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Abstract We study the obstacle problem for integro-differential operators of
order 2s, with s € (0, 1). Our main result establish that the free boundary is
C"7 and u € C"* near all regular points. Namely, we prove the following
dichotomy at all free boundary points xo € 0{u = ¢}:

(i) either u(x) — p(x) = cd"** (x) + o(|lx — xo/"**%)  for some ¢ > 0,
(i) or u(x) —@(x) = o(|x — xo|!F51%),

where d is the distance to the contact set {u = ¢}. Moreover, we show that the
set of free boundary points xg satisfying (i) is open, and that the free boundary
is C!7 and u € C'* near those points. These results were only known for
the fractional Laplacian [2], and are completely new for more general integro-
differential operators. The methods we develop here are purely nonlocal, and
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do not rely on any monotonicity-type formula for the operator. Thanks to
this, our techniques can be applied in the much more general context of fully
nonlinear integro-differential operators: we establish similar regularity results
for obstacle problems with convex operators.
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1 Introduction

Obstacle problems for integro-differential operators appear naturally when
considering optimal stopping problems for Lévy processes with jumps. Indeed,
the value function u(x) in this type of problems will solve min(—Lu, u—¢) =
0, where ¢ is a certain payoff function and the operator L is the infinitesimal
generator of the process. The equation can be posed either in adomain 2 C R”
or in the whole space. By the Lévy—Khintchine formula, for any symmetric
Lévy process we have

Lu(x) = Zaijaiju +/

ij R

(u(x +y) tulx—y)
2

- M(X)) v(dy),

where (a;;) is nonnegative definite, and v satisfies f min(1, | ylz)v(dy) < 00.
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Obstacle problems for integro-differential operators...

An important motivation for studying this type of problems comes from
mathematical finance, where they arise as pricing models for American
options. In this context, the function u represents the rational price of a perpet-
ual option, ¢ is the payoff function, and the set {# = ¢} is the exercise region;
see for example [6] for detailed description of the model.

When the matrix (a;;) is uniformly elliptic, then the local term a;;0;;u
dominates. In particular, if no jump part is present (i.e., v = 0) then after an
affine change of variables we have L = A, and the regularity of solutions and
free boundaries is well understood. However, when there is no diffusion part
(i.e., (a;j) = 0), then the problem is much less understood.

When v(dy) = c¢|y|™" > dy—and (a;j) = O—then L is a multiple of the
fractional Laplacian (—A)*, and the obstacle problem was studied by Silvestre
in [12] and by Caffarelli, Salsa and Silvestre in [2]. The main results of [2,12]
establish that solutions « are C!*, and that the free boundary is C!:¢ at regular
points (those at which supg (1 — ¢) ~ r1+%). More recently, the singular set

was studied in [7] for s = % and the complete structure of the free boundary
was obtained in [1] under a concavity assumption on the obstacle.

The proofs of all these results rely very strongly on certain particular prop-
erties of (—A)’. Indeed, the obstacle problem for this (nonlocal) operator is
equivalent to a thin obstacle problem in R"*! for a local operator, for which
Almgren-type and other monotonicity formulas are available. In [12], the main
results are established by using the semigroup property (—A)! 5 (—=A)* =
— A, thus getting a local operator.

For more general nonlocal operators L, for which these tools are not avail-
able, almost nothing was known about the regularity of solutions to obstacle
problems, and nothing about the corresponding free boundaries.

The aim of this paper is to establish new regularity results for a general class
of integro-differential operators of order 2s, s € (0, 1). More precisely, we
prove that

(i) solutions u are C!* at all free boundary points, and
(ii) the free boundary is C!** near regular points,

for all operators of the form

Lu(x) = u(x +y) +ulx —y) Cu) M(y/lyl)dy’ (1.D)
n 2 |y[ 2

with
uw e LOO(S"_I) satisfying w(0) = u(—60) and A <pu <A. (1.2)

We denote L, the class of all linear elliptic operators (1.1)—(1.2). (L, consists
of homogeneous translation invariant operators.)
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1.1 Main results

Given L € L,, we consider the obstacle problem in all of R"

min(—Lu, u —¢) =0 in R",
lim u(x) = 0. (1.3)
|x|— o0

The solution u to (1.3) can be constructed as the smallest supersolution u lying
above the obstacle ¢ and being nonnegative at infinity.
We assume that the obstacle satisfies

¢ is bounded, ¢ € C>'(R"), and {¢ > 0} cC R™. (1.4)

Our main result is the following.

