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Polynomial interpolation: simple points

Polynomial Interpolation Problem

Given a set of points X = {P1, . . . , Ps} in complex projective space Pn,
how many hypersurfaces of degree d pass through X?

e.g., in the projective plane:

through 2 distinct points there is a unique line

through 5 general points there is a unique conic
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Polynomial interpolation: simple points

Let S = C[x0, . . . , xn] =
⊕

d≥0 Sd , standard graded polynomial ring.

Sd := C-vector space of homogeneous polynomials of degree d

Hilbert function

Let I =
⊕

d≥0 Id be a homogeneous ideal. The Hilbert function of S/I in degree d is

HFS/I(d) := dimC Sd/Id = dimC Sd − dimC Id .

Let X = {P1, . . . , Ps} ⊂ Pn, then I(X) = ℘1 ∩ . . . ∩ ℘s =
⊕

d≥0 I(X)d ⊂ S.

P = (p0 : p1 : p2) ∈ P2 ! ℘ = (p1x0 − p0x1,p2x0 − p0x2)

The Hilbert function of X is the Hilbert function of S/I(X).
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Polynomial interpolation: simple points

Polynomial Interpolation Problem

Given a set of points X = {P1, . . . , Ps} in complex projective space Pn,
what is the Hilbert function of X in degree d?

Obviously, the answer depends on the position of the points.

[Geramita-Orecchia, 1981] If the points are in general position,

HFX(d) = min

{(
n+ d

d

)
, s

}
.

Proof. If {m1, . . . ,mN} is the standard monomial basis for Sd , then HFX(d) = rk (mi(Pj))ij.
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Polynomial interpolation: fat points

Fat points

A fat point of multiplicity m and support at P is the 0-dim scheme given by ℘m.

We denote it by mP.

A scheme of fat points is a union of fat points, i.e., X = m1P1 + . . .+msPs defined

by I(X) = ℘m1
1 ∩ . . . ∩ ℘ms

s .

If m1 = . . . = ms = m, then

I(X) is the m-th symbolic power of ℘1 ∩ . . . ∩ ℘s.

Remark. f ∈ ℘m if and only if D(f )|P = 0, for any D ∈ C[∂0, . . . , ∂n]≤m−1.
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Polynomial interpolation: fat points

Polynomial Interpolation Problem

Let X = m1P1 + . . .+msPs be a scheme of fat points in Pn,
what is the Hilbert function of X in degree d?

this is equivalent to asking

Given a set of points {P1, . . . , Ps} and positive integers m1, . . . ,ms,

how many hypersurfaces of degree d are singular at Pi of order mi, for i = 1, . . . , s?
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Polynomial interpolation: fat points

Remark. f ∈ ℘m if and only if D(f )|P = 0, for any D ∈ C[∂0, . . . , ∂n]≤m−1.

Therefore, a fat point of multiplicity m in Pn imposes
(n+m−1

n

)
linear equations.

If we assume the points to have general support, the expected Hilbert function is

exp.HFX(d) = min

{(
n+ d

n

)
,

s∑
i=1

(
n+mi − 1

n

)}
.
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Polynomial interpolation: fat points

Example 1. Let X = 2P1 + . . . + 2P5 ⊂ P2,
with general support. We expect to have no

quartics through X.

exp.dim I(X)4 =
(
4+ 2

2

)
− 5 · 3 = 0.

However, there is a unique conic C passing

through the point P1, . . . , P5.

Hence, 2C ∈ I(X)4. By Bézout’s Theorem,

dim I(X)4 = 1 > 0 = exp.dim I(X)4.

Example 2. Let X = 2P1 + . . . + 2P7 ⊂ P4,
with general support. We expect to have no

cubics through X.

exp.dim I(X)3 =
(
3+ 4

3

)
− 7 · 5 = 0.

However, there is a unique rational normal

curve C passing through the Pi’s.

