INTERVAL HYPERGRAPHIC LATTICES

NANTEL BERGERON AND VINCENT PILAUD

ABSTRACT. For a hypergraph H on [n], the hypergraphic poset Py is the transitive closure
of the oriented skeleton of the hypergraphic polytope Ay (the Minkowski sum of the standard
simplices Ay for all H € H). Hypergraphic posets include the weak order for the permutahedron
(when H is the complete graph on [n]) and the Tamari lattice for the associahedron (when H is
the set of all intervals of [n]), which motivates the study of lattice properties of hypergraphic
posets. In this paper, we focus on interval hypergraphs, where all hyperedges are intervals
of [n]. We characterize the interval hypergraphs I for which P is a lattice, a distributive lattice,
a semidistributive lattice, and a lattice quotient of the weak order.
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2 N. BERGERON AND VINCENT PILAUD

1. INTRODUCTION

Fix an integer n > 1 and denote by (e;);c[n) the standard basis of R". The hypergraphic
polytope of a hypergraph H on [n] is the Minkowski sum Ay := ),y An, where Ay is the
simplex given by the convex hull of the points ey, for h € H. The face lattice of Ay was described
combinatorially in terms of acyclic orientations of H in [BBM19]. Note that the singletons of H
are irrelevant for the combinatorics of Ay as they just contribute to translations. It is convenient
for us to assume that {i} € H for all ¢ € [n].

The hypergraphic poset Py is the transitive closure of the skeleton of Ay oriented in the
direction w:=(n,n—1,...,2,1)—(1,2,...,n—1,n) = (n—1,n—3,...,3—n,1—n). For instance,

o if H = ([;]) is the complete graph (or any hypergraph containing it), then Ay is the
permutahedron and Py is the weak order on permutations,
o if H={[i,j] |1 <4 <j<n}isthe complete interval hypergraph, then Ay is J.-L. Loday’s
associahedron [SS93, Lod04] and Py is the Tamari lattice on binary trees [Tam51].

In view of these two examples, we would like to characterize the hypergraphs H for which
Py is a lattice, a distributive lattice, a semidistributive lattice, a congruence-uniform lattice, a
(semi-)lattice quotient of the weak order on permutations, etc. These questions were settled
in [Pil24] for graphical zonotopes (i.e. when H C ([g])), and also partially studied in [BM21] for
graph associahedra [CDO6] (i.e. when H is the set of all subsets of vertices that induce a connected
subgraph of a fixed graph on [n]).

In this paper, we study the case of interval hypergraphs I, i.e. when all hyperedges of I are
intervals of [n]. Note that the family of interval hypergraphic polytopes does not contain the
permutahedron, but contains

e the classical associahedron of [SS93, Lod04] when I contains all intervals of [n],

e the Pitman—Stanley polytope [SP02] when I is the set of all singletons {i} and all initial
intervals [i] for i € [n],

e the freehedron of [San09] when I is the set of all singletons {i}, all initial intervals [i]
for ¢ € [n], and all final intervals [n] \ [¢] for ¢ € [n — 1],

e the fertilotopes of [Def23] when any two intervals of I are either nested or disjoint.

In fact, it follows from [BMCLD™23, PPPP23] that the interval hypergraphic polytopes are pre-
cisely the weak Minkowski summands of the classical associahedron (recall that a polytope P C R™
is a weak Minkowski summand of a polytope Q C R”™ if there exists a real A > 0 and a poly-
tope R C R? such that \Q = P + R).

We obtain the following characterizations, where we assume that {i} € I for all i € [n] as
mentioned earlier. See Sections 4 to 7 and Figures 4 to 8 for illustrations.

Theorem A. For an interval hypergraph I, the poset Py is a lattice if and only if I is closed under
intersection (i.e. I,J €l and INJ # & implies INJ € 1).

Theorem B. For an interval hypergraph 1, the poset Py is a distributive lattice if and only if for
all I,J €l such that I £ J, I 2 J and I NJ # @, the intersection I N J is in 1 and is initial or
final in any K e Twith INJ C K.

Theorem C. For an interval hypergraph 1, the poset Py is a join semidistributive lattice if and only
if 1T is closed under intersection and for all [r,r'],[s, s'], [t,t], [u,u'] € T such that r < s <1’ < ¢,
r<t<s <t,u<min(s,t) and s </, there is [v,v'] € I such that v < s and s’ <v' <t'. A
symmetric characterization holds for meet semidistributivity.

Theorem D. For an interval hypergraph 1, the poset morphism from the weak order to the poset Py
is a meet (resp. join) semilattice morphism if and only if T is closed under initial (resp. final)
subintervals (i.e. [i,k] € T implies [i, 5] € T (resp. [§,k] €1) for any 1 <i < j <k <n).

For instance, among the four above-mentioned families of interval hypergraphic polytopes,
we recover that the Pitman-Stanley polytope and all fertilotopes yield distributive lattices, the
associahedron yields a semidistributive (but not distributive) lattice which is a quotient of the
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weak order, while the freehedron is not even a lattice (this was actually the motivation for [PP23]
to construct alternative realizations of the skeleton of the freehedron).

Once Theorem A is established, an important step for Theorems B and C is to understand join
irreducible elements of P;. Section 6.1 provides a combinatorial description of the join irreducible
elements of the lattice P; for an arbitrary interval hypergraph I closed under intersections. To
prepare this slightly technical description, we already describe some join irreducible elements
of Py in Section 5.1, which happen to be all join irreducible elements of P; under the condition
of Theorem B.

The paper is organized as follows. In Section 2, we recall basic properties of hypergraphic
polytopes, we define hypergraphic posets, and we recall the natural poset morphism from the weak
order on permutations to the hypergraphic poset P;. In Section 3, we develop specific properties
of interval hypergraphic polytopes, in particular a simple characterization of their vertices and a
global description of the relations in their hypergraphic posets. In Section 4, we characterize the
interval hypergraphs I for which the interval hypergraphic poset P is a lattice, proving Theorem A.
In Section 5, we describe a family of join irreducible elements of P; and we characterize the interval
hypergraphs I for which P; is a distributive lattice, proving Theorem B. In Section 6, we describe
all join irreducible elements of P; and we characterize the interval hypergraphs I for which P; is
a join (or meet) semidistributive lattice, proving Theorem C. In Section 7, we characterize the
interval hypergraphs I for which the poset morphism from the weak order on permutations to Pj
is a join (or meet) semilattice morphism, proving Theorem D.

2. HYPERGRAPHIC POSETS

2.1. Hypergraphic polytopes. A hypergraph H on [n]:={1,...,n} is a collection of subsets
of [n]. By convention, we always assume that H contains all singletons {i} for ¢ € [n]. The
hypergraphic polytope Ap is the Minkowski sum

AH::ZAH,

HecH

where Ay is the simplex given by the convex hull of the points e;, € R™ for h € H.
Example 2.1. For the hypergraph H = {1,2,3,4,123,134}, we have

€1 €1
€2 €3 €3
Aqa3 JANEN! A =014+ Do+ Ag+ Dy + Nqag + A

which is a 3-dimensional polytope sitting in R*. Note that as n < 9 in all our examples, we
simplify notations and write 123 for the set {1,2, 3}.

Remark 2.2. Note that the singletons hyperedges are irrelevant for our purposes. Namely,
adding to H the hyperedge {i} for some ¢ € [n] just translates the polytope Ay in the direction e;,
which does not affect the face structure of the polytope. For our conditions on hypergraphs of
Theorems A and B, it is convenient for us to assume that {i} € H for all ¢ € [n]. When quoting
results from [BBM19], the reader will have to be mindful that they took the opposite convention.

2.2. Acyclic orientations, increasing flips, and hypergraphic posets. We now recall from
[BBM19, Thm. 2.18] a combinatorial model for the graph (Vi, Fy) of Ag. As we are only interested
in the 1-skeleton of Ay, we simplify some of the general definitions of [BBM19] which were designed
to deal with all faces of Ap.

Definition 2.3. An orientation of H is a map O from H to [n] such that O(H) € H for all H € H.
Equivalently, we often represent the orientation O as the set of pairs {(O(H), H) | H € H}. The
orientation O is acyclic if there is no Hy,..., H; with k > 2 such that O(H,11) € H; ~ {O(H;)}
for i € [k — 1] and O(H;) € Hi ~ {O(Hy)}.
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FIGURE 1. The polytope Ay for H = {1,2,3, 4,123,134} has seven vertices cor-
responding to the acyclic orientations of H and eleven (oriented) edges corre-
sponding to the increasing flips between these orientations. The poset Py is the
transitive closure of the increasing flip graph.

Remark 2.4. The singleton {i} of H is always oriented O({i}) = 4, and plays no role in deter-
mining the acyclicity of O since {i} ~ {O({i})} = @. We will therefore omit the singletons when
describing or drawing orientations (see also Example 3.3). If we list the non-singleton elements
(Hy, Ha, ..., Hy,) of H in some fixed order, it is then convenient to describe an orientation O as the
tuple O = (O(Hy),O(Hs),...,0(Hy)).

Example 2.5. Using H = {1, 2, 3,4,123,134} as in Example 2.1, we order the two non-singleton
(123,134). There are 9 orientations of H, 7 of which are acyclic as displayed in Figure 1. For
instance, the orientation (O(123),0(134)) = (1, 3) is cyclic since O(123) =1 € 134 and O(134) =
3 € 123 is a cycle with k£ = 2.

Definition 2.6. Two orientations O # O’ of H are related by an increasing flip if there ex-
ist 1 <4 < j < n such that for all H € H,

e if O(H) # O'(H), then O(H) =i and O'(H) = j, and

o if {i,j} CH,then O(H) =i < O'(H) =3.
We denote such a flip by O-ii+>O’.

Example 2.7. Figure 1 shows all the increasing flips between the acyclic orientations of the hy-
pergraph H = {1,2,3,4, 123,134} of Examples 2.1 and 2.5. For instance, (2, 3)-23+ (3, 3) indicates
that there is an increasing flip from O = (2,3) to O’ = (3,3) with i =2 < 3 = j.

The following correspondance was already observed in [BBM19, Thm. 2.18] (it even extends
to all faces of Ay, but we do not need this level of generality in this paper). We provide an
alternative short proof for convenience.

Proposition 2.8 ([BBM19, Thm. 2.18]). The graph of the hypergraphic polytope Ay oriented
in the direction w:=(n,n—1,...,2,1) = (1,2,...,n—1,n) = (n—-3,n—1,...,1—=n,3 —n) is
isomorphic to the increasing flip graph on acyclic orientations of H.

Proof. Recall that the face of a Minkowski sum ), P; minimizing a direction v is the Minkowski
sum of the faces of the summands P; minimizing v.

The vertex of A g minimizing a generic direction v is e; for i € H such that v; = min {v; |h€ H}.
An acyclic orientation of H corresponds to the choice of one vertex in each Ay, and the orientation
is acyclic if and only if this choice corresponds to a generic orientation v, hence to a vertex of Apy.