Theorem 1.1 Let L be any operator of the form (1.1)—(1.2), and o € (0, s)
be such that 1 +s + o < 2.

Let ¢ be any obstacle satisfying (1.4), and u be the solution to (1.3). Let
d(x) = dist(x, {u = ¢}). Then, for every free boundary point xy € d{u = @}
we have

(i) either
u(x) = p(x) = ¢d" () + ol — x| T,

with ¢ > 0,
(11) or M(.X) - QD(X) = o(lx — xO|1+S+Ot)‘

Moreover, the set of points xq satisfying (i) is an open subset of the free bound-
ary and it is locally a CYY graph for all y € (0, s). Furthermore, for every xg
satisfying (i) there is r > 0 such that u € CYS (B, (x0)).

As explained above, these results were only known for the fractional Lapla-
cian; see [2]. In that case, one can transform the problem into a thin obstacle
problem for a local operator and use Almgren-type monotonicity formulas.
This is not possible for more general nonlocal operators, and new techniques
had to be developed.

The proofs we present here are purely nonlocal and are independent from
the ones in [2]. Moreover, we do not use any particular monotonicity-type
formulas for the operators. Thanks to this, our techniques can be applied in the
much more general setting of fully nonlinear integro-differential equations, as
explained next.
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1.2 Fully nonlinear equations
We also establish similar regularity results for convex fully nonlinear operators

Iu = sup(Lau + cq). (1.5)
ac A

with L, € L, for all a € A. For simplicity, we assume 70 = 0.
Given such an operator I, we consider the obstacle problem

min(—Iu, u — ¢) =0 in R",
Iim u(x) =0, (1.6)
[x]—>o00
for an obstacle ¢ satisfying (1.4).
In the next result, and throughout the paper, we use the following.

Definition 1.2 We denote @ = a(n, s, A, A) > 0 the minimum of the three
following constants:

e Thea > 0oftheinterior C* estimate for nonlocal equations “with bounded
measurable coeffiecients” given by [3, Theorem 11.1];

e The o > 0 of the boundary C¢ estimate for u/d*® for the same equations
given by [8, Proposition 1.1];

e The o > 0 in the interior C?*** estimate for convex equations given by
[5, Theorem 1.1] and [11, Theorem 1.1].

It is important to recall that, given so € (0, 1) and s € (sp, 1), the constant
a > 0 depends on sg, but not on s. In other words, a stays positive as s 1 1.

We establish the following.

Theorem 1.3 (Fully nonlinear operators) Let I be any operator of the form
(1.5), with L, satisfying (1.1)—~(1.2) for all a € A. Let @ > 0 be given by
Definition 1.2, let y € (0, a), and let o« € (0, &) be such that 1 + s + o < 2.
Let ¢ be any obstacle satisfying (1.4), u be the solution to (1.6), and d(x) =
dist(x, {u = ¢}). Then, at any free boundary point xo € o{u = ¢} we have

(1) either
u(x) — p(x) = cd'™ (@) + o(lx — x|, >0,
@i1) or

r.|m=mm&mn
im inf =
10 | B (x0)]
and u(x) — ¢(x) = o(|Jx — xo|

0

min(2s+y,1 +s+a))
9
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(i) or u(x) —@(x) = o(jx — xg|'51%).

Moreover, the set of points xq satisfying (i) is an open subset of the free bound-
ary and it is C*Y forall y € (0, @).

Recall that the interior regularity for solutions to convex fully nonlinear
equations is C*%17; see [4,11]. This is why for fully nonlinear operators we
may have free boundary points satisfying (ii) above, in contrast with the case
of linear operators (Theorem 1.1).