The 2-nd secant variety is a cubic surface sin-

gular along C, i.e., σ2(C) ∈ I(X)3, and

dim I(X)3 = 1 > 0 = exp.dim I(X)3.
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Polynomial interpolation: fat points

[Alexander-Hirschowitz, 1994] Let X = 2P1 + . . .+ 2Ps ⊂ Pn with general support.
Then, the Hilbert function of X in degree d is as expected, i.e.,

HFX(d) = min

{(
n+ d

n

)
,3s

}
,

except for:

1. quadrics: d = 2, 2 ≤ s ≤ n

2. in P2: d = 4, s = 5 [Example 1]

3. in P3: d = 4, s = 9;

4. in P4: d = 3, s = 7 [Example 2]

and d = 4, s = 14.

...for higher multiplicity very little is known
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Polynomial interpolation: fat points
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Polynomial interpolation: fat points

B. Segre 1961

Alcune questioni su insiemi finiti di punti in geometria algebrica (page 72)

”(...) in order that a complete linear system Σ of plane curves, passing through

multiple base points in general position with virtual dimension d ≥ −1 is
superabundant (and then effective, i.e., of dimension δ ≥ 0), it is necessary (but,

from examples, not sufficient) that it has some multiple fixed component.”
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SHGH Conjecture

A degree d curve C is negative for P1, . . . , Pd ∈ P2 if (multP1(C))2 + . . .+ (multPd (C))2 > d2.

[SHGH Conjecture - B. Segre, ’61; Harbourne ’85; Gimigliano ’87; Hirschowitz ’89]

If with general support and f = f b11 · · · f btt is the greatest common divisor of I(X)j. Let
N be the set of negative curves for P1, . . . , Pd . Then,

HFX(j) = min


(
j + 2

2

)
,

s∑
i=1

(
mi + 1

2

)
−

∑
i : fi∈N

(
bi
2

).

[Castelnuovo, 1891] d ≤ 9; [Yang, 2007] mi ≤ 7;

[Ciliberto-Miranda, 1998] mi = m ≤ 12; …and some other special cases
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Multigraded Interpolation Problem

We consider the case of P1 × P1 for simplicity of notation.

Let S = C[x0, x1; y0, y1] =
⊕

(a,b)∈N2 Sa,b be a bi-graded polynomial ring

Sa,b := C-vector space of bi-homogeneous polynomials of bi-degree (a,b)

Fat points in multiprojective space

A point P = (Q1,Q2) = ((q1,0 : q1,1); (q2,0 : q2,1)) ∈ P1 × P1 is defined by
℘ = I(Q1) + I(Q2) = (q1,1x0 − q1,0x1,q2,1y0 − q2,0y1) ⊂ S.

The fat point mP is the 0-dimensional scheme defined by ℘m.

The scheme of fat points X = m1P1+ . . .+msPs is defined by I(X) = ℘m1
1 ∩ . . .∩℘ms

s .
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Multigraded Interpolation Problem

Multigraded Hilbert function

Let I =
⊕

(a,b)∈N2 Ia,b be a bi-homogeneous ideal.

The Hilbert function of S/I in bi-degree (a,b) is

HFS/I(a,b) = dimC Sa,b/Ia,b = dimC Sa,b − dimC Ia,b.

The Hilbert function of a scheme of fat points X is the Hilbert function of S/I(X).

Multigraded Interpolation Problem

Let X be a scheme of fat points in P1 × P1,
what is the Hilbert function of X in bi-degree (a,b)?
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Multigraded Interpolation Problem

If we assume the points to have general support, the expected Hilbert function is

exp.HFX(a,b) = min

{
(a+ 1)(b+ 1),

s∑
i=1

(
mi + 1

2

)}
.

[Catalisano-Geramita-Gimigliano, 2005] Let X = 2P1 + . . .+ 2Ps ⊂ P1 × P1, with
general support. Then, the Hilbert function of X in bi-degree (a,b), with a ≥ b, is as

expected, except for (a,b) = (2k,2), s = 2k + 1, k ≥ 1, where the defect is 1.