The edges of Ay are oriented in the directions e; — e; for 4,5 € H. The edges of Ay are
thus also oriented by e; — e;, and thus correspond to pairs of acyclic orientations which differ
by a flip. O

Finally, the main objects of this paper are the following posets.
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Definition 2.9. The hypergraphic poset Py is the transitive closure of the increasing flip graph
on acyclic orientations of H.

Example 2.10. For the hypergraph H = {1,2,3,4,123,134} of Examples 2.1, 2.5 and 2.7, the
poset Py is represented in Figure 1 (right).

Remark 2.11. As seen in Figure 1 the edges in Ey are not necessarily cover relations in Py. The
simplest case is given by H = {1, 2, 3,123}, whose hypergraphic polytope is

Ag =201+ D+ A3+ A3 = 5 (2

and the left edge (1)-13+(3) of Ay is not a cover relation of Py.
We conclude with an elementary yet relevant symmetry.

Proposition 2.12. For x € n, define 2 :=n—x+1. For H C [n], define H® := {h* | h € H}.
For an hypergraph H, define H® := {H* | H € H}. For an orientation O of H, define the ori-
entation O of HY by O (H<):=O(H)*. Then the map A — A% is an anti-isomorphism
from Py to Pge.

Proof. Straightforward. O

2.3. Surjection map. The hypergraphic polytope Ay is a deformed permutahedron (aka. gener-
alized permutahedron [Pos09, PRWO08], aka. polymatroid [Edm70]). This means that the normal
fan of /A coarsens the normal fan of the permutahedron. Hence, there is a natural surjection from
the faces of the permutahedron to the faces of Ap, which was described in details in [BBM19,
Lem. 2.9]. Here, we focus on the surjection O from the permutations of [n] to the acyclic orienta-
tions of H.

Definition 2.13. For a permutation 7 of [n], the orientation O, of H is defined for all H € H by
Ox(H):=n(min{j | n(j) € H}).
Proposition 2.14 ([BBM19, Lem. 2.9]). For any hypergraph H on [n],

e the map O is a surjection from the permutations of [n] to the acyclic orientations of H,
e two acyclic orientations A, B of H are related by a flip if and only if there are permuta-
tions w4, wp of [n] which differ by a simple transposition such that O, = A and O, = B.

In other words, the graph (Vig, Em) of An is isomorphic to the graph obtained by contracting the
fibers of O in the graph of the permutahedron.

Corollary 2.15. The map O defines a poset morphism from the weak order on permutations to
the hypergraphic poset Py.

Finally, we describe the fibers of the surjection O : &,, — Vg. Given an acyclic orienta-
tion A of H, define <14 as the order on [n] obtained by the transitive closure of the union of the
orders {A(H) < h|he H~{A(H)}} for each H € H. That is,

heH~{A(H)}
<14 = Trans. cl. U
HeH A(H)

This is a well defined partial order since A is acyclic. The following lemma is straightforward.

Lemma 2.16. For any acyclic orientation A of H, the preimage O71(A) = {r | O, = A} is the
set of linear extensions of < 4.
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(1,4)

FIGURE 2. The poset morphism O from the weak order (left) to the hypergraph-
ical poset Py (right), for H = {1,2,3,4,123,134}. The fibers of O appear as blue
bubbles on the weak order, labeled by their acyclic orientation of H (left).

Example 2.17. Continuing with the hypergraph H = {1,2, 3,4, 123,134} of Examples 2.1, 2.5,
2.7 and 2.10, let A be the acyclic orientation (2,4). The order <14 is the following

1 3 1 3 1 3
<4 = Transitive closure < N/ u \/ > = | >< |
2 4 2 4

The linear extensions of this order are the permutations 2413, 2431, 4213 and 4231. All other
fibers are represented in Figure 2.

3. INTERVAL HYPERGRAPHIC POSETS
In this paper, we focus on the following family of hypergraphs on [n].
Definition 3.1. An interval hypergraph I is an hypergraph on [n] where each I € I is an interval
of the form I = [i,j]={i, i+ 1,i+2,...,5— 1,5}
Example 3.2. Our running example H = {1,2,3,4,123,134} of Examples 2.1, 2.5, 2.7, 2.10

and 2.17, is not an interval hypergraph, as 134 is not an interval.

Example 3.3. The hypergraph I = {1,2,3,4,123,23,234,1234} is an interval hypergraph and
Ou132 = (1,4, 3,4) is an acyclic orientation of I (for the lexicographic order (123,1234,23,234) of
the non-singletons). We will represent interval hypergraphs and their orientations graphically as
follows:

— —e
I= @) = * .
= 4132 —
| *—
1 2 3 4 1 2 3 4

As before, we omit to draw the singletons {i} for i € [n]. See also Figure 3.

Example 3.4. We have represented further interval hypergraphic posets in Figures 4 to 8. These
figures illustrate in particular the following relevant families of interval hypergraphic posets men-
tioned in the introduction:
o if I={[i,5] |1 <i<j<n} is the set of all intervals of [n], then P is the Tamari lattice
corresponding to the classical associahedron of [SS93, Lod04]; see Figure 5;
o if T = {[1,i] | i € [n]} is the set of initial intervals of [n], then Py is the boolean lattice
corresponding to the Pitman—Stanley polytope [SP02]; see Figure 6 (bottom right);
o if I = {[1,i]|i€ [n]} U{[i,n]]|i€ [n]} is the set of all initial or final intervals of [n],
then Py is a poset given by the freehedron of [San09], which is not even a lattice; see
Figure 4 (right);
e if any two intervals of I are either nested or disjoint, then Fj is a distributive lattice given
by the fertilotope of [Def23]; see Figure 6 (top right and bottom) and Section 5.4.
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—e
—e
—_—
—e
1 2 3 4
—e —e
*— —e
—_— —_
—— *—
, VAR S
——i —e —e
—e *— —e
—_—— ' ° .
— *— *—
*— —e *—
————— . °
—— *— *—

{1,2,3,4,123, 23,234, 1234} 12 3 4

FIGURE 3. The interval hypergraphical polytope Ay (top left), the fibers of the
corresponding map O (bottom left), and the interval hypergraphical poset P
(right), for I ={1,2,3,4,123,23,234,1234}.

Remark 3.5. Recall that a polytope P C R" is a weak Minkowski summand of a poly-
tope @ C R™ if there exists a real A > 0 and a polytope R C R? such that \Q = P + R.
Equivalently, P is a weak Minkowski summand of @ if the normal fan of @ refines the nor-
mal fan of P. The weak Minkowski summands of @@ form a cone under Minkowski sum and
dilation [McM73], called the deformation cone of Q). For instance, the deformation cone of the
permutahedron is the cone of generalized permutahedra [Pos09, PRW08] (also known as submodu-
lar cone, or cone of polymatroids [Edm70]). Note that all hypergraphic polytopes are generalized
permutahedra. It follows from [BMCLD™23, PPPP23] that the deformation cone of the asso-
ciahedron of [SS93, Lod04] is a simplicial cone generated by the faces of the standard simplex
corresponding to intervals of [n]. In particular, the interval hypergraphic polytopes are precisely
the weak Minkowski summands of the associahedron [SS93, Lod04].

3.1. Acyclic orientations for interval hypergraphs. In this section we give a simple charac-
terization of the acyclic orientations of an interval hypergraph I.

Proposition 3.6. An orientation O of an interval hypergraph 1 is acyclic if and only if there is
no I,J €1 such that O(I) € J\{O(J)} and O(J) € I ~{O(I)}. Graphically, there is no pattern

O(J)
7

Y

Proof. 1f the orientation O contains this pattern, it is clearly cyclic. Conversely, assume that O is
cyclic. Then we can find I,...,I; € I with k > 2 such that O(I;11) € I, ~ {O(I;)} for i € [k — 1]
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and O(I) € I, ~ {O(I)}. Graphically
Iy _—

I3 —_——
Iy r
Iy ——

Assume that & > 2 and is minimal for this property. Note that O(l;) # O(I;11) for all i. By
symmetry, suppose O(I1) < O(Iz). If there is ¢ € [k — 1] such that O(I;+1) < O(I;), then for the
smallest such i, we have

e cither O(Iz_l) € [O(IZ_H),O(L)] C I;, so that O(Iz_l) € I; and O(Iz) el;_q,

e or O(I;41) € [O(1;—1),0(1;)] € I;_1, so that we can drop I; from our sequence, contra-

dicting the minimality of k.

We thus obtain O(I1) < --- < O(I}). As O(I1) € I, we get O(Iy—1) € [O(I1),0(Ix)] C I, so
that O(Ik_l) € I, and O(Ik) € lp_q. O

Remark 3.7. Proposition 3.6 fails when H is not an interval hypergraph. For instance, the orien-
tation O of the hypergraph H:= {1, 2, 3,12, 23,13} defined by O(12) =1, O(23) = 2 and O(13) =3
has a 3-cycle but no 2-cycle.

3.2. Fibers of O for interval hypergraphs. One striking property for interval hypergraphs is
that the fibers of the surjection O are intervals in the weak order. To describe this we first need
to recall the following classical result of A. Bjorner and M. Wachs [BW91, Thm. 6.8]

Proposition 3.8 ([BW91, Thm. 6.8]). The set of linear extensions of a poset <1 on [n] forms an in-
terval [o, 7] of the weak order if and only ifa <¢ = a<<borb<c,andat>c = ar>borbbc,
foreveryl < a <b< c<n. Moreover, the inversions of o are the pairs (b,a) witha < b anda > b,
and the non-inversions of T are the pairs (a,b) with a < b and a < b.

This statement was refined in [CPP19] to describe Tamari interval posets.

Proposition 3.9 ([CPP19, Coro. 2.24]). The set of linear extensions of a poset <1 on [n] forms
an interval [o, 7] of the weak order such that o avoids the pattern 231 and T avoids the pattern 213
if and only ifa<lc = a<dbandar>c = b>c foreveryl <a<b<c<n.

Proposition 3.10. The fiber O~Y(A) of any acyclic orientation A of an interval hypergraph 1 is
an interval of the weak order with minimum avoiding the pattern 231 and mazimum avoiding the
pattern 213 (in other words, a Tamari interval).

Proof. From Lemma 2.16, the fiber O~1(A) is the set of linear extensions of <4, so that we use
the characterization of Proposition 3.9 to prove Proposition 3.10. Let 1 < a < b < ¢ < [n].
If we have a <14 ¢, then, by definition of <4, there must be a sequence Iy,...,I; € I such
that a = A(I1), A(li+1) € [; for all i € [k — 1], and ¢ € I. As {J;¢ I is an interval containing a
and ¢ and a < b < ¢, it contains also b. Hence, there is i € [k] such that b € I;, and the
sequence Iy, ..., I; proves that a <ig b. The case a >4 c¢ is similar and implies that b >4 c. O

Example 3.11. For the hypergraph I = {1,2,3,4,123,23,234,1234} of Example 3.3, the fibers
of the surjection map O are represented in Figure 3 (bottom left).

Remark 3.12. Proposition 3.10 fails when H is not an interval hypergraph. For H:= {1, 2, 3,13},
there are two fibers {123,213,132} and {231, 312,321} which are not intervals of the weak order.