Still, it is important to notice that when s is close to 1 then we get the exact
same result as in the linear case of Theorem 1.1. Indeed, in that case we have
2s + a > 2, thus we may take y such that 2s +y > 1 + s 4 «, and therefore
all points (ii) satisfy (iii).

Remark 1.4 (The class of kernels) Notice that the C!** regularity of solutions
is very related to the class L., and would not be true for more general classes
of nonlocal operators. Indeed, we studied in [8] the boundary regularity of
solutions and showed that, while for the class £, all solutions are C°® up to
the boundary, this is not true for fully nonlinear operators with more general
kernels; see [8, Section 2]. This is why most of the results of the present paper
are for the class L.

Still, our techniques can be adapted to wider classes of kernels, such as the
class Lo of [3]. As explained above, in that case one does not expect solutions
to be C1*, but a modification of our methods can be used to prove the clv
regularity of free boundaries in that case too. We plan to do this in a future
work.

1.3 Global strategy of the proof

Let us briefly explain the global strategy of the proof of Theorem 1.1.

We start with a free boundary point xo € d{u = ¢}, and we assume that (b)
in Theorem 1.1 does not hold. Then, the idea is to take a blow-up sequence of
the type v, (x) = (u — @) (xo + rx)/llu — ¢l B, (x,)- However, we need to do
it along an appropriate subsequence ry — 0 so that the rescaled functions v,
(and their gradients) have a “good” growth at infinity (uniform in k). Once we
do this, in the limit r, — 0 we get a global solution v to the obstacle problem,
which is convex and has the following growth at infinity

[Vug(x)| < C(1 + |x*+), (1.7)

with s + o < min{1, 2s}. Such growth condition is very important in order to
take limits ry — 0 and to show that vg solves the obstacle problem.

The next step is to classify global convex solutions vy to the obstacle problem
with such growth. We need to prove that the convex set 2 = {vg = 0} is a
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half-space. For this, the first idea is to do a blow-down argument to get a
new solution vg, with the same growth (1.7), and for which the set {vg =
0} is a convex cone X. Then, we separate into two cases, depending on the
“size” of X. If ¥ has zero measure, we show that ¥y would be a paraboloid
in R”, which is a contradiction with the growth (1.7). On the other hand, if
Y has nonempty interior, we first prove by a dimension reduction argument
that ¥ is C! outside the origin. Then, by convexity of 7y we have a cone
of directional derivatives satisfying d,09 > 0 in R”. Then, using a boundary
Harnack estimate in C! domains [10], we prove that all such derivatives have
to be equal (up to multiplicative constant) in R”, and thus that X must be a
half-space. This implies that €2 was itself a half-space, and therefore vy is a
1D solution.

Once we have the classification of blow-ups, we show that the free bound-
ary is Lipschitz in a neighborhood of x¢, and C' at that point. This is done
by adapting standard techniques from local obstacle problems to the present
context of nonlocal operators. Finally, by an appropriate barrier argument
we show that the regular set is open, i.e., that all points in a neighborhood
of xo do not satisfy (b). From here, we deduce that the free boundary is
C! at every point in a neighborhood of xo, and we show that this happens
with a uniform modulus of continuity around x¢. Finally, using again the
results of [10], we deduce that the free boundary is C LY near x¢, and that
(u — @)(x) = cod™* (x) + o(Jx — xo|'T5T%) for some ¢ > 0.

1.4 Plan of the paper

The paper is organized as follows: In Sect. 2 we prove a C!'7 estimate for
solutions to the obstacle problem. In Sect. 3 we establish a uniqueness result
for nonnegative solutions to linear equations in cones. In Sect. 4 we classify
global convex solutions to the obstacle problem. In Sect. 5 we start the study
of the free boundary at regular points. Then, in Sect. 6 we prove Theorem 1.1.
Finally, in Sects. 7 and 8 we study the obstacle problem for fully nonlinear
operators, and establish Theorem 1.3.