They complete the case of double points for any P1 × . . .× P1︸ ︷︷ ︸
t times

. In particular, it is as expected for t ≥ 5.
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Multigraded Interpolation Problem

[Guardo-Van Tuyl, 2005]

Let X = mP1 + . . . + mPs ⊂ P1 × P1, with general

support. The Hilbert function of X is constant in the

a-th row (resp., in the b-th column) for b ≥ sm (resp.,

a ≥ sm).
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Multigraded Interpolation Problem

[Carlini-Catalisano-O., 2017]
Let X = mP1 + . . . + mPs ⊂ P1 × P1, with general
support. Let a ≥ b and m ≥ b. Then,

HFX(a,b) = min

{
(a+ 1)(b+ 1), s

(
m+ 1

2

)
− s

(
m− b

2

)}
,

except for s = 2k+ 1 and a = bk+ c+ s(m− b), with
c = 0, . . . ,b− 2, where

HFX(a,b) = (a+ 1)(b+ 1)−
(
c+ 2

2

)
.
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Multigraded Interpolation Problem

[Carlini-Catalisano-O., 2017]
Let X = mP1 + . . . + mPs ⊂ P1 × P1, with general
support. Let a ≥ b and m ≥ b. Then,

HFX(a,b) = min

{
(a+ 1)(b+ 1), s

(
m+ 1

2

)
− s

(
m− b

2

)}
,

except for s = 2k+ 1 and a = bk+ c+ s(m− b), with
c = 0, . . . ,b− 2, where

HFX(a,b) = (a+ 1)(b+ 1)−
(
c+ 2

2

)
.

Example. X = 5P1 + . . .+ 5P5.
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Multigraded Interpolation Problem

[Carlini-Catalisano-O., 2017]

LetX = 3P1+. . .+3Ps ⊂ P1×P1, with general support.
Then,

HFX(a,b) = min

{
(a+ 1)(b+ 1),6s− s

(
3− b

2

)}
,

except for s odd, say s = 2k + 1, and:

i. (a,b) = (4k + 1,2), where

HFX(a,b) = (a+ 1)(b+ 1)− 1;

ii. (a,b) = (3k,3), where HFX(a,b) = (a+1)(b+1)−1;

iii. (a,b) = (3k + 1,3), where HFX(a,b) = 6s− 1.
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Multiprojective-Affine-Projective Method

Consider the birational map

ϕ : P1 × P1 99K A2 → P2

((s0 : s1); (t0 : t1)) 7→
(
s1
s0
, t1t0

)
7→

(
1 : s1

s0
: t1
t0

)
= (s0t0 : s1t0 : s1t0).

[Catalisano-Geramita-Gimigliano, 2002]

Let X be a set of fat points with general support in P1 × P1. Then,

HFI(X)(a,b) = HFI(X)(a+ b),

where X = ϕ(X) + aQ1 + bQ2, with Q1 = (0 : 1 : 0) and Q2 = (0 : 0 : 1).
A. Oneto - Hilbert functions of general fat points in P1 × P1 19 / 35



Introduction Multigraded Interpolation Multiprojective-Affine-Projective Method Méthode d’Horace differentiel

Multiprojective-Affine-Projective Method

Example. We can define it for higher multi-projective spaces.

ϕ : Pn1 × Pn2 × Pn3 99K Pn1+n2+n3

((1 : . . . : sn1); (1 : . . . : tn2); (1 : . . . : un3) 7→ (1 : . . . : sn1 : t1 : . . . : tn2 : u1 : . . . : un3)

[Catalisano-Geramita-Gimigliano, 2002]

Let X be a set of fat points with general support in Pn1 × Pn2 × Pn3 . Then,

HFI(X)(a1, a2, a3) = HFI(X)(a1 + a2 + a3),

where X = ϕ(X) + (a2 + a3)Π1 + (a1 + a3)Π2 + (a1 + a2)Π3, with

Π1 = {(0 : s1 . . . : sn1 : 0 : . . . : 0)} ' Pn1−1 Π3 = {(0 : . . . : 0 : u1 : . . . : un3)} ' Pn3−1