3.3. Source characterization for interval hypergraphs. We now characterize the compar-

isons in the poset P in terms of the comparisons of the sources for each I € I.

Proposition 3.13. For any acyclic orientations A and B of an interval hypergraph I,
A<BinP <= A(I)<B(I) forallel

Proof. The forward direction is immediate as it holds for increasing flip by Definition 2.6 and any

cover of P is an increasing flip. For the backward direction, assume that A(I) < B(I) for all I € 1.
The proof works by induction on |{I € I| A(I) < B(I)}|.
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Choose J € I'such that A(J) < B(J) and for any I € I with A(I) < B(I), we have B(I) < B(J),
or B(I) = B(J) and A(I) < A(J).

Let O be the orientation of I obtained from A by flipping A(J) to B(J) as described in Defini-
tion 2.6. We claim that O is acyclic and that O(I) < B(I) for all I € I. We conclude by induction
that O < B, and thus A < O < B as desired.

We first prove that O is acyclic. Otherwise, we would have I, I’ € T such that O(I) € I'~{O(I’)}
and O(I') € I ~{O(I)}. As A is acyclic, we have A(I) # O(I) or A(I') # O(I'), but not both
since O(I) # O(I'). Hence, we can assume by symmetry that O(I) = A(I) while A(I") = A(J)
and O(I') = B(J). Up to updating J to I’, we can thus also assume that I’ = J. As B is acyclic,
we have B(I) # O(I). Since A(I) = O(I) # B(I), our choice of .J ensures that

e cither B(I) < B(J). We then obtain that A(I) < B(I) < B(J). As A(I) =0(I)eI' =J
and B(J) € J, we thus get that B(I) € J. Moreover, B(J) = O(I') € I. As B(I) # B(J),
we obtain a contradiction with the acyclicity of B.

e or B(I) = B(J) and A(I) < A(J). We then have A(I) < A(J) < B(J) = B(I) so
that A(J) € I. As A(I) = O(I) € I' = J and A(I) # A(J), we obtain a contradiction
with the acyclicity of A.

We now prove that O(I) < B(I) for all I € I. We thus consider I € I and distinguish two cases:

e Assume first that A(I) = A(J) and B(J) € I. By Definition 2.6, we then have O(I) = B(J).
Moreover, as I is an interval and contains A(J) and B(J), it contains [A(J), B(J)] C J.
As B is acyclic, this implies that B(I) ¢ [A(J), B(J)[. As A(J) = A(I) < B(I), we thus
obtain that O(I) = B(J) < B(I).

e Otherwise, we have O(I) = A(I) < B(I). O

Remark 3.14. Note that the forward direction holds for arbitrary hypergraphs. We are not sure
whether the backward direction holds for arbitrary hypergraphs.

3.4. Flips and cover relations for interval hypergraphs. In this section, we exploit Propo-
sition 3.6 to provide a simple description of the flips and cover relations of B for an interval
hypergraph I.

Proposition 3.15. Consider an acyclic orientation A of an interval hypergraph 1, an increasing
flip A—ii+B (in the sense of Definition 2.6), and let k:= max{max(I) | €1 and A(I) =i}.
Then B is acyclic if and only if there is no J € T with j € J ~ {A(J)} and A(J) € ]i,k]. A
symmetric statement holds for decreasing flips.

Proof. We prove the result for increasing flips, the result for decreasing flips follows by the sym-
metry of Proposition 2.12.

Assume first that there is J € I with j € J N~ {A(J)} and A(J) € Ji,k]. Let I € I be such
that A(I) = ¢ and k = max([). Then B(J) = A(J) € Ji,k] = ]A(I),max(I)] CTand B(I) =j € J
and B(I) = j # A(J) = B(J) implies that B is cyclic.

Conversely, assume that B is cyclic. By Proposition 3.6, there are I, J € I with B(I) € J ~ {B(J)}
and B(J) € I ~ {B(I)}. As A is acyclic, we have i = A(I) # B(I) = j or i = A(J) # B(J) = j,
but not both since B(I) # B(J). By symmetry, we can assume that i = A(I) # B(I) = j
and A(J) = B(J). We obtain that j = B(I) € J ~ {B(J)} = J ~ {A(J)}. Moreover, we
have i < A(J) as otherwise A(J) = B(J) € I and A(I) =i € [A(J),j] = [A(J),B(I)] C J
and A(I) # A(J) would contradict the acyclicity of A. As A(J) = B(J) € I ~ {B(I)}, we obtain
that ¢ < A(J) < max(I). We conclude that A(J) € ]i, k] since max(I) < k as A(J) = 1. O

Proposition 3.16. Consider an acyclic orientation A of an interval hypergraph I and i € [n)
such that there is I € T with i = A(I) < max(I). Then there exists j > i such that the orientation
of I obtained by flipping i to j is acyclic. A symmetric statement holds with a decreasing flip
if i = A(I) > min(I).

Proof. We prove the result for increasing flips, the result for decreasing flips follows by the sym-
metry of Proposition 2.12.
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Let k:= max {max(I) | [ € I and A(I) =} and consider
x= J J~{4W)}

Jel
A(J)€Eik]
Assume that X = ]i, k], and consider a minimal j € ]i, k] for the poset <14. As j € X, there
is J € I such that A(J) € ]i,k] and j € J ~ {A(J)}. Hence, we have A(J) <4 j and A(J) € ]i, k],
a contradiction. We conclude that there is j € ]i, k] ~ X. By Proposition 3.15, the orientation
obtained from A by flipping of i to j is acyclic. O

Remark 3.17. Proposition 3.16 fails when H is not an interval hypergraph. For instance, for
the hypergraph H = {1, 2, 3,4,123,134} of Examples 2.1, 2.5, 2.7, 2.10 and 2.17, and the acyclic
orientation A defined by A(123) = 2 and A(134) = 1, we have 2 = A(123) < max(123), but no
increasing flip from A to an acyclic orientation of H flips 2.

Proposition 3.18. An increasing flip A—ii+ B between two acyclic orientations of an interval
hypergraph 1 is a cover relation of Py if and only if

il € | T~ AU
Jel
A(J)€ld,5]
Proof. Let k:= max {max(I) | I € I and A(I) =i} and I € Ibe such that A(J) =4 and k = max(I).
Note that i < j < k since A—ii+ B is a flip.

Assume first that there is £ € |i, j[ \ Ua e/ ~ {A(J)}. We claim that there is no J € I
with £ € J ~ A(J) and A(J) € ]i,k]. Indeed, by definition of ¢, we would have A(J) > j.
Then B(I) = j € [¢(,A(J)] € J and B(J) = A(J) € Ji,k] C I and B(I) = j < A(J) = B(J)
contradicts the acyclicity of A. We conclude from Proposition 3.15 that the orientation C' of 1
obtained by flipping i to £ is acyclic. This implies that A—ii+ B is not a cover relation as it is
obtained transitively from A—i¢+C and C' -4+ B.

Conversely, assume that A < B is not a cover relation. Then there is a flip A—ie=>C,
where C' is an acyclic orientation of I such that A < C < B. Since A—-ii+ B is a flip, we
have A(K) = C(K) = B(K) for any K € I, except if A(K) = i and B(K) = j. Hence, there
is K € I such that A(J) =i < C(I) = ¢ < j = B(I). Since A—i+C is a flip, we obtain
from Proposition 3.15 that there is no J € I with £ € J ~ {A(J)} and A(J) € Ji, k] C i, 7].
Hence, £ € Ji, j[~ Uasepi J > {AW)} O

4. INTERVAL HYPERGRAPHIC LATTICES
In this section, we prove Theorem A which we first introduce properly:

Definition 4.1. An interval hypergraph I is closed under intersection if I,J € Tand INJ # &
implies I N J € L.

Definition 4.2. A poset P is a lattice if any subset of P admits a join (least upper bound) and
a meet (greatest lower bound).

Theorem A. For an interval hypergraph I on [n] (with our convention that {i} € I for alli € [n]),
the poset Pp is a lattice if and only if I is closed under intersection.

Example 4.3. The interval hypergraphic posets of Figure 4 are not lattices, while those of Fig-
ures 5 to 8 are lattices.

Example 4.4. The hypergraphic poset of {1,2,3,12,23,123} (resp. of {1, 2, 3,12,123}) is a lattice.
In general, the hypergraphic poset of all intervals (resp. all initial intervals) is the Tamari lattice
(resp. the boolean lattice). See Figures 5 and 6 (bottom right).

Example 4.5. The hypergraphic posets of {1, 2,3,4,123,234} and of {1,2,3,4,12,123,1234, 234, 34}
are not lattices. In general, the hypergraphic poset of all initial and final intervals is not a lattice.
See Figure 4.
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FIGURE 4. Two interval hypergraphic posets which are not lattices.

4.1. If P is a lattice, then I is closed under intersection. We are now ready to show the
forward implication of Theorem A. See Figure 4 for an illustration.

Proposition 4.6. If1 is an interval hypergraph such that the poset Py is a lattice, then I is closed
under intersection.

Proof. See Example 4.7 for the smallest example of the proof. By contradiction, assume we have
I,Jelsuchthat @£ INJ &I Definel <a<b<c<d<n by

a=>b-—1, b:= min(I N J), c¢:=max(I NJ), d=c+1.

Note that b # ¢ since I contains all singletons, hence 1 < a < b < ¢ < d < n. By symmetry, we
assume that « € I N J and d € J N I. Let X be the word formed by the complement of {a, b, c,d}
in [n] written in increasing order. We now construct four permutations

T :=bacdX, T :=acdbX, o :=dbacX, mp = cdbaX,
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{1,2,3,12,23,123} {1,2,3,4,12,23, 34,123,234, 1234}

FIGURE 5. The Tamari lattice (semidistributive lattice, but not distributive).

and consider the four distinct acyclic orientations
A:=0,,, B:=0,,, C:=0r., D:=0y,

We display below the four orientations highlighting only the intervals I and J:

*— J —e— J —_—e J —e— J
A:|—0—| I B:0—| I C_|—0—| I DZI—O I
ab cd ab cd ab cd ab cd

We have that 74 < m¢, ma < 7p and 7 < 7p in the weak order. Corollary 2.15 implies that
A< C, A< Dand B < D in P;. We moreover claim that B < C' but this does not follow directly
from the weak order since g £ m¢o. To show our claim, consider 7 = adcbX and 7w = adbcX.
For any K € T such that a,d ¢ K, we cannot have both ¢,d € K, since this would imply that
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K = [e,dl =1INJ &1, a contradiction. This shows that £ = O, = O, = F. Now we have
g < mg and g < e which gives B< E=F < C.

