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Asset Price Process

e A random behavior of the asset price is modeled by a positive
adapted stochastic process X defined on a filtered probability
space (2, F,{F},P*).

e [t is assumed that the following conditions hold:

1. For every t > 0, the stock price X} is an unbounded random
variable.

2. E*[Xy] < o0, t>0.

3. Xy = xog P*-a.s. for some zg > 0.

4. P* is a risk-free measure. This means that the discounted
stock price process {7 X;},. is a martingale. Here r > 0
1s the interest rate.



Pricing Functions

e The pricing function for a European call option at time ¢ = 0 is

defined by

C(T,K)=e¢""E* [(Xr — K)"]

where K > 0 is the strike price and T" > 0 is the maturity.

e The pricing function for a European put option at time ¢ is de-

fined by

P(T,K)=¢""E"[(K—Xr)"].

e The functions C' and P satisfy the put-call parity condition

C(T,K)=P(T,K) +xy—e "'K.



Black-Scholes Call Pricing Function

e In the Black-Scholes model, the stock price process is a geometric
Brownian motion, satisfying the following stochastic differential
equation:

dXt = TXtdt + O'Xtth*,

where r > 0 is the interest rate, o > 0 is the volatility of the
stock, and W* is a standard Brownian motion under the risk-free
measure [P,

e The stock price process X in the Black-Scholes model is given

by
0.2
Xt = ToexXp { (T - ?) t+0—Wt*}

where xy > 0 is the initial price.



e Black and Scholes found an explicit formula for the pricing func-
tion Cpg:

Cps (T, K,0) = zoN (di(K,0)) — Ke "' N (dy( K, 0))

where
0, (K, o) = log 7y — log K + (r + 10?) T7
oVT
do(K,0) = di(K,0) — oVT,
and

Implied Volatility

Let C be a call pricing function. The implied volatility

[=1(T,K), (T,K)¢c(0,00)

associated with the pricing function ' is a function of two variables
satisfying the following condition:

Cps(T, K, I(T, K)) = O(T, K).



Asymptotic Behavior of the Implied Volatility

e Let C' be a call pricing function, and let C be a positive function
such that

as K — oo. Then

VTI(K) = 210gK—|—210g~1 —loglog~1
C(K) C(K)

1 1
— /2log = — loglog =
C(K) C(K)

as K — oo.

e The previous formula was obtained in [5]. This formula was
generalized in an important recent paper [4] of K. Gao and R.
Lee.



A Sketch of the Proof of the Asymptotic Formula

e First, we prove the following proposition. Let C' be a call pric-
ing function, and fix a positive continuous increasing function
Y, satistying ¢(K) — oo as K — 00. Suppose ¢ is a positive
function such that ¢(K) — oo as K — oo and

_V(K) PK)?
C(K) =~ Mexp {—T} .

Then we have

1m3§?<¢m%mﬂT+MKv—mK0
Y(K)
+0 (5w

as K — oo.



e 'T0 establish the previous statement, we first show that for every
function I such that

~

0<I(K)<I(K), K>K,,

the following asymptotic formula holds:

I(K)=T(K)+ O (C(K) exp {%dl (K 7(K))2}>

as K — oo.

e The choice of I. The function [ is determined from the equality

dl (K,I(K)) :—qb(K), K>K().

Such a function exists, since for large values of K the function
o — dy(K, o) increases from —oo to oco.

o Fxplicit formula for the function I:

I(K) = % <\/ 2log xf;T + $(K)? — ¢<K>> -



e Prove that the function I defined above satisfies

[(K) < I(K)

for K > K, and use the asymptotic formula relating I and I
to establish the statement formulated above.

e To prove the asymptotic formula for the implied volatility, we
choose the function ¢ as follows:

1
2

o(K) = |2log — loglog + 2log Y (K)

C(K) C(K)

e [t is not hard to check that if the function ¢ is defined by the
previous formula, then the condition in the proposition formu-
lated above holds. Using this proposition and the mean value
theorem, and getting rid of the function v in the error term, we
obtain the asymptotic formula for the implied volatility.



e Let C be a call pricing function, and let P be the corresponding
put pricing function. Suppose that

as K — 0, where Pisa positive function. Then the follow-

ing asymptotic formula holds:

VTI(K) = \/210g ]3(1K) —loglog%

K K
— 4 /2log = — loglog =
P(K) P(K)

as K — 0.
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e Using the mean value theorem, we see that for any call pricing
function C,

VTI(K) = \/QIOgK—FQlogC(l[Q — \/210g0(1K>

DO| =

1 a 1
+ O ((IOgC(K)> loglogO(K)>

as K — o0o. Moreover,

VTI(K) = \/QIOgP(lK) — \/21ogpf§<)

D=

K \ K
+ O ((log P(K)) log log P(K))

as K — 0.
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Lee’s Moment Formulas

The theorems formulated below were obtained by R. Lee (see [10]).

e Let I be the implied volatility associated with a call pricing func-
tion C'. Define a number p by

ﬁ:sup{pZO:E* [X%er} <oo}.

