( j exp (~2b(0)s) s

1
W/o xp (—2b(0)s) ds < oo.

IN
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Proof

Conversely, now let us assume that v(co) < oo. We first note that

/Ooo % exp <—2 /05 b(r)dr) ds
- ﬁ /0 " exp (—2b(0)s) ds < oo, (4)

On the other hand, Fubini theorem yields

V() = 2/000 /Osexp <—2 /0 b(r)dr) exp <2 /Oy b(t)dt) dyds
> /Oooﬁexp (—2/05 b(r)dr) {exp (2/0 b(r)dr) _ 1} de
_ /OOO b(ls) {1 ~ exp (—2 /0 b(r)dr)} ds.

Hence, (4) implies that [ b‘(’z < 00. Thus the proof is complete. [J
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