2 CV7 regularity of solutions
In this Section we provide some preliminary results and establish the C'*

regularity of solutions to the obstacle problem (1.3)—(1.4). As we will see, the
results of this section apply to more general operators of the form

ulx +y) +ulx —y) b(y)
Lu(x) = /R” ( 5 — u(x)) Wdy’ 2.1
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with
b e L®°(R") satisfying b(y) =b(—y) and A <b<A. (22)

This is the class Lg of [3]. Thus, the kernels are not assumed to be homoge-
neous.
First, we show the following.

Lemma 2.1 (Semiconvexity) Let L be any operator of the form (2.1)—(2.2),
@ be any obstacle satisfying (1.4), and u be the solution to (1.3). Then,

(a) u is semiconvex, with
deett = —ll@llcr1gny forall ee S"",

(b) u is bounded, with

lull poorny < ll@llLoowrn)-

(¢) u is Lipschitz, with

lullLiprny < ll@ll ot wny-

(d) Lu is bounded, with
| LullLo®ny < C.

The constant C depends only on (¢l c1.1(gny and ellipticity constants.

Proof The proofs are essentially the same as the ones in [12].

(a) First, by definition u is the least supersolution which is above the obstacle
¢ and is nonnegative at infinity. Namely, if v satisfies —Lv > 0 in R”,
v > @ inR", and liminf|y| o v(x) > 0, then v > u.
Thus, for any given & € R" we may take

u(x+h)+ulx—nh)

C|h|%.
5 + C|h|

v(x) =

This function clearly satisfies —Lv > 0 in R", and also v > ¢ in R" for
C = ll¢llc1.1(grn)- Hence, we have v > u in R", and therefore

u(x+h)+ulx—nh) —2u(x) - _C
|h|? -

Since C is independent of & € By, we get dpeu > —C for all e € sn1
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(b) A similar argument with the constant function v(x) = [|¢||p~®n) leads
to the bound ”M”Loo(Rn) < ||§0”L°°(]R”)-

(c) Taking now the function v(x) = u(x 4+ h) + C|h|, we find the estimate
lullLip@ny < ll@llLip@®n)-

(d) By definition of u, we have —Lu > 0 in R". On the other hand, by the
semiconvexity of u and since u € L° we have Lu > —C. Hence, the L™
bound for Lu follows.

O

The next Proposition can be applied to u — ¢, where u is the solution to
(1.4).

If implies that all solutions of the obstacle problem implies that all are C!-*
for some 7 > 0 (even with L in the ellipticity class Lp).

Proposition 2.2 Let L be any operator of the form (2.1)-(2.2), and u €
Lip(R") be any function satisfying, for all h € R" and e € "1,

u=>0 in R"?
Oeett > —K in B
L —u(-—h)) > —K|h| in{u>0}N B

|Vu| < K(1 + |x|*T*) inR".
Then, there exists a small constant T > 0 such that
”M”CI’T(BI/Z) < CK.

The constants T and C depend only on n, s, o, A, and A.

The Proposition will follow from the following result. Recall that MZ’O
denotes the extremal operator associated to the class Ly, i.e.,

+ . _
Mg u= sup Lu.
LeLy

Here, Ly is the class of all operators of the form (2.1)—(2.2).

Lemma 2.3 There exist constants t > 0 and § > 0 such that the following
statement holds true.
Let u € Lip(R") be a solution to

u>0 in R"?

Oeell > —6 in By forall ec€ sn—1
M (w—u(-—h) = =8lh| in {u>0}yNBy forall heR",
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satisfying the growth condition

sup |Vu| < RY for R > 1.
Bg

Assume that u(0) = 0. Then,
|Vu(x)| < 2|x]|".

The constants T and § depend only on n, s, and ellipticity constants.

Proof We define
O(r) := sup(r’) " sup |Vu|

r'>r B,/

Note that 6(r) < 1 for r > 1 by the growth control. We will prove that
0(r) <2forallr € (0, 1), and this will yield the desired result.