Π2 = {(0 : . . . : 0 : t1 : . . . : tn2 : 0 : . . . : 0)} ' Pn2−1

A. Oneto - Hilbert functions of general fat points in P1 × P1 20 / 35



Introduction Multigraded Interpolation Multiprojective-Affine-Projective Method Méthode d’Horace differentiel

Multiprojective-Affine-Projective Method

Let X = mP1 + . . .+mPs ⊂ P1 × P1,
with general support.

What is HFI(X)(a,b)?

⇐⇒

Let X = aQ1+bQ2+mP1+ . . .+mPs ⊂ P2,
with general support.

What is HFI(X)(a+ b)?

...so, we are back in the standard graded (planar) case!
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Example: reduction to m = b case

Example. Let a = 14, b = 3, m = 5 and s = 4.

exp.dim I(X)14,3 = max {0, (14+ 1)(3+ 1)− 4 · 15} = 0.

We consider X = 14Q1 + 3Q2 + 5P1 + . . .+ 5P4 ⊂ P2 and we compute dim I(X)17.

By Bézout’s Theorem,

all the lines Q1Pi are fixed components,

twice.

So, they can be removed.
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Example: reduction to m = b case

Example. Let a = 14, b = 3, m = 5 and s = 4.

exp.dim I(X)14,3 = max {0, (14+ 1)(3+ 1)− 4 · 15} = 0.

We consider X = 14Q1 + 3Q2 + 5P1 + . . .+ 5P4 ⊂ P2 and we compute dim I(X)17.

Let X′ = 6Q1 + 3Q2 + 3P1 + . . . + 3P4 ⊂ P2.
Then, dim I(X)17 = dim I(X′)9. Now,

exp.dim I(X′)9 = max{0, (6+1)(3+1)−4·6} = 4.

Do you remember Beniamo Segre’s remark?
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Example: m = b case

Example. Let X′ = 6Q1 + 3Q2 + 3P1 + . . .+ 3P4 ⊂ P2, with exp.dim I(X′)9 = 4.

By semicontinuity, if X̃′ is a specialization of X′, we have

4 = exp.dim I(X′)9 ≤ dim I(X′)9 ≤ dim I(X̃′)9.

Assume that Q2,P3 and P4 are collinear.

A. Oneto - Hilbert functions of general fat points in P1 × P1 22 / 35



Introduction Multigraded Interpolation Multiprojective-Affine-Projective Method Méthode d’Horace differentiel

Example: m = b case

Example. Let X̃′ = 6Q1 + 3Q2 + 3P1 + . . .+ 3P4 ⊂ P2, with Q2, P3 and P4 collinear.

For any point A ∈ P2,

4 = exp.dim I(X′)9 ≤ dim I(X′)9 ≤ dim I(X̃′)9 ≤ dim I(X̃′ + A)9 + 1.

Assume that A is collinear with Q2, P3, P4.

By Bézout’s Theorem, the line is a fixed com-

ponent and can be removed.
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Example: m = b case

Example. Let X̃′ = 6Q1 + 3Q2 + 3P1 + . . .+ 3P4 ⊂ P2, with Q2, P3 and P4 collinear.

For any point A ∈ P2,

4 = exp.dim I(X′)9 ≤ dim I(X′)9 ≤ dim I(X̃′)9 ≤ dim I(X̃′ + A)9 + 1.

LetW = 6Q1+2Q2+3P1+3P2+2P3+2P4.

Then,

dim I(X̃′ + A)9 = dim I(W)8.
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Example: m = b case

Example. Let W = 6Q1 + 3Q2 + 3P1 + 3P2 + 2P3 + 2P4 ⊂ P2, with Q2, P3 and P4

collinear. Then,

4 = exp.dim I(X′)9 ≤ dim I(X′)9 ≤ . . . = dim I(W)8 + 1.