If the poset Py is a latticeand A < C A< D, B<(C and B < D, there is M such that A < M,
B <M, M < C and M < D (anything between AV B and C A D works). Let 7y be any
permutation such that M = O,,, and let

™M
m =m(min{i | (i) € TUJ}).
If m < b, then M(I) = m < b = A(I) and the easy forward implication of Proposition 3.13

implies that A £ M. By similar arguments b < m < ¢ would imply B £ M, b < m < ¢ would
imply M £ C, and ¢ < m would imply M £ D. This is a contradiction to the existence of m. [

Example 4.7. For the hypergraph {1, 2, 3,4, 123,234} illustrated in Figure 4 (left), we have a = 1,
b=2,¢c=3,d=14 and

A:|—0—| B= o ™ C:|—0—| and D=, 75
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

We have A, B < C, D and there is no M with A, B < M < C, D, so that A and B have no join,
and C and D has no meet.

Remark 4.8. Proposition 4.6 fails when H is not an interval hypergraph. For instance, the
hypergraph H:={1,2, 3,4, 5,1234, 2345, 23,24, 34} is not closed under intersection, while its hy-
pergraphic poset Py is a lattice.

4.2. Properties of P, when I is closed under intersection. For the backward implication of
Theorem A, we need to investigate the properties of interval hypergraphs that are closed under
intersection. Recall from Proposition 3.10 that the fiber O~1(A) of any acyclic orientation A of I

is an interval [ﬂi, ﬂ':&] in the weak order. In the following we will keep this convention that 7rf4

and 71'T4 respectively denote the minimum and the maximum of the interval O~1(A).

Theorem 4.9. If I is an interval hypergraph closed under intersection, then the following are
equivalent for two acyclic orientations A and B of 1:

(a) A < B in P]I,

(b) A(I) < B(I) forall I €1,

(c) wi < wg in the weak order,

(d) it>4 j implies i Ap j for alli < j.

Proof. The equivalence (a) <= (b) was established in Proposition 3.13.

For the equivalence (c) <= (d), Propositions 3.8 and 3.10 show that the inversion set of 7%
is {(j,4) | i < j,4>a j} while the inversion set of 7 is {(j,i) | i < J, i Ap j}. The equivalence
of (¢) <= (d) thus follows from the characterization of the weak order in terms of inclusion of
inversion sets.

The implication (¢) = (a) follows from Corollary 2.15. Thus we only need to prove (b) => (d).

For a contradiction, assume that A(I) < B(I) for all I € I and that we have some i < j
such that ¢ >4 j and i <p j. Choose one such pair with j — ¢ minimal. Since i >4 j there
are Iy,...,I, € I such that j = A(I1), A(lp+1) € I, for all p € [a — 1], and ¢ € I}. Since i <p j
there are Ji,...,J, € I such that i = B(J1), B(Jy+1) € J, for all ¢ € [¢ — 1], and j € J;. Note
that i >4 A(Ip) for all p € [a] and that B(J;) <p j for all ¢ € [b]. Moreover, as ¢, Ip
and qu[b] Jq are both intervals containing ¢ and j, we have i <p k>4 j for all i < k < j. By
minimality of j — 4, we thus obtain that A(I,) ¢ ]i,j[ for p € [a] and B(J,) ¢ i, j[ for ¢ € [b].
Hence, [i, j] is contained in some I, and some I;. As A and B are acyclic, we obtain that a = 1 = b.

We can thus assume that we have I,J € I such that ¢ = B(J) € I and j = A(I) € J.
As T is closed under intersection, we have {i,j} C K:=INJ € I. We have A(K) = j, as
otherwise A(I)=j € K an A(K) € K C I and A(I]) # A(K) would contradict the acyclicity
of A. Similarly, we have B(K) = i. We conclude that B(K) =i < j = A(K) and K € I
contradicting (b). O
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Remark 4.10. The implication (a) = (c¢) in Theorem 4.9 fails when I is not closed under
intersection. For instance, for I = {1,2,3, 4,123,234} and the acyclic orientations

*— = *— = ——
1 2 3 4 1 2 3 4 1 2 3 4
A B C

we have [ﬂ'i‘,ﬂ'A] [1324,1342], [T(B,?TB] [1423,4132] and [71'0,770] [4213,4231], so ﬂ'A £ 7TC

4.3. If T is closed under intersection, then F; is a lattice. We now conclude the proof of
Theorem A. This is a corollary of Theorem 4.9.

Proposition 4.11. If 1 is an interval hypergraph closed under intersection, then the poset Py is
a lattice where

AV B :Oﬂ¢vﬂ¢ and ANB :OT(T/\TI'T
aVTp ANTR

Proof. Consider four acyclic orientations A, B,C, D of I such that A < C, A <D, B<C(C
and B < D. Theorem 4.9 implies that ’R’JA < 772, ’R’JA < 77},, L < 7Tc and 7TB < 7rD Hence

‘L<7TA\/7rB, W%Sﬂj\/ﬂg, Wj\/ngﬂg, 7TA\/7TB§7r£7
which implies by Corollary 2.15 that
A S Oﬂi\/ﬂg’ B < (97'rL \/7r Oﬂj\/ﬂ'g S C’ o i i S D.

This implies that A and B admit a join
AV B< Oﬂ¢ vk
A B
As A < AV B and B < AV B, Theorem 4.9 ensures that wj < WZVB and 7#3 < WLVB, SO
that Wi \% 7r¢B < WL\/B. By Corollary 2.15, this implies
Oﬂﬁ,Vﬂ'LB <AV B.
This shows the result for the join V. The proof for the meet A is similar. O

Example 4.12. For the hypergraph {1,2,3,4,123,23,234,1234} of Example 3.3 and Figure 3,
we have

*— —— ——

. \Y% * =0 =0 = .
——— *———— — U2134v1324 — Y3214 — —e—i
—e— ——— —e
1 2 3 4 1 2 3 4 1 2 3 4

and

*-— —— *-—
——— *————— — U2431A1342 — VY1234 — e&——m
—— *— *—
1 2 3 4 1 2 3 4 1 2 3 4

Remark 4.13. Proposition 4.11 fails when H is not an interval hypergraph. For instance, the hy-
pergraph H:={1,2,3,4,12,13,24, 34} is closed under intersection, while its hypergraphic poset Py
is not a lattice. More generally, all hypergraphs H with |H| < 2 for all H € H are closed under
intersection, and the graphical zonotopes whose oriented skeleta are lattices were characterized
in [Pil24].

Remark 4.14. In fact, our proof of Proposition 4.11 is a general statement about quasi lattice
maps. Namely, if L is a lattice and P a poset, and ¥ : L. — P is a poset morphism such
that U=1(A) = [ﬂi,ﬂg] is an interval for all A € P, and A < B implies Wi < ﬂ'B, then P is

a lattice where AV B = \I’(’]TA Y 7rB) and AANB = \I/(’/TA A 7rB) Note that lattice maps satisfy

the stronger condition that A < B implies ﬂj < 77% and 7/, 4 < W; It would be interesting to

characterize the quasi lattice maps of the weak order. Note that the lattice maps of the weak
order where described by N. Reading in [Rea04, Real5].
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Proposition 4.15. For an interval hypergraph 1 closed under intersection, any acyclic orienta-
tions Aq,...Aq of I, and any I € I, we have

( \/ A,,) (I) = min (I\( U U [mm(J),A,,(J)[)).
peld] pElq] Ap{%IeI

Proof. Let O be the orientation of I defined by the formula of the statement. We first prove that O
is acyclic. Otherwise, Proposition 3.6 ensures the existence of I, J € I such that O(I) € J~{O(J)}
and O(J) € I ~{O(I)}. Assume by symmetry that O(I) < O(J). As O(I) € J and O(J) > O(I),
there exists p € [¢] and K € I such that A,(K) € J and min(K) < O(I) < A,(K) < O(J). As I
is an interval containing O(I) and O(J), and O(I) < A,(K) < O(J), it also contains A, (K). We
thus obtain that A,(K) € I and min(K) < O(I) < A,(K) contradicting our definition of O.

We now prove that O = /¢, Ap. Forp € [g] and I € I, we have A,(I) € I, hence O(I) = A,(I),
so that O > A, by Proposition 3.13. Consider now an acyclic orientation O’ of I such that A, < O’
for all p € [¢q]. Assume that there are I,J € I and p € [¢] such that A,(J) € I. Then A,(J) €
INnJ el sothat A,(INJ) = Ap(J) by acyclicity of A,. By Proposition 3.13, we thus ob-
tain O'(I N J) = A,(J). By acyclicity of O, this implies that O'(I) ¢ [min(I NJ), A,(J)[, so
that O'(I) ¢ [min(J), A,(J)[. We conclude that O(I) < O’(I). Hence, O < O’ by Proposi-
tion 3.13. U

5. DISTRIBUTIVE INTERVAL HYPERGRAPHIC LATTICES

In this section, we prove Theorem B which we first introduce properly:

Definition 5.1. We say that an interval hypergraph I is distributive if for all I,.J € I such
that I < J, I 2 J and I NJ # &, the intersection I N J is in [ and is initial or final in any K € 1
with INJ C K.

Definition 5.2. A lattice (L, <,V,A) is distributive if
aV({bAc)=(aVb) A(aVec) and aN(bVe)=(anb)V(aAc)

for all a,b,c € L (the two conditions are in fact equivalent). Equivalently, L is distributive if and
only if it is isomorphic to the inclusion lattice on lower sets of its poset of join irreducible elements.

Theorem B. For an interval hypergraph I on [n] (with our convention that {i} € I for alli € [n]),
the poset Py is a distributive lattice if and only if I is distributive.

Example 5.3. The interval hypergraphic posets of Figure 6 are distributive lattices, while those
of Figures 4, 5, 7 and 8 are not.

Example 5.4. The hypergraphic poset of {1, 2,3, 12,123} is a distributive lattice (it is square). In
general, the hypergraphic poset of all initial intervals is the boolean lattice, which is distributive.
See Figure 6 and Section 5.4 for more examples of distributive hypergraphs.

Example 5.5. The hypergraphic poset of {1,2,3,12,23,123} is a semidistributive but not dis-
tributive lattice (it is a pentagon). In general, the hypergraphic poset of all intervals is the Tamari
lattice, which is semidistributive but not distributive. See Figure 5.

5.1. Some join irreducible acyclic orientations. In this section, we assume that I is an
interval hypergraph closed under intersection so that the hypergraph poset P is a lattice by
Proposition 4.11. Our first task will be to identify some join irreducible acyclic orientations of I (a
complete but more technical description of all join irreducible acyclic orientations of I will appear
later in Section 6.1). The following notations are illustrated in Examples 5.10 to 5.14 below.

Notation 5.6. Define Ji:= _J I \ {min(1)}.
Iel
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Notation 5.7. For j € J1, we let
J; = N 7
Iel
jeI~{min(I)}
(note that J; € I since I is closed under intersection), and we set p; := min(J;) and v; := max(J;).
By definition min(I) < p; < j <wv; <max(I) for any I € I such that j € I \ {min(J)}.

Notation 5.8. For j € Jj, consider the acyclic orientation A;:=O(,, ... +1,..;), obtained as the
image by the surjection map O of Definition 2.13 of the cycle permutation

(gopg + 1,00, 5) =120 (g = Vg -G =D +1)--n
obtained from the identity permutation by placing j just before 11;. Note that that for all J €1

j if j € J and min(J) = u,,

Ai(T) =14 : ’
min(J) otherwise.