Assume by contradiction that 6(r) > 2 for some r € (0, 1). Then, by
definition of 6, there will be ' € (r, 1) such that

()" Tsup [Vu| = (1 —€)0(r) = (1 —e)0(r) =
B,

9’

[NSHRS)

where € > 0 is a small number to be chosen later. Here where we used that 6
is nonincreasing.
We next define
_ u(r'x)
ux) = ———.
0 ()
Since T € (0, 5), rescaled function satisfies
u=>0 in R”
D*i = —(r')* 71778 = =8 _ inByy DB

M (@ — (- —h) = —()»717T8|r'h| = —8|h| in {a > 0}N By forallh € R",

Moreover, by definition of 6 and r’, the rescaled function i satisfies

- _ - L ﬁ
1—€< sup supu_)
k<174 Bi A
- _ —_ L ;_l
and  sup sup LM _ gy 1y (2.3)
lh|<1/4 Br |h]

forall R > 1.
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Let n € C2(B3)2) with n = 1in By and n < 1 in Bs/s. Then,

sup sup
|h|<1/4 B3)2

(ﬁ —i(-—h)

_ +36n) > 14 2e.
d

Fix hg € Bj/4 such that

iu—u(-— hgp)
fop:=max | ———— 4+ 3en ) > 1 +e€.
B3 |hol
and let xo € B3/ be such that
u(xog) —u(xg—h

(o) = 40 = ho) 4 300y =, 2.4)

|hol
Let us denote
=i = hy)

Aol
Then, we have
v+ 3en < v(xg) + 3en(xg) =1ty in ?/2
Moreover, if 7 is taken small enough then

supv < 4+ 1/H" < 1+€ <1,
By

and therefore
v+3en <1ty in Bs. (2.5)

Note also that xo € {# > 0} since otherwise u(xg) — u(xg — ho) would be a
nonpositive number.

We now evaluate the equation for v at xq to obtain a contradiction.

Now we crucially use that D%*i > —81d, i > 0, and i(0) = 0. It follows
that, forz € By and ¢’ € (0, 1),

L R £ PPN |- LV
u(tz)§tu(z)+(1—t)u(O)—i-Tl(l—t)Su(z)—i-Tt(l—l)
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and thus, for 7 € (0, 1), setting z = x(1 +¢/|x|) and ¢’ = 1/(1 +t/|x|) we
obtain, for x € Bj,

tlxl_ 8lxle _
(I+1t/Ixp?2 2~

_ _( x) ) )
ux) —aflx+t— ) < =(x|+1)
x| 2

Therefore, denoting e = hg/|hol, t = |ho| < 1 and using that by (2.3)
lillLipBy) < 3/2

we obtain

u(x) —u(x —te) - u(x) —u(x —te) N u (x +f%) —u(x)

= )
v(x) t - t t +
i (x +t|§—|) —ii(x —te)
=< + 6
t
< ) + +46 < :
=2 T T
in the set
1
Ce := {x : e-i—i < —}031,
x|
provided § is taken smaller than 1/16.
Then, recalling that
v(xo +y) +vlxo —y) —n—
Mgov(xo)zA/ ( 5 —v(xo) ) Iy dy
" +
v(xo+y)+v(xo — y) —n—
—,\/ ( 5 —v(xo) ) Iy dy,
R" -

we want to show that MZO v(xp) < —§ in order to get a contradiction. Indeed,
using

1—2¢ <v(xg) <1+4c¢
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and
v(xo + y) +v(xo — y)
— v(xp)
2
C6|y|2 in By
<1 (y|+2)*—14+2¢ in R"\ By

1/4 -1+ 2¢ in (—xo +C. N By),

we find

MEeo) = & [ CelyP i dy

B

+ A/ [y +2)7 — 1426}yl dy
R™\ By

A
——/ (1 —2¢ —1/4)|y|™" > dy
2 J_xo+c.nB

< Ce+ C/ (¥l +2)7 = Yy > dy — .
R™\ By

with ¢ > 0 independent of § and t (if T is small enough). Thus, if € and t
are taken small enough we obtain —§ < Mzrov(xo) < —c/2; a contradiction
when § < c/4. O

We finally give the proof of Proposition 2.2. In fact, the exact same proof
will yield the following result, which is an extension of Proposition 2.2 to
equations with bounded measurable coefficients. This will be used in Sects. 7
and 8.

Proposition 2.