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1. Cohomological rank functions on abelian varieties

(A, L) polarized abelian variety, g = dim A
Jiang-Pareschi: Given F € DP(A) and i € Z, define thL : Q — Q>0 such that
f_—ydx)“ ="h(A,F® L*® a), for general a € Pic’(A)
Concretely: if x = 7 € Q, then
h’.F’L(x) = % h(A, 1 F @ 1% © «), for general a € Pic®(A)
where pp : A — A is the multiplication-by-b isogeny.

The number h}'_-’L(x) is well defined.
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Theorem (Jiang-Pareschi)

1. The functions are given by polynomials in the neighborhood of every rational number:
For every xo € Q, there exists € > 0 and polynomials P , P, such that

;':7L(X) = P;O(x) ifx € (xo0 —€,x]NQ

FL(x)=Pi(x) ifxex,x+e)NQ

2. hiF | extends to a continuous function hj; L R—=TRyo

These results do not imply that cohomological rank functions are piecewise polynomial!
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Example 1: Elliptic curves

Let E be an elliptic curve, F € Coh(E).

e If F is u-semistable, then

KO (X) _ 0 XF,L(X) <0
i XF,L(x) =rkF-x+degF xri(x) =0

® More generally, the Harder-Narasimhan filtration
O=Fp—F<—=...—F=F

. 0 1
determines hF7L and hF’L.
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Example 2: ldeal sheaf of one point

g =dimA>2, ZIp=ideal sheaf of 0 € A, d = hO(L)

0 x<0 1 x<Z0
hg (x) = 77 0<x<1 , ht,(x)={ 77 0<x<1
XToL(X) =dx8 =1 x>1 0 x>1

The number n(L) :=inf{x € Q | hjl,'o,L(X) = 0} is an interesting invariant:
e Jiang-Pareschi: 7(L) = 1 <= L has base points
n(L) < 3 = L is projectively normal
e Caucci: 7(L) < p+2 = L satisfies the property (/Np)

(Ito: Also for n(L) = @ if h% 1 is of class cl)
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2. Stability conditions

Classically: Mumford (for curves), Takemoto, Gieseker,...
Bridgeland: Define stability in the derived category DP(X) (X smooth projective variety)

Definition
A Bridgeland stability condition on DP(X) is a pair o = (A, 1), where:

1. A is the heart of a bounded t-structure on DP(X)
2. u= % is a slope for objects of A, such that:

® D, R are additive for short exact sequences in A
R(E) >0 for every E € A\ {0}, and R(E) =0= D(E) >0
® Every E € A\ {0} admits a Harder-Narasimhan filtration

3. Support property (technical condition)
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2. Stability conditions

Classically: Mumford (for curves), Takemoto, Gieseker,...

Bridgeland: Define stability in the derived category DP(X) (X smooth projective variety)

Definition

A Bridgeland (resp. weak) stability condition on DP(X) is a pair o = (A, i), where:

1. A is the heart of a bounded t-structure on DP(X)

2. u= % is a slope for objects of A, such that:

® D, R are additive for short exact sequences in A
R(E) > 0 for every E € A\ {0}, and R(E) =0== D(E) > 0 (resp. D(E) > 0)
Every E € A\ {0} admits a Harder-Narasimhan filtration

3. Support property (technical condition)

Example: Classical slope-stability is a weak stability condition.
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The («, B)-plane

(X, L) smooth polarized surface
(o, B)-plane of stability conditions: ¢, 3 = (Coh” X, Va,g) for (o, B) € Ryo x R
° |f 3R,
Coh X := {E € DP(X) | HI(E) = 0 for i £0,~1, py(H E)) <6, p_(HO(E)) > 5}

 cha(E®LB)— 22 [2.cho(E)
® vas(E) = Lchi(EoL )

Bridgeland, Arcara-Bertram: 0,3 = (CohﬁX, Vo) is a Bridgeland stability condition for
every (a, ) € Ryo x R

Important: When o =0 and 8 € Q, g 3 is a WEAK stability condition.
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3. Chern degree functions

(X, L) smooth polarized surface
F € D*(X), k € Z ~ Define chdf ; : Q = Qxo
Let x € Q, and set 8 = —x.

e |[f Fe Cohﬂ(X) has HN filtration 0 = Fg — F; < ... = Fg — ... = F, = F with respect
to 09,3,

chd}  (=8) :=cha(Fs ® L™P), chdg (—B) := chao(F/Fs @ LF),

chdf ;(—B) =0 for k #0,1

e For arbitrary F € DP(X), use the “partition” of F into pieces of Coh”(X):
chdf 1 (=B) = chdiy ), (=5) + chd}rtg_l(m(—,@)
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“Cohomological” properties:

° Z(—l)k : chd’,f—v,_(x) = chy(F ® L) for every x € Q
keZ

® Serre vanishing
® Serre duality

e Under certain assumptions, chd® is non-decreasing and chd?! is non-increasing
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Given an object F € D(X) and k € Z:

1. Every rational number xo € Q admits a left (resp. right) neighborhood where the function
chd’E,L is given by a polynomial P~ (resp. P™) depending on xg.

2. cthL extends to a continuous function chd’,f_-vL R — Rxg

Again, these results do not imply that Chern degree functions are piecewise polynomial!

Let By € Q and F € Coh® X. Then:

chdS’_-’L7 chd}_-J_ are not of class C' at — By <= F has a HN factor with v g, = 0
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4. Applications to abelian surfaces

If (X, L) is a polarized abelian surface, then for every F € DP(X) and k € Z

Chdlft,L = hlif',L

Analogy with the case of elliptic curves:

e Heart whose objects only have functions h° and h!.
® For stable objects of the heart only one of the functions survives.

® The HN filtration breaks the function into smaller pieces (LOCALLY)
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(X, L) polarized abelian surface of type (1,d) (= d = h°(L)), NS(X)=Z-[L]
We want to compute the cohomological rank functions of Zg

® Ty € Coh?(X) for every 5 < 0
® 7y € Coh?(X) is 04 p-semistable for all 3 < 0,a > 0

e Possible walls for Zy «— Positive solutions to x> — 4dy? =1

B=—cr) NIRRT
xo—
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1. If d is a perfect square, then

0 X
h%O’L(X) - { dx? —1 x

IV IA
el

2. If d is not a perfect square, then n(L) € {2, 21} where (xo,y0) and (x1,y1) are the

xo—17 x1—1
two smallest positive solutions to x> — 4dy? = 1.

Furthermore, h9 | is of class C' everywhere.
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Let (X, L) be a polarized abelian surface of type (1,d), such that NS(X) = Z - [L].

1. Ifd > 7, then L is projectively normal.

2. If p>1and d > (p+2)? then L satisfies the property (Np,).

16/17



Gracias!
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