Then the following equality holds:

where the function 1 is given by

w(u):2—4(\/W—u), u > 0.

12



e Let I be the implied volatility associated with a call pricing func-
tion C'. Define a number ¢ by

G=sup{q>0:E[X;"] <oo}.

Then the following formula holds:

, TI(K)? N
lim sup ( 1) = (q).
K—0 log &

e Lee’s moment formulas characterize the behavior of the implied
volatility for large and small strikes in terms of the critical orders
at which the moments of the stock price distribution explode.
An asset price model admits exploding moments if p < oo
and ¢ < oo. The model does not have exploding moments if

e The moment formulas can be derived from sharp asymptotic
formulas for the implied volatility formulated above (see [5]).
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Regularly Varying Functions

e et & € R, and let f be a positive function defined on some
neighborhood of infinity. The function f is called regularly vary-
ing with index « if for every A > 0,

f(Az)
f(@)

as x — 00. The class consisting of all regularly varying functions
with index « is denoted by R,. Functions belonging to the class
Ry are called slowly varying.

— \

e et & € R, and let f be a positive function defined on some
neighborhood of infinity. The function f is called smoothly vary-
ing with index « if the function

h(z) =log f (")

is infinitely differentiable and the following conditions hold as
T — 00:

W(z)— o, h"™(x)—0 forall integers n > 2.
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e An equivalent definition of the class SR, is as follows:

fESRaﬁzlgrgo%—a(a—l)...(a—n+1)

forall n > 1.

e The following are examples of smoothly varying functions with
index 0:

(logz)*, a€R;

(loglogz)*, a € R,

exp {(logaj)b} , b<1.

[t can be shown that all smoothly varying functions with index
0 are slowly varying.
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Tail-Wing Formulas of Benaim and Friz

Asymptotic formulas found by Benaim and Friz (see [1]) provide a
link between the behavior of the implied volatility at extreme strikes
and the tail behavior of the distribution of the stock price. Such for-
mulas are called tail-wing formulas. We will next formulate some of
the results obtained by Benaim and Friz, adapting these results our
notation. It is assumed that the stock price Xp satisfies the following
condition:

E* [X77°] < oo forsome &> 0.

Call pricing function — implied volatility

Suppose that
C(K) = exp {—n(log K)}
with n € R, o > 0. Then

W¢ (el

I(K)
( log K

as K — oo, where

w(u):2—4(\/W—u).
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Complementary distribution function — implied volatility

Let Fr be the complementary distribution function of the stock price
X7 given by

Fr(y) =P (X7 >y),
and suppose that
Fr(y) = exp {—p(logy)}

with p € R,, @ > 0. Then

1) ~ Y22E \/ . (_mgmp(m})

VT log K

as K — oo.

Stock price density — implied volatility

If the distribution pp of the stock price X7 admits a density Dy,

and if |
Dr(x) = exp {~h(log )}

as x — 00, where h € R, a > 0, then

Viog K log[ K2Dr(K))
1K) ~ VT \/w<_ log K )

as K — oo.
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Tail-Wing Formulas. Improvements

e The following formula is equivalent to one of the sharp asymp-
totic formulas for the implied volatility formulated above:

W¢ (el

log K

N 1
+ O <<1OgC(K)> loglogC(K>>

as K — oo.

e The previous formula is stronger than a similar formula obtained
by Benaim and Friz. Note that there are no restrictions on the
call pricing function in the previous formula, and an error term
is included.

e The tail-wing formulas due to Benaim and Friz do not contain
error terms. We will next discuss tail-wing formulas with error
estimates. Smoothly varying functions play an important role in
this discussion.
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Tail-wing formulas with error estimates

e Let C be a call pricing function and let F' be the complementary
distribution function of the stock price Xp. Suppose that

F(y) =~ exp{—p(logy)}

as y — 00, where p is a function such that either p € SR,
with o > 1, or p € SRy and A(u) = p(u) —u € Rg for some
0 < B <1 Then

(\/ (log K) — \/p (log K) — logK)

OC%M@MW)
p(log K)

as K — oo.