The lines Q1P1, Q1P2 are fixed components.

LetW ′ = 4Q1+2Q2+2P1+2P2+2P3+2P4,

dim I(W)8 = dim I(W ′)6.
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Example: m = b case

Example. Let W ′ = 4Q1 + 2Q2 + 2P1 + 2P2 + 2P3 + 2P4 ⊂ P2, with Q2, P3 and P4

collinear. For any point A′ ∈ P2,

4 = exp.dim I(X′)9 ≤ dim I(X′)9 ≤ . . . ≤ dim I(W ′ + A′)6 + 2.

Assume that A′ is collinear with Q2, P3, P4.

By Bézout’s Theorem, the line is a fixed com-

ponent and can be removed.
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Example: m = b case

Example. Let W ′ = 4Q1 + 2Q2 + 2P1 + 2P2 + 2P3 + 2P4 ⊂ P2, with Q2, P3 and P4

collinear. For any point A′ ∈ P2,

4 = exp.dim I(X′)9 ≤ dim I(X′)9 ≤ . . . ≤ dim I(W ′ + A′)6 + 2.

Let W ′′ = 6Q1 + Q2 + 2P1 + 2P2 + P3 + P4.

Then,

dim I(W ′ + A′)6 = dim I(W ′′)5.
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Example: m = b case

Example. Let W ′′ = 4Q1 +Q2 + 2P1 + 2P2 + P3 + P4 ⊂ P2, with Q2, P3 and P4

collinear. Then,

4 = exp.dim I(X′)9 ≤ dim I(X′)9 ≤ . . . = dim I(W ′′)5 + 2.

...we continue in a similar way...

A. Oneto - Hilbert functions of general fat points in P1 × P1 22 / 35



Introduction Multigraded Interpolation Multiprojective-Affine-Projective Method Méthode d’Horace differentiel

Example: m = b case

Example. Let W ′′′ = 2Q1 +Q2 + P1 + P2 + P3 + P4 ⊂ P2, with Q2, P3 and P4

collinear. Then,

4 = exp.dim I(X′)9 ≤ dim I(X′)9 ≤ . . . = dim I(W ′′′)3 + 2.

...we continue in a similar way...
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Example: m = b case

Example. Let W ′′′ = 2Q1 +Q2 + P1 + P2 + P3 + P4 ⊂ P2, with Q2, P3 and P4

collinear. For any A′′ ∈ P2,

4 = exp.dim I(X′)9 ≤ dim I(X′)9 ≤ . . . ≤ dim I(W ′′′ + A′′)3 + 3.

...we continue in a similar way...
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Example: m = b case

Example. Let W ′′′′ = 2Q1 + P1 + P2 ⊂ P2.
Then,

4 = exp.dim I(X′)9 ≤ dim I(X′)9 ≤ . . . = dim I(W ′′′′)2 + 3.

...we continue in a similar way...
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Example: m = b case

Example. Let W ′′′′ = 2Q1 + P1 + P2 ⊂ P2. Then,

4 = exp.dim I(X′)9 ≤ dim I(X′)9 ≤ . . . = dim I(W ′′′′)2 + 3 = 1+ 3 = 4
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Example: subabundance cases

• The Hilbert function of X = 5P1 + . . .+ 5P4 is defective in bi-degree (14,3), i.e.,

dim I(X)14,3 = 4 > 0 = exp.dim I(X)14,3 = max{0, 15 · 4− 4 · 15}.

Defectiveness given by four double lines in the base locus

• The Hilbert function of X = 3P1+ . . .+3P4 is non-defective in bi-degree (6,3), i.e.,

dim I(X)6,3 = 4 = exp.dim I(X)6,3 = max{0, 7 · 4− 4 · 6}.

Therefore,

The Hilbert function of X = 3P1 + . . .+ 3Ps is non-defective in bi-degree (6,3) if s ≤ 4.