Notation 5.9. For i,j € Jj, we write ¢ < j if and only if J; = J; and i < j.

Example 5.10. For the hypergraph I = {1,2,3,12, 123}, we have J; = {2, 3} and the correspond-
ing acyclic orientations are

Ay= —o and Az = ¢
1 2 3 1 2 3

and are incomparable.

Example 5.11. For the hypergraph I = {1,2,3,12,23,123} illustrated in Figure 5 (left), we
have J; = {2,3} and the corresponding acyclic orientations are

—— *—

Ay= o and Az = o
1 2 3 1 2 3

and are incomparable.

Example 5.12. For the hypergraph I:={1,2,3, 12,23, 34, 123,234, 1234} illustrated in Figure 5 (right),
we have Jp = {2, 3,4}, and the corresponding acyclic orientations are

—— ~—— ~——

*— —— *—

Ay = ~— AS = *— and Ay = —e
*— —e *—

1 2 3 4 1 2 3 4 1 2 3 4

and are incomparable.

Example 5.13. For the hypergraph 1:={1,2,3,4,123,23,234} illustrated in Figure 6 (top left),
we have Jp = {2, 3,4}, and the corresponding acyclic orientations are

Ay = *—i Az = —e— and Ay = — e
*— —e *—
1 2 3 4 1 2 3 4 1 2 3 4

and are incomparable.

Example 5.14. For the hypergraph I:={1,2,3,4,123,1234} illustrated in Figure 6 (top right),
we have Jp = {2, 3,4}, and the corresponding acyclic orientations are

Ay = As = and Ay =
—— —— —
1 2 3 4 1 2 3 4 1 2 3 4

and we have Ay < As.
Lemma 5.15. Fori # j € J1, we have A; # A;.
Proof. If i # j, then we have A;(J;) € {u;,1} while A;(J;) =5 ¢ {n;,i}. O

Lemma 5.16. Fori,j € Ji, we have A; < A; = i< j.
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Proof. By Proposition 3.13 we have A; < A; if and only if A;(I) < A;(I) for all I € I. The
forward direction is thus a direct consequence of the following four observations:
if p; # py, then A;(J;) =i > p; = min(J;) = A;(J;),
if y; < vj, then j ¢ Ji N {ui}, so that Al(Jl) =1> U = min(.]i) = Aj(Ji),
if ¢ > 7, then Az(Jz) =1>7> Aj(Ji),

e i < j implies that u; < p; and v; < vj.
For the backward direction, assume ¢ < j, and consider I € I. As i < j, A;(I) € {min(I),4}
and A;(I) € {min(I),j}, we have A;(I) < A;(I) except if A;(I) = i and A;(I) = min(J).
As A;(I) = i, we would have ¢ € I and min(I) = ;. As A;(I) = min(J) and min(l) = p; = p,,
we would have j ¢ I. This contradicts the fact that v; = v;. O

Lemma 5.17. For any j € Ji and any acyclic orientation A of I, we have
e A<A; <= A=min(F) or A=A; withi < j,
o Aj <A = j<A(y).

Proof. By Proposition 3.13, A < A; implies that A(I) < A;(I) for all I € I. For I,I" € I such
that j € INI" and min(J) = min(I") = p;, we have A(I) = A(I') since A is acyclic. If A < A;, we
conclude that there is i € [u;, j[ such that A(I) =4 if j € I and min(I) = p;, and A(I) = min(I)
otherwise. Hence, A = min(P;) or A = A;. The first point thus follows from Lemma 5.16.
For the second point, A; < A implies j = A;(J;) < A(J;) by Proposition 3.13. Conversely,

if j < A(J;), then for any I €1,

e if j € I and min(I) = p;, we have A;(I) = j < A(I) (by acyclicity of A),

o otherwise, A;(I) = min(I) < A(I).
Hence, A; < A by Proposition 3.13. O

Proposition 5.18. If I is an interval hypergraph closed under intersections, then the acyclic
orientation A; is join irreducible for any j € Ji.

Proof. By Lemma 5.17, the lower set of A; in Py is the chain min(P) < 4;, < -+ < 4;, < 4;
where {i; < --- <i,} ={ie J1|J; =J; and i < j}. Hence, A; is join irreducible. O

Corollary 5.19. If I is an interval hypergraph closed under intersections, then the map j — A;
is an injective poset morphism from (Ji, <) to the subposet of join irreducibles of Py.

Proof. Immediate from Lemmas 5.15 and 5.16 and Proposition 5.18. O

In the next two propositions, we assume I is closed under intersections.

Proposition 5.20. For any two lower sets X andY of (J1,<),if V Ao =V Ay then X =Y.
zeX yey

Proof. Assume \/ A, = \/ Ayandletz € X. Thenz = A,(J,) < (V Ax)(Jo) = (V Ay)(Ja).
reX yey rzeX yey
From the description of the join of Proposition 4.15, we thus obtain that there exists y € Y

and J € I such that Ay(J) € J, and min(J) < = < Ay(J). As min(J) # A,(J), we obtain
that A,(J) = y and min(J) = p,. We get that p, < < y < vy, hence that € J, ~ {uy}
and y € Jp \ {pz} so that J, = J,. As z <y, we conclude that z < y, so that x € Y. We thus
obtained that X C Y, and thus X =Y by symmetry. O

Proposition 5.21. max(P}) = \/ A;.

JET
Proof. Assume by contradiction max(Fr) # V¢ A; = A. Then thereis I € I'with A(J) < max(I).
Let j:==A(I)+1. Asj € I~{min(])}, we have A(J;) € J; CTand A(J) =j—1€ J;. As A; < A,
we have A(I) = j—1 < j = A;(J;) < A(J;) so that A(I) # A(J;). We thus obtain that A is
cyclic, a contradiction. O

Corollary 5.22. For any interval hypergraph I closed under intersection, Py contains a distributive
sublattice containing min(P;) and max(Py).
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5.2. If T is distributive then F; is distributive. We now prove the backward direction of
Theorem B. The following strengthen Proposition 3.16.

Proposition 5.23. For a distributive interval hypergraph 1, an acyclic orientation A of I, and J € 1
such that j:= A(J) # min(J), there exists i such that

min(J) < i <max{max(l) | I €I, min(J) = min(J), max(l) < j}
and the orientation obtained from A by flipping j to i is acyclic.

Proof. Let I € I be maximal such that min(I) = min(J) and max(I) < j, and let i:= A(I). Let O
be the orientation obtained from A by flipping j to ¢ as in Definition 2.6. If O is cyclic, there
exists K, K’ € T such that O(K) € K', O(K') € K, and O(K) # O(K’). As A is acyclic, we have
either A(K) # O(K) or A(K') # O(K'), but not both since O(K) # O(K'). We can thus assume
that A(K) = O(K) while A(K’) = j and O(K') =i. If j € K, then we have A(K) # j = A(K')
(otherwise, O(K) = i = O(K')), and A(K) = O(K) € K’ and A(K') = j € K, contradicting
the acyclicity of A. As i € K and j ¢ K, we obtain that max(K) < j. As A(]) =i € K
and A(K) = O(K) # O(K') =i = A(I), we have K ¢ I by acyclicity of A. If min(7) < min(K),
then I € K and I 2 K and I N K 2 4, and K is neither initial nor final in J, contradicting the
distributivity of I. If min(K) < min(J) and min(K’) < min(J), then we have J ¢ K and J 2 K
and J N K > 4, and J N K is neither initial nor final in K’, contradicting the distributivity
of I. As I is closed under intersection and we have A(K) = O(K) € K’, we can thus assume
that min(7) = min(K). We thus obtain that K C I. As A(K) = O(K) # O(K') =i = A(I), this
contradicts the acyclicity of A. We conclude that O is acyclic, which proves the statement. O

Remark 5.24. Proposition 5.23 fails when I is not distributive. For instance, for the interval
hypergraph I = {1,2,3,12,23,123} of Example 5.11 and Figure 5 (left), for the interval J = 23
and for the acyclic orientation

Proposition 5.25. If I is a distributive interval hypergraph, then the map j — A; is a poset
isomorphism from (Jr, <) to the subposet of join irreducibles of Py.

Proof. We have already seen in Corollary 5.19 that j — A; is an injective poset morphism. We thus
just need to show that the distributivity of I implies the surjectivity of this morphism. Consider
an increasing flip A— + B. If there is J € I such that B(J) ¢ {min(J), j}, then A(J) = B(J) and
Proposition 3.16 ensures that B admits a decreasing flip flipping B(J) to some k < B(J) = A(J).
If there is J € I such that B(J) = j and min(J) < p;, then the distributivity of I implies
that max(I) < p; for any I € I such that min(7) = min(J) and max(I) < j (otherwise, I Z J;
and I 2 Jj and pu; € INJ; C J, and I N J; is neither initial nor final in J, contradicting the
distributivity of I). Hence, Proposition 5.23 ensures that B admits a decreasing flip flipping j
to some k < p;. As B is acyclic, there is no J € I such that B(J) = min(J) = p; and j € J.
We conclude that if B admits a single decreasing flip, then B(J) = j if j € J and min(J) = p;,
and B(J) = min(J) otherwise, so that B = A;. O

Remark 5.26. We will see in Lemma 5.29 that the surjectivity in Proposition 5.25 systematically
fails when I is not distributive. See Example 5.30 for an example.

Proposition 5.27. If1 is a distributive interval hypergraph, then the maps
:A-{jeq|A; <A and VX \[ 4
zeX
are inverse bijections between the acyclic orientations of I and the lower sets of (Ji,<). Hence P

18 a distributive lattice.

Proof. In a finite lattice, any element can always be written as the join of the join irreducible
elements below it. Proposition 5.25 thus implies that ¥(®(A)) = A. The statement follows since
U is injective by Proposition 5.20. O
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Corollary 5.28. If1 is a distributive hypergraph, then P is a Cartesian product of chains.

Proof. The poset (J1, <) is a disjoint union of chains, hence its lattice of lower sets is a Cartesian
product of chains. O

5.3. If P is distributive then I is distributive. We now prove the forward direction of The-
orem B. We first show that the surjectivity in Proposition 5.25 systematically fails when I is not
distributive.

Lemma 5.29. If an interval hypergraph 1 is closed under intersection but not distributive, there
is a join irreducible acyclic orientation A such that A £ A; for all j € Ji.

Proof. Aslis closed under intersection but not distributive, thereare I, J, K € Iwith I € J, I 2 J,
g # 1INnJ C K, and I NJ is neither initial nor final in K. By symmetry, we can assume
that min(I) < min(J) < max(I) < max(J). As I N J is neither initial nor final in K, we
have min(K) < min(J) < max(/) < max(K). AsIis closed under intersection, we can even assume
that min(/) = min(K) and max(J) = max(K). Let ¢:= min(J) = min(K) and j:= min(J \ I).
Let A:=0y;,... ;) be the acyclic orientation of I obtained as the image by the surjection map O of
Definition 2.13 of the cycle permutation (7,...,75) =12---(i—1)ji---(j—1)(j+1)---n. In other
words,

A(K

) = J if j € J and min(J) >4
~ | min(J) otherwise.

We claim that the flip of j to ¢ is the only decreasing flip from A. Let B be an acyclic orientation
of I obtained by a decreasing flip from A. Let H € I be such that B(H) < A(H). Since A(H) €
{min(H),j}, we have A(H) = j, so that ¢ < min(H) < B(H) < A(H) = j. If B(H) # i,
then B(K) = B(H) € I (since B(H) € K and A(K) = j) and B(I) < A(I) =min(I) =i € K
(since j ¢ I), contradicting the acyclicity of B. We conclude that B(H) = i, so that B is indeed
obtained from A by flipping j to 3.

Finally, as A(K) = j while A;(K) = min(K) < j, we have A £ A; for all j € Jy by Proposi-
tion 3.13. (]

Example 5.30. Following on Remark 5.24, the join irreducible acyclic orientations of the interval
hypergraph I = {1,2,3,12,23,123} of Example 5.11 and Figure 5 (left) are

—e— — — o
Ay= o A3 = o and A= o,
1 2 3 1 2 3 1 2 3

Proposition 5.31. If 1 is an interval hypergraph such that Py is a distributive lattice, then 1 is
distributive.

Proof. Tf I is not closed under intersection, then P is not even a lattice by Proposition 4.6. If T is
closed under intersection but not distributive, consider the join irreducible acyclic orientation A
of Lemma 5.29. As A £ A; for all j € Ji, and max(F) = ;.5 Aj = AV V.5 Aj, we obtain
that P is not distributive. O

Corollary 5.32. For an internal hypergraph I, the poset P is a distributive lattice if and only if
it is a Cartesian product of chains.

5.4. Schroder hypergraphs. As an illustration of this section, we now consider a special family
of distributive hypergraphs which were already considered in [Def23].

Definition 5.33. Let S be a Schrider tree (i.e. a rooted plane tree where each internal node has
at least two children) with n leaves labeled by [n] from left to right. Label each node of S by the
set of leaves of its subtree. We say that the hypergraph Ig formed by all singletons and the labels
of the nodes of S is a Schroder hypergraph.
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Example 5.34. All but the top left interval hypergraphs of Figure 6 are Schroder hypergraphs.
The corresponding Schréder trees are given by:

1234
PN
1234 1234 123
IS N N PN
123 12 34 12
T NN VAN

Is | {1,2,3,4,123,1234} {1,2,3,4,12,34,1234} {1,2,3,4,12,123,1234}

Example 5.35. For instance, for the left comb C, the Schréder hypergraph Io consists of all
singletons and all initial intervals. The hypergraphic polytope A, is the Pitman-Stanley poly-
tope [SP02].

Proposition 5.36. An interval hypergraph 1 is a Schréder hypergraph if and only if I C J orI O J
orINJ =2 forallI,J el

Proof. Consider first two nodes i and j of a Schroder tree S, and let I and J be the corresponding
labels. Then I C J if ¢ is a descendant of j, I O J if 7 is a ancestor of j, and I NJ = & otherwise.

Conversely, consider an interval hypergraph I where any two hyperedges are nested or disjoint.
Then the inclusion poset on I is a Schroder tree S with Ig = 1. (]

Remark 5.37. Proposition 5.36 implies that Schroder hypergraphs are building sets, so that
Schroder hypergraphic polytopes are nestohedra [FS05, Pos09]. In fact, the latter were already
considered in the literature under the name fertilotopes [Def23].

Corollary 5.38. Any Schrider hypergraph is a distributive interval hypergraph, hence the Schréider
hypergraphic posets are distributive lattices.

Proof. The distributivity condition of Definition 5.1 is clearly fulfilled as any I C J or I O J
orINJ=gforall I,J el. O

Proposition 5.39. Given a Schrider tree S, the poset of join irreducible acyclic orientations
on lg is isomorphic to a disjoint union of chains. More precisely, it has one chain for each node n
of S, whose elements are the leaves of n and the leftmost leaves of the children of n, except the
leftmost leaf below n.

Proof. This description is a specialization of the description of the join irreducible poset of dis-
tributive interval hypergraphic posets from Section 5.1. O

6. SEMIDISTRIBUTIVE INTERVAL HYPERGRAPHIC LATTICES
In this section, we prove Theorem C which we first introduce properly:

Definition 6.1. We say that an interval hypergraph I is join semidistributive if it is closed under
intersection and for all [r, '], [s, s'], [t,t], [u, /] € T such that r < s<v' <s,r <t < s <t
u < min(s,t) and s’ < v/, there is [v,v'] € I such that v < s and ¢’ <v' < ¢.

Definition 6.2. A lattice (L, <,V, A) is join semidistributive if
aVb=aVc implies aV(bAc)=aVb
for all a,b, c € L. Equivalently, L is join semidistributive if and only if for any cover relation a < b

in L, the set {¢c € L | aV ¢ =b} admits a unique minimal element k,<p. The meet semidistribu-
tivity is defined dually. A lattice L is semidistributive if it is both meet and join semidistributive.

Remark 6.3. In general, the set {c € L | a V ¢ = b} might have more than one minimal element.
Note however that any minimal element of {c € L | a V ¢ = b} is always join irreducible. Indeed,
Assume that aVec=band c =dVe. Thena #aVdora#aVesincea<b=aVc=aV(dVe)=
(aVvd)V(aVe). Moreover, aVd <band aVe <bsincea<bandd<c<bande <c<hbh.
As a < b is a cover relation of L, we conclude that a Vd =b or a Ve = b so that ¢ is not minimal.
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— e
—e —e
—e —e
—e —e
1 2 3 4 1 2 3 4
I—: I—: L ——
*— —e —e
—— *—— *~—
1 2 3 4 1 2 3 4 1 2 3 4
. [ . N N _
—e *— —e *— —e
*— *— —e *— —e
3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 12
. . , . ,
—— —e @ ® [
*— —e *— *— *—
—— *— *— *— —=e *—
3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2
>
*— *—
*— *—
*— *—
1 2 3 4 1 2 3 4
{1,2,3,4,123,23,234,1234} {1,2,3,4,23,34,1234}
semidistributive lattice, semidistributive lattice,
but not distributive but not distributive

FI1GURE 7. Two interval hypergraphic lattices which are semidistributive but not
distributive.

Remark 6.4. Although we will not insist on this aspect in this paper, the join semidistributivity
is equivalent to the existence of canonical join representations. A join representation of b € L is
a subset J C L such that b =\/J. Such a representation is irredundant if b # \/ J’ for any strict
subset J' C J. The irredundant join representations of b € L are ordered by J < J’ if and only if
for any j € J there is j' € J' with j7 < j’. The canonical join representation of b is the minimal
irredundant join representation of b for this order when it exists. The lattice L is semidistributive
if and only if any element of L admits a canonical join representation. Moreover, the canonical
join representation of b is given by b = \/__, ka<p, Where a ranges over all elements of L covered
by b.

a<<b

Theorem C. For an interval hypergraph I on [n] (with our convention that {i} € I for alli € [n]),
the poset Py is a join semidistributive lattice if and only if I is join semidistributive. Under the
symmetry of Proposition 2.12, a dual characterization holds for meet semidistributive.

Example 6.5. Figure 6 shows four distributive (hence semidistributive) interval hypergraphic
lattices. Figure 7 shows two interval hypergraphic lattices which are semidistributive but not
distributive. Figure 8 shows two interval hypergraphic lattices which are not semidistributive.
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—e —e—
—e —e
—e
3 4 12
—e —e —e
*— *—
3 4 1 2 3 4 12
° - .
*— ——
—e —e
*—
3 4 12
{1,2,3,4,12,23,34,1234} {1,2,3,4,12,23,234,1234}
lattice but neither join meet semidistributive lattice,
nor meet semidistributive but not join semidistributive

F1GURE 8. Two interval hypergraphic lattices which are not semidistributive.

Example 6.6. The hypergraphic poset of {1,2,3,12,23,123} is a semidistributive (but not dis-
tributive) lattice (it is a pentagon). In general, the hypergraphic poset of all intervals is the Tamari
lattice, which is semidistributive but not distributive. See Figure 5.

6.1. All join irreducible acyclic orientations. In this section, we assume that I is an interval
hypergraph closed under intersection so that the hypergraph poset P; is a lattice by Proposi-

tion 4.11, and we describe all the join irreducible elements of P;. The following notations are
illustrated in Examples 6.12 to 6.17 below.

Notation 6.7. For 1 < i < j < n such that there exists I € I with {i,j} C I, we let

Ji= (]I

I€l
{igrcr

(note that J;; € Isince Iis closed under intersection), and we set p;; := min(J;;) and v;; := max(J;;).
By definition min(I) < p;; < i < j <v;; < max(I) for any I € I such that {4, j} C I.

Notation 6.8. Define ZJ7 to be the set of pairs (¢,5) where 1 < i < j < n are such that there
exists I € I with {7,5} C I and (4, ) satisfies the relation

i = max ([%,j[ < U (J\{min(J)})).
Jel
JC[pig,3l
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Notation 6.9. For (i,j) € ZJ1, consider the acyclic orientation A;; := O(uijopij+1,....5), Obtained
as the image by the surjection map O of Definition 2.13 of the cycle permutation

(pigotiy + Ly-es) =12+ iy = D gy - (G = DG+ 1)+
obtained from the identity permutation by placing j just before p;;. Note that that for all J € I
j if j € J and min(J) > uyj,
Aiy(J)=1" . ’
min(J) otherwise.

Remark 6.10. In Notations 5.7 and 5.8, we defined the interval J;, the index p;, and the join
irreducible A; for j € Ji. The set

Xj =l g0~ |J (7~ A{min(2)})
Jel
JCls,d1
is nonempty as it contains at least p;. Let p; <i;:= max X;. Then we have

,uijj = Hj and Jijj = Jj.

Furthermore, the pair (i;,j) € ZJy since it satisfies all the conditions of Notation 6.8. Compar-
ing Notation 5.8 and Notation 6.9 we see that A; = A; ;. Moreover, for all (k,j) € ZJ1, we must
have k <4;. See Examples 6.12 to 6.17 below.

Notation 6.11. For (4,j), (k,¢) € ZJ1, we write (¢,5) < (k,€) if and only j < £ and £ € J;;
and p;; > pge. Note in particular that ¢ > k and j = ¢ implies (4, j) < (k, £).

Example 6.12. For the hypergraph I:={1,2,3,12,23,123} of Examples 5.11 and 5.30 and Fig-
ure 5 (left), we have ZJ1 = {(1, 2), (2, 3), (1, 3)}, and the join irreducible acyclic orientations are

—— *——i —e
*— —e —e

Ap=4= o Az = Az = o and Az = oy
1 2 3 1 2 3 1 2 3

and we have Ass < Ai3. Note that Ao = Ao, Az = As from Section 5.1, while A;3 = A is the
join irreducible acyclic orientation not covered by the description of Section 5.1.

Example 6.13. For the hypergraph I:={1,2,3,12,23, 34, 123,234, 1234} of Example 5.12 and Fig-
ure 5 (right), we have ZJ1 = {(1,2),(2,3),(3,4),(1,3),(2,4),(1,4)}, and the join irreducible
acyclic orientations are

*— —— *—
—— *-— *—
A = —i Agg = -~ Asy = — e
*— —e *—
—e *— *—
1 2 3 4 1 2 3 4 1 2 3 4
—e—i ~— —_—
—e— —e —e
—e *— *—
Ag = — Aoy = —e Ay = — o
—4 *— *—
*— *— *—
1 2 3 4 12 3 4 1 2 3 4

and we have Ass < A3 and Azy < Agy < Aqg.

Example 6.14. For the hypergraph 1:={1,2, 3,4,123, 23,234, 1234} illustrated in Figure 7 (left),
we have ZJ1 = {(1,2),(2,3),(2,4), (1,4)}, and the join irreducible acyclic orientations are

> > —_—

Ap = Agg = 4 Aoy = —e A, — — o
12 — *— 23 — —e 24 — *— 14 — *—
—— *— *— *—

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

and we have Agy < Aqy.
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Example 6.15. For the hypergraph 1:={1,2,3,4,23,34,1234} illustrated in Figure 7 (right), we
have ZJ1 = {(1,2),(2,3),(3,4),(2,4)}, and the join irreducible acyclic orientations are

——— *— *— I ———
A12 = A23 = A34 = A24 =

*— *— —e —e
*— —e *— *—
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

and we have Ao < Aoy and Asy < Agy.

Example 6.16. For the hypergraph I:={1,2,3,4,12,23, 34,1234} illustrated in Figure 8 (left),
we have ZJ1 = {(1,2), (2,3),(3,4), (1,3),(1,4)}, and the join irreducible acyclic orientations are

— * >
*— *— —e
Ap = -— Aoz = —e Asy = -—
1 2 3 4 1 2 3 4 1 2 3 4
—— — o
*— —e
Az = —e Ay = -—
1 2 3 4 1 2 3 4

and we have Ass < Az and Asy < Ayy.

Example 6.17. For the hypergraph 1:={1, 2, 3,4, 12, 23,234, 1234} illustrated in Figure 8 (right),
we have ZJ1 = {(1,2), (2,3),(3,4), (1,3),(1,4)}, and the join irreducible acyclic orientations are

—— ~— —e—i
12 — *— 23 — —e 13 — —e
—e *— *—

1 2 3 4 1 2 3 4 1 2 3 4
*— _—
—e —e
A24: *— A14: *—i
*— *—
1 2 3 4 1 2 3 4

and we have A23 < A13 and Aoy < Aig.
Lemma 6.18. For (i,j) # (k,£) € ZJ1, we have A;j # Ape.

Proof. Assume that A;; = Age. As j = Aij(Jij) = Are(Jij) € {6, 5} and p; < j, we obtain
that j = ¢ = Age(Ji;) hence that p;; > pre. By symmetry, we have p;; = pge. As j = £ and
Wij = Hke, we obtain that ¢ = k by definition of ZJ7. We conclude that (i,7) = (k, ). O

Lemma 6.19. For (,j), (k,{) € ZJ1, we have A;; < Ape <= (i,7) < (k,£). In particular j = £
implies that A;; and Aye are comparable in Py.

Proof. By Proposition 3.13 we have A;; < Ay if and only if A;;(1) < Age(I) for all T € IL

For the forward direction, assume that A;; < Age. As j = A;;(Jij) < Ake(Jij) € {4, iz}
and p;; < j, we obtain that j < ¢ and Age(J;;) = ¢, hence £ € J;; and ;5 > pge.

For the backward direction, assume that j < ¢, £ € J;; and p;; > pge. Assume by means of
contradiction that there is I € I such that A;;(I) > Age(I). As A;;(I) € {j,min(I)} and Ay, €
{¢,min(I)}, and j < ¢, we must have A;;(I) = j and Ape(I) = min(l). As A;;(I) = j, we
have j € I and p;; < min(I), hence {i,j} C [ ;,j] C I so that £ € J;; C I by minimality of .J;;.
As Agy(I) # ¢ and ¢ € I, we obtain that min(J) < pge. We thus obtain that p;; < min(I) < pge
contradicting our assumption that p;; > pye. O

Proposition 6.20. If I is an interval hypergraph closed under intersection, then the acyclic ori-
entation A;; is join irreducible for any (i,7) € ZJ1.

Proof. As A;; # min(P;), we just need to prove that it covers a single acyclic orientation in Py.
We consider a cover relation A-k¢+A;; in Py and prove that ¢ = k and j = ¢.

By definition, there is I € I such that {k,¢} C I and A(I) = k while A;;(J) = {. Since
A;;(I) € {j,min(J)} and A;;(1) = ¢ > k > min([), we obtain that j = (.

Assume now that ¢ < k. Then there is J € I with J C [u;;,j] and k € J~{min(J)}. We obtain
that A(J) = A;;(J) = min(J) € [pi5,J[C I and A(I) =k € J and A(J) # A(I), contradicting the
acyclicity of A.
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Assume now that k < i. Since A-ke+A;; is a cover relation, the decreasing analogue of
Proposition 3.18 implies that

Jk, ([ < U (7~ {A45()}).
()G[H[

Asi €]k, £, thereis J € Iwith A;;(J) € [ =k, jlandi € IN{A;;(J)}. As A;;(J) € {j, min(J)}
by definition of A;;, we obtain that A”( ) = min(J). If j < max(J), then A;;(I) =€ € J
and A;;(J) € [k, ¢ C I and A;j(I) # A;;(J) contradict the acyclicity of A;;. As I is closed
under intersection, we can thus assume that J C [u;;, j[, up to intersecting J with J;;. We con-
clude that J C [u;;, 5[ and i € J N~ {4;;(J)} = J ~ {min(J)}, contradicting the definition of ¢ in
Notation 6.8. g

Proposition 6.21. If1 is an interval hypergraph closed under intersection, then the map (3, j) — A;;
is a bijection from T.J7 to the join irreducible acyclic orientations of 1.

Proof. Consider a join irreducible acyclic orientation B of I and let A—ii+ B be the only increasing
flip which ends at B. Let I € I be such that A(J) = i and B(I) = j. Observe that B(J) €
{min(J), j} for any J € I by Proposition 3.16.

We first prove that (i,7) € ZJy. Let

X o= [pij, i~ |J (7~ {min(J)}).
Jel
JCpig,d1
Since B(I) = j and min(I) < p,;, Proposition 3.15 ensures that there is no J € I such
that ¢ € J~{B(J)} and B(J) € [u; ,j[, which yields i € X (using that B(J) € {min(J),j}).
Moreover, for any k € ]i, j[, Proposition 3.18 ensures that there is J € I such that B(J) € [i, j]
and k € J~{B(J)}. Since [4, j[ C [uij, j[ and B(J) = min(J), we obtain that k ¢ X. We conclude
that ¢ = max(X), so that (¢, j) € ZJ1.

We now prove that B = A;;. As already observed, we have B(J) € {min(.J), j} for any J € I.
Assume first that there is J € I such that j € J and min(J) > p;;, but B(J) # j. Then
B(J) =min(J) € [pij, j C I~ {B()} and B(I) = j € J, which contradicts the acyclicity of B.
Assume now that there is J € I such that min(J) < p,;; but B(J) = j, and consider such a J
with min(J) minimal. For any K € I with A(K) € [min(J),j[, we have j ¢ K by acyclicity
of B, so that A(K) = min(K) > min(J), thus min(J) ¢ K ~ {min(K)}. Proposition 3.15 thus
ensures that the orientation C' obtained from B by flipping j to min(J) is acyclic. Moreover,
as min(J) < p;;, we have min(J) ¢ J;;, so that C(J;;) = B(J;;) = j > i = A(J;;). We obtain
that C < B but C' £ A contradicting our assumption that B is join irreducible. We conclude
that B(J) = j if j € J and min(J) > p,;, and B(J) = min(J) otherwise, so that B = A;;. O

6.2. If I is semidistributive then P is semidistributive. We now prove the backward direc-
tion of Theorem C.

Proposition 6.22. If I is a join (resp. meet) semidistributive interval hypergraph, then Py is a
join (resp. meet) semidistributive lattice.

Proof. We prove the result for join semidistributivity, the result for meet semidistributivity follows
by the symmetry of Proposition 2.12.

Assume by means of contradiction that I is a semidistributive interval hypergraph for which P;
is not join semidistributive. By Remark 6.3, there exist a cover relation A-re+ B of P; and
some (4, j), (k, ) € ZJy such that A;; and Ay are both minimal in Py with AV A;; = B = AV A,.
Assume by symmetry that j < ¢. As A;; £ Ay, we obtain by Lemma 6.19 that j < ¢, and
that ¢ ¢ Jij or fi; < [hke-

As A;; £ Abut A;; < B, there is U := [u,u'] € I'such that A(U) < A;;(U) < B(U) by Proposi-
tion 3.13. Since A and B only differ by the flip of p to ¢, this implies that A(U) = p while B(U) = q.
Moreover, by definition of A;;, we must have A;;(U) = j, hence j € U and p;; < u. We conclude
that p;; <u<p<j<g<w. Similarly, e <u<p<l<g<u.

Observe that for any V € I such that A(V) € |p, q], we have
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e p < min(V) as otherwise A(U) = p € V ~{A(V)} while A(V) € |p,q] C U ~ {A(U)}
would contradict the acyclicity of A,
o if j €V, then A(V) = B(V) > Ay;(V) = j.

Since A-ra+ B is a cover relation of P, Proposition 3.18 implies that there is S:=[s,s'] € I
such that A(S) € ]p,q] and j € S ~ {A(S)}. From the observation above, we have p < s
and A(S) > j. We claim that we can moreover assume that s’ < ¢. Indeed, suppose that s’ > /.
As ppe <p < s<j << s, weobtain that k < s < j < £. Hence, there exists I € I such
that j € I C [k,¢[. As I is closed under intersection, we can replace S by S N I which proves
the claim. Hence, we have found S:=[s,s'] € Twithp < s < j < A(S) < ¢’ < £ < g, and we
choose such an S so that s is minimal.

As A(S) € S Cp, q], Proposition 3.18 implies that there is T := [t,¢'] € I such that A(T) € ]p, q]
and A(S) € T~ {A(T)}. We have A(T) > j, as otherwise j € [A(T), A(S)] CT and A(T) < j
would contradict the observation above. We deduce that A(T') > s’ as otherwise A(T) € [f,s'] C S
and A(S) € T~ {A(T)} would contradict the acyclicity of A. Hence, we have found T:=[t,¢'] € I
with p <t < s’ <, and we choose such a T so that ¢’ is minimal.

Asp;; <p<sandj €S, wehavei < s, from which we deduce that there is R:= [r,7’] € I such
that R C [p;,j,j] and s € R~ {r}. Asr’ < j <, we have r < s <r’ < ¢, and we choose such
an R so that r is minimal. Assume for a moment that ¢ < r. Then ¢ < s, which by minimality
of s in our choice of S implies that £ € T. If ¢ ¢ J;;, then J;; NT contradicts the minimality of ¢’
in our choice of T'. Hence, ¢ € J;; which implies that p;; < ure. We conclude that i < k < j </,
as uge <p < tandl e T. AsTis closed under intersection, i < k < j < £ implies that (i,j) € ZJ.
As i < k, we have Akj < Aij < B. Moreover, Akj(ka) =7 > g = A(ka), so that A £ Akj.
Hence, Ax; V A= B and Ay; < A;; contradicting the minimality of A;;. We conclude that r < ¢.

We have thus found R:=|[r,7'], S:=[s,s], T:=[t,t'] and U:=[u,v] in T with r < s < 7' <
syr<t<s <t and u < p < min(s,t) and s < ¢ < u'. As I is join semidistributive,
there is V:=[v,v’'] € I such that v < s and s’ < v/ < /. As I is closed under intersection, it
contains TNV = [max(v,t),v']. But max(v,t) < s’ < v’ <t which contradicts the minimality
of ¢ in our choice of T O

6.3. If P is semidistributive then I is semidistributive. We now prove the forward direction
of Theorem C.

Proposition 6.23. If1 is an interval hypergraph such that Pj is a join (resp. meet) semidistribu-
tive lattice, then 1 is join (resp. meet) semidistributive.

Proof. We prove the result for join semidistributivity, the result for meet semidistributivity follows
by the symmetry of Proposition 2.12.

First, we can assume that I is closed under intersection, otherwise Py is not even a lattice by
Proposition 4.6. Assume now that there is [r, '], [s, s], [t, '], [u,v'] € I such that r < s <7’/ < ¢,
r<t<s <t,u<min(s,t)and ' < v/, and there is no [v,v’] € Isuch that v < sand s’ <v' <.
Let

J = max ([u,t’[\ U (J ~ {min(J)})) and i:=p;p = max{min(l) | {j,t'} C T €1}.
Jel
ICTut'|

Note that i < j < s < 8 < t/. We further assume below that i < j, the argument for i = j is
similar and even slightly simpler.
Consider the three permutations

ma=1--(G—1)ji--G-1DG+1)-(s=Dt'ss---(s =1 +1)--- -1)t'+1)---n
mpi=1-(i—1)s'i--(s —1) (s +1)---n
ac=1-G—-Dti--t' -1t +1)---n

(written in one line notation), and let A:=0,,, B:=0,, and C:= 0O, be the corresponding
acyclic orientations of I.
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Claim 1: AVB = AVC. Note that m4 = 7T1i4. Indeed, 74 has only 3 descents ji, t's’ and s’s. Let T,
o and p denote the permutations obtained from 74 by exchanging ji, t's’ and s’s, respectively.
Then

O (Jjw)=i#j=XJjw), Ox([t,t']) =5 #t = X([t,']) and O,([s,s]) =s# s = X([s,5]).
Hence, w4 is indeed the minimal permutation for A. Similarly, 7 = ﬂ% and m¢ = Wé.

We therefore obtain from Proposition 4.11 that AV B = Oy ,vzp and AV C = Or ,vr.- As
gaVag=1-(i—1)t's i (G-1G+1) (s =1 (s +1) (-1 +1)-n
TaVre=1---(Gi—1tji---(G-1)G+1)--(s=1)ss--(s=1)(s+1)---t =1 +1)---n
and there is no [v,v'] € I'such that v < s and s’ < v’ < s’ by assumption, we have AV B = AV C.

Claim 2: A > B A C. For any interval I, we have

4 if # € I and ¢ < min(I),

B(I) = . :
min(I) otherwise

s if ' € I and 7 < min(I),
min(I) otherwise

and C(I) = {

Hence, (B A C)(I) = min(I) except maybe if [s',¢'] C I and ¢ < min(I). For such I, we actually
have that
e (BAC)(I) < jsince B(I) = ¢ and C(J) = min(J) for all J C [u,?'[ and using the
definition of j,
o A(I)=jsince j € I and ¢ < min(]).
Hence, we obtain that A(I) > (B AC)(I) for all I € Tso that A > B A C by Proposition 3.13.

Claim 3: AVB = AVC # A = AV(BAC). The first equality holds by Claim 1. The last equality
holds by Claim 2. The inequality holds since A(J;y) = j while (B A C)(Jjv) > C(Jj) =t'. We
conclude that P; is not semidistributive. O

Example 6.24. For the hypergraph I:={1,2,3,4,12,23,34,1234} illustrated in Figure 8 (right),
we have

el s s | ]
Lj2]2]3|3]4]1]4]1]1
and
> —_—— —_—
*— *— *—
1 2 3 4 1 2 3 4 1 2 3 4
so that
> *
AVB=AV(C= — e T AC=CV et ' =AV(BACQ).
*— *—
1 2 3 4 1 2 3 4

Example 6.25. For the hypergraph I:={1,2,3,4,12,23,234,1234} illustrated in Figure 8 (right),
we have

el s s [t |l i
1223 ]2]4]1[4]1]1
and
*—— —e— —e
A= e B= - C= —
*— *— *—
1 2 3 4 1 2 3 4 1 2 3 4
so that
AVB=AVC= — ' #£A=AV e ° =AV(BACQO)
*— *—
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7. QUOTIENT INTERVAL HYPERGRAPHIC LATTICES
In this section, we prove Theorem D which we first introduce properly:

Definition 7.1. We say that an interval hypergraph I is closed under initial (resp. final) subin-
tervals if [i, k] € I implies [i, 5] € I (resp. [j, k] €I) forany 1 <i < j <k < n.

Remark 7.2. Note that if an interval hypergraph I containing all singletons {i} for ¢ € [n] is
closed under initial (resp. final) subintervals, then it is also closed under intersection. Indeed, for
any 1 <i < j< k< {<nwith [i,k] € T and [j,£] € I, we have [j,k] € T since it is an initial
(resp. final) interval of [j, £] (resp. of [i, k]). Hence, we do not need to add the closed by intersection
condition.

Definition 7.3. A map ¢ between two meet semilattices (L, <,A) and (L', <’,A\’) is a meet
semilattice morphism if ¢(a A b) = ¢(a) N ¢(b) for all a,b € L. Equivalently, if

e cach fiber F of ¢ is order convex (meaning that a« < b < ¢ and a,c € F implies b € F) and
admits a unique minimal element,

e the map 7% : L — L sending an element a to the minimal element b with ¢(a) = ¢(b) is
order preserving.

The join semilattice morphisms are defined and characterized dually.

Theorem D. For an interval hypergraph 1 on [n], the poset morphism O from the weak order
on &, to the interval hypergraphic poset Py is a meet (resp. join) semilattice morphism if and only
if 1 is closed under initial (resp. final) subintervals.

Proof. We only prove the meet semilattice morphism, the result for the join semilattice morphism
follows by the symmetry of Proposition 2.12.

Assume first that I is not closed under initial subintervals, and let 1 < i < j < k < n be such
that [i,7] ¢ I while [z, k] € I. Note that we can assume that k = j + 1. Let w:=1ijkX, 0:=jikX,
T:=kijX, and p:=kjiX, where X is an arbitrary permutation of [n] \ {, j, k}. Since I is closed
under intersection and contains [i, k] but not [i, j] and k = j+1, any J € I containing {i, j} also con-
tains k. Hence, we have O, = O,, so that «'(7) < p. Moreover, since [i, k] € I, we have O, < O,.
By Proposition 4.11, we obtain that O, A Or = Ot (o)At () 2 Oonp = Os > Op = Ogpr. Hence,
O is not a meet semilattice morphism.

Conversely, assume that I is closed under initial subintervals. We prove by induction on the
length of 7 that ¢ < 7 implies 7+(c) < 7H(7). If 7 = w¥(7), we have 74(0) < 0 < 7 = 74(7).
If there is a permutation p such that o < p < 7, then we have 7+(c) < 7+(p) by induction, so
that we just need to show that 7¥(p) < 7+(7). We can thus assume that o < 7 is a cover relation,
with 7 # 7¥(7). Let 7/ < 7 be such that O, = O,.. Let p,q € [n — 1] be such that o (resp. 7)
is obtained from 7 by exchanging its entries at positions p and p + 1 (resp. ¢ and ¢ + 1). We
distinguish three cases:

If |p — q| > 1. Consider 0/ = o A7T'. As O, = O,/, we have min(r1(I)) # qor 7(q+ 1) & I for
any I € I. Since |p — ¢| > 1, it implies that min(c=*(I)) # q or o(q¢+ 1) ¢ I. Hence we obtain
that O, = O,. Since o’ < 7/ < 7, we obtain by induction that 7+(c’) < 74(7’). As Oy = O,
and O, = O,, we conclude that 7+ (o) < (7).

If p=¢q—1. Then 0 = XjkiY, 7 = XkjiY and 7/ = XkijY for some letters 1 <i < j <k <n
and some words X,Y on [n]. Let ¢/ :=XjikY, " :=XijkY and 7" :=XikjY. If O, # O,
then there exist 1 < v < i < k < v < n such that [u,v] € I and ¢ = min (67 *([u,v])). As I
is closed under final subintervals, we have [u,j] € I and ¢ = min (77!([u, 5])), which contradicts
that O, = O, If Oy # Oy, then there exists 1 < u < ¢ < j < v < n such that [u,v] € I
and p = min (¢~ ([u,v])). This would imply that ¢ = (77*([u,v])), contradicting that O, = O,.
Since ¢” < 7/ < T, we obtain by induction that 7+(¢”) < 7). As O, = Oy = Oy
and O, = O,/, we conclude that 7+ (o) < m¥(7).

If p=gq+ 1. Then 0 = XkijY, 7 = XkjiY¥ and 7/ = XjkiY for some letters 1 <i < j<k<n
and some words X,Y on [n]. Let ¢’ := XikjY, 0" := XijkY and 7" := XjikY. If O, # O,, then
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there exist 1 < u < i < k < v < n such that [u,v] € T and ¢ = min (6~'([u,v])). This would
imply that p = min (T’l([u,v])), which contradicts that O, = O... If O, # Oy, then there
exists i <u < j < k < v < nsuch that [u,v] € I and p = min (¢/~*([u,v])). This would imply
that ¢ = (77'([u,v])), contradicting that O, = O,. Since ¢’ < 7/ < 7, we obtain by induction
that 7 (c”) < 7H(7'). As Oy = Opr = Opr and O, = O,s, we conclude that 7t (o) < 7H(r). O

Corollary 7.4. For an interval hypergraph 1 on [n], the poset morphism O from the weak order
on &, to the interval hypergraphic poset Py is a lattice morphism if and only if 1 is closed under
subintervals. In this case, P; is a Cartesian product of Tamari lattices.

[BBM19]
[BM21]

[BMCLD*23]

[BWO1]
[CDO6]
[CPP19]
[Def23]
[Edm70]
[FS05]

[Lod04]
[McM73]

[Pil24]
[Pos09]
[PP23]
[PPPP23]
[PRWOS]

[Rea04]
[Real5]

[San09]
[SP02]
[SS93]

[Tam51]
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