3
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e Let C' be a call pricing function and let Dy be the distribution
density of the stock price Xp. Suppose that

as x — 00, where h is a function such that either h € SR,
with & > 1, or h € SRy and g(u) = h(u) —u € SRp for some
0 < B <1. Then

(\/W \/h (log K) logK>

3\%

O <log [h(log K)})
h(log K)

as K — oo.
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Special Stochastic Volatility Models

Heston model.

e The stock price process S and the variance process Y in the He-
ston model satisfy the following system of stochastic differential
equations:

dSt = ,MStdt + \/Ytstth

dY; = q(m — Y;) dt + ev/YidZ,,

where ¢ > 0, m > 0, ¢ > 0, and standard Brownian motions W
and Z are such that

d(W, Z), = pdt with p € [—1,1].

The initial conditions for the processes X and Y are denoted
by zy and yg, respectively. The variance process in the Heston
model is called the Cox-Ingersoll-Ross process (the Feller pro-
cess).

e In terms of the log-price process X = log S and the variance
process Y, the Heston model can be rewritten as follows:

dX; = (p— 3Y3) dt + /YidW,
dY; = q(m = Y,) dt + c\/Y;dZ;.
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e For every t > 0, the following formula holds for the distribu-
tion density D; of the stock price X; in the Heston model with
—1 < p<O0:

3, a
Dy(x) = 141:1:_/136142\/m (log a:)_‘ﬁ?

(1+O((logz)~2))

as r — OQ.

e The previous formula was obtained in the case where p = 0 in a
joint paper [9] of E. M. Stein and A. G. This result was extended
to the correlated Heston model by P. Friz, S. Gerhold, S. Sturm,
and A. G. (see [3]).
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Stein-Stein model.

e In the absence of correlation between the stock price and the
volatility process, the Stein-Stein model can be considered in
the following two forms:

dXt = ,uXtdt + i/tXtth

dY; =q(m —Y,;)dt + odZ;,

or

dXt = ILLXtdt + D/H Xtth

dY; =q(m —Yy)dt + odZ;,

where ¢ > 0, m > 0, and o > 0.

e The volatility process in the first of the previous models is the
Ornstein-Uhlenbeck process, while in the second model the pro-
cess |Y] is used to model the volatility. It is known that the
marginal distributions of the stock price process in both models
coincide. In the presence of correlation, it is more popular to
consider the Stein-Stein model with Y instead of |Y|.
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e Let Dy be the stock price density in the Stein-Stein model. Then

DN —

Dr(z) = Bz P3eP2vIe (Jog :C)_% (1+ O((logz)™

)

as r — OQ.

e The previous formula was obtained for the uncorrelated Stein-
Stein model by E. M. Stein and A. G. (see [9]). For the correlated
model with the long-run mean m equal to zero, the formula
follows from the asymptotic formula for the Heston density. In
the case where m # 0 in the correlated Stein-Stein model, the

formula also holds. This was shown in a recent paper of J.-D.
Deuschel, P. Friz, A. Jacquier, and S. Violante (see [2]).

Asymptotic behavior of the implied volatility

e Fix the maturity 7" and consider the implied volatility as a func-

AN

tion k — I(k) of the log-strike k = log K.
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e Heston model. The following asymptotic formula holds for the
implied volatility in the Heston model:

N log k 1
T(k) = Bk + Bo 4+ 2" 4 0 (—1>
k2 k2

as k — 0o, where the constants 31, £, and B3 depend on T'
and on the model parameters.

o Stein-Stein model. The following asymptotic formula holds for
the implied volatility in the Stein-Stein model:

AN

1
T(k) = 1k? + 72+ O (—1)

k2

as k — oo, where the constants v; and 7y depend on T' and
on the model parameters.

e The previous formulas can be strengthened, using the recent
results obtained in [4].
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Models without Moment Explosions

e Suppose that a stochastic model is such that all moments of the
stock price are finite. Then Lee’s moment formulas do not char-
acterize the asymptotic behavior of the implied volatility. How-
ever, our general formulas can be applied to stock price models
without moment explosions. The following statements hold (see

6]):

1. Let C be a positive function such that

Suppose also that p = oco. Then

1 log K log K)?
1K) = g K | _(os )3
\/QT\/log% 1 )2
C(K) IOgT[()
1
+ O -
lOgT[()
as K — oo.
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2. Suppose that
P(K)~ P(K) as K —0

where P is a positive function. Suppose also that ¢ = oc.