Fixed (a,b), let s1 :=
⌊

(a+1)(b+1)(
m+1
2

) ⌋
. If I(X)a,b has expected dimension for s1, then it holds also for s ≤ s1.
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Example: superabundance cases

Example. Let X = 3P1 + . . .+ 3P5 ⊂ P1 × P1. Then,

exp.dim I(X)6,3 = max{0, (6+ 1)(3+ 1)− 5 · 6} = 0.

Fixed (a,b), we consider s2 =
⌈

(a+1)(b+1)(
m+1
2

) ⌉
, if I(X)a,b is empty for s2, then it is empty for s ≥ s2.

Now, we have: dim I(X)6,3 = dim I(X)9, for X = 6Q1 + 3Q2 + 3P1 + . . .+ 3P5 ⊂ P2.

If Y = 2Q1 +Q2 + P1 + . . .+ P5 ⊂ P2, then

dim I(Y)3 =

(
3+ 2

2

)
− 3− 6 = 1.

There is a (unique) plane cubic C ∈ I(Y)3.
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Example: superabundance cases

Example. Let X = 3P1 + . . .+ 3P5 ⊂ P1 × P1. Then,

exp.dim I(X)6,3 = max{0, (6+ 1)(3+ 1)− 5 · 6} = 0.

Fixed (a,b), we consider s2 =
⌈

(a+1)(b+1)(
m+1
2

) ⌉
, if I(X)a,b is empty for s2, then it is empty for s ≥ s2.

Now, we have: dim I(X)6,3 = dim I(X)9, for X = 6Q1 + 3Q2 + 3P1 + . . .+ 3P5 ⊂ P2.

Therefore, 3C ∈ I(X)9!

By Bézout’s Theorem, dim I(X)9 = 1.

Defective case!

It follows also that I(X)9 is empty for s > 5.
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Example: case b > m = 3.

Example. Consider X = 5Q1 + 5Q2 + 3P1 + . . .+ 3P6 ⊂ P2. Then,

exp.dim I(X)10 = max{0, (5+ 1)(5+ 1)− 6 · 6} = 0.

We can try similarly as before.
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Example: case b > m = 3.

Example. Consider X = 5Q1 + 5Q2 + 3P1 + . . .+ 3P6 ⊂ P2. Then,

exp.dim I(X)10 = max{0, (5+ 1)(5+ 1)− 6 · 6} = 0.

We can try similarly as before. ???
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Méthode d’Horace

[Castelnuovo’s Inequality]

Let X be a 0-dimensional scheme in Pn. Given a hypersurface H = {` = 0}, we have
the short exact sequence given by the restriction map

0 → [I(X; Pn) : (`)]d−1 −→ I(X; Pn)d −→ I(X ∩H; H)d .

Residue ResH(X): the scheme defined by I(X) : (`), i.e., I(X \ (X ∩H))

Trace TrH(X): the scheme theoretical intersection X ∩H ⊂ H.

Hence,

exp. dim I(X)d ≤ dim I(X)d ≤ dim I(ResH(X))d−1 + dim I(TrH(X))d .
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Vertically Graded schemes

Example. Consider the triple point defined by I = (x1, x2)
3. In OP2,P ' CJx1, x2K,

I = I0 ⊕ I1 · x2 ⊕ I2 · x22 ⊕ (x32),

with

I0 = (x31); I1 = (x31, x
2
1); I2 = (x1, x

2
1, x

3
1).

Hence, CJx1, x2K/I is the 6-dimensional vector space

〈1, x1, x21〉 ⊕ 〈x2, x1x2〉 ⊕ 〈x22〉.
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Vertically Graded schemes

Example. Consider the triple point defined by I = (x1, x2)
3. In OP2,P ' CJx1, x2K,

In the standard specialization,

Residue: I(Resx1(3P)) = I : (x2) = (x21, x1x2, x
2
2) = (x1, x2)

2

CJx1, x2K/I(Resx1(3P)) is the 3-dim vector space 〈1, x1〉 ⊕ 〈x2〉.

Trace: I(Trx2(3P)) = I ⊗ CJx1, x2K/(x2) = (x1)
3.

CJx1K/I(Trx2(3P)) is the 3-dim vector space 〈1, x1, x21〉.
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Méthode d’Horace

Le Serment des Horaces - J.-L. David (1785)
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Méthode d’Horace

Sometimes the arithmetic do not allow to do computations so easily...

Example. Consider X = 5Q1 + 5Q2 + 3P1 + . . .+ 3P6 ⊂ P2 with

exp.dim I(X)10 = 0 = (5+ 1)(5+ 1)− 6 · 6.

Too many conditions on the line.

We need 11 conditions on the line
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Méthode d’Horace differentiel

Example. Consider the triple point defined by I = (x1, x2)
3. In OP2,P ' CJx1, x2K,

with differential specialization,

2-nd Residue: I(Res1x2(3P)) = I + (I : (x2)
2) · (x2) = (x31, x1x2, x

2
2),

CJx1, x2K/I(Res2x2(3P)) = 〈1, x1, x21〉 ⊕ 〈x2〉.

2-nd Trace: I(Tr1x2(3P)) = (I : (x2))⊗ CJx1, x2K/(x2) = (x1)
2,

CJx1K/I(Tr1x2(3P)) = 〈1, x1〉.

3-rd Residue: I(Res2x2(3P)) = I + (I : (x2)
3) · (x22) = (x31, x

2
1x2, x

2
2),

CJx1, x2K/I(Res2x2(3P)) = 〈1, x1, x21〉 ⊕ 〈x2, x1x2〉.

3-rd Trace: I(Tr2x2(3P)) = (I : (x22))⊗ CJx1, x2K/(x2) = (x1),

CJx1K/I(Tr1x2(3P)) = 〈1〉.
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Example: méthode d’Horace differentiel

Example. Let X = 5Q1 + 5Q2 + 3P1 + . . .+ 3P6 ⊂ P2.

exp.dim I(X)10 = 0 = (5+ 1)(5+ 1)− 6 · 6.

Degree 10
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Example: méthode d’Horace differentiel

Example. Let X = 5Q1 + 5Q2 + 3P1 + . . .+ 3P6 ⊂ P2.

exp.dim I(X)10 = 0 = (5+ 1)(5+ 1)− 6 · 6.

Degree 9
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Example: méthode d’Horace differentiel

Example. Let X = 5Q1 + 5Q2 + 3P1 + . . .+ 3P6 ⊂ P2.

exp.dim I(X)10 = 0 = (5+ 1)(5+ 1)− 6 · 6.

Degree 8
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Example: méthode d’Horace differentiel

Example. Let X = 5Q1 + 5Q2 + 3P1 + . . .+ 3P6 ⊂ P2.

exp.dim I(X)10 = 0 = (5+ 1)(5+ 1)− 6 · 6.

Degree 7
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Example: méthode d’Horace differentiel

Example. Let X = 5Q1 + 5Q2 + 3P1 + . . .+ 3P6 ⊂ P2.

exp.dim I(X)10 = 0 = (5+ 1)(5+ 1)− 6 · 6.

Degree 6
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Example: méthode d’Horace differentiel

Example. Let X = 5Q1 + 5Q2 + 3P1 + . . .+ 3P6 and

W1 = 3Q1 + 3Q2 + 3P1 + 3P2 and W2 = P3 + . . .+ P6, with W2 collinear.

dim I(X)10 = dim I(W1 +W2)6
(1)
= dim I(W1)6 − 4 =

(2)
= (4+ 1)(4+ 1)− 2 · 6− 4 = 16− 12− 4 = 0.

(1) [Catalisano-Geramita-Gimigliano]: by a technical

lemma, four collinear points give independent conditions

(2) as regards W1, we are back to the case m = b = 3 and

we know how to do it!
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Conclusion

This procedure works and let us compute the whole Hilbert function of triple points!
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¡Gracias!
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