Then
1 log + log & )2
[(K):\/ gKK vo | Lew) ;
1
+ O =
18 515
as K — 0.
Examples

o Constant Elasticity of Variance Model. The asset price pro-
cess in the CEV model obeys the stochastic differential equation

dSt = O'Sdet

We assume that 0 < p < 1 and o > 0. For the CEV model
we have p = oo and ¢ = 2(1 — p). Hence, the behavior of the
implied volatility as iK' — 0 is regular, while the case K — oo
is characterized by a nonstandard behavior.
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e The following formulas hold for the implied volatility in the CEV
model:

as K — oo, and

VT \/ 1 1 1
T IHK) =4/(3=2p)log — — = loglog —
1
1 1 1 1\ 2
— 1/ (2 =2p)log — — = loglog — log —
\/( p)ogK QogogK+0<(ogK) )

as K — 0.

e Rubinstein’s Displaced Diffusion Model. The displaced diffu-
sion model was introduced by M. Rubinstein. The stock price
process in this model is a convex combination of a risky asset
following a driftless geometric Brownian motion and a riskless
asset. If the interest rate satisfies r = 0, then the stock price
process S in Rubinstein’s model is given by

1
Sy =Sy [77 exp {—50275 -+ aWt} + (1 — 77)]

where 0 < n < 1, Sy > 0 is the initial price, and o > 0 is the
volatility parameter.
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e In a more general displaced diffusion model, the stock price pro-
cess is the solution to the following stochastic differential equa-
tion:

dS; =0 (S +a)dW;, Sy=sy as.

where s > 0, ¢ > 0, and a # 0. It follows that the process
X; = S; + a is a driftless geometric Brownian motion with the
volatility equal to o and the initial condition given by g = s¢+a.
It follows that

1
St = (80 + a) exp {—50215 + UWt} — a.

e Since we are considerimg only nonnegative stock price processes,
it is natural to suppose that a < 0 and sy > |a|. Then the
process S coincides with the stock price process in Rubinstein’s
model with

So+ a
S0 .

So=s9 and n =

e Let I be the implied volatility in the displaced diffusion model
with a < 0 and sy > |a|. Then

I(K)=0+0 (—bg log K)

log K

as K — oo.

29



o Finite Moment Log-Stable Model of Carr and Wu. In this
model, a-stable Lévy processes with skew parameter § = —1

are used in stochastic modeling of log-returns associated with
the spot levels of S&P 500 index.

e The index level S in the finite moment log-stable model satisfies
the following stochastic differential equation:

s, = S, (rdt + Jde’_1> |

where 1 < a < 2,0 > 0, and r > 0 is the interest rate. The pro-
cess L~ driving the equation is the Lévy process such that the
random variable Ly ~!is distributed according to the a-stable

law L, (o,t%, —1).

e The following formulas hold for the implied volatility in the finite
moment log-stable model:

11—«

(o) Mo T 5 2-a

log K) Za-1 + O ((log K) %D
a1 (log K) ((og ) )

I(K) =

as K — oo, and

T 1 1 1 1
£I(K) = 1/log — + aloglog — — —logloglog —

V2 K K 2 K

1 1 1 1Y\
_ \/aloglog? — §logloglog?+0 <<1oglog§)

as K — 0.

DO —

)
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e SV1 Model of Rogers and Veraart. This model was suggested
by L. Rogers and L. Veraart as a less complicated alternative to
SABR model. The asset price in SV1 model is given by

X =xWx®
where
@ _ 5
: =z t>0,

and the processes ¢ and z solve the following stochastic differ-
ential equations:

dO't = natdBt

and

dz; = (a1 — agzy) dt + 20 /2 dW.

o Assumptions: B and W are independent standard Brownian
motions, n > 0 is fixed, the interest rate r is equal to zero,
1<vy<2 a=20v—1)y" and ay = (2 — y)p?y~ L. It was
established in the paper of Rogers and Veraart that if the param-
eters are chosen as above, then the process X is a martingale.
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o Let K +— I(K) be the implied volatility in the SV1 model. Then
the following asymptotic formulas hold:

I(K)~2myt as K — o0 (1)

and

as K — 0.

Piterbarg’s Conjecture

e Let X be a stock price process for which p < oo and ¢ < oo,
Then, as we already know, a typical behavior of the implied
volatility near infinity is described by the function

K — ciy/log K

and near zero by the function

[ 1
cot [ log 72

However, if p = oo or ¢ = oo, then the class of approximating
functions is wider.
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e Piterbarg’s conjecture (see [11]).

Let w be a positive increasing function on (0, 00) satisfying
w(y) — oo as y — oo and such that the limit

M = lim w(y)
y—oo log y

exists (finite or infinite). Put

Pw =sup{p > 0: E* [exp {pw (X7)}] < oo}

Then, under the condition p = oo,

_ I(K)y/w(K) 1
lim sup = =
Koo log K V21D,

e Remark: Our notation is different from that in Piterbarg’s pa-
per.
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o A modification. We modify the formula conjectured by Piter-
barg as follows. Let C' € PF be a call pricing function, and
suppose p = 0o. Then

I(K)yw(K) 1

lim sup =

K—o0 log K V2T Dy

X
Dy = SUp {pEO:E* [/ epw(y)dy] < oo},
0

e Statement. The modified formula always holds.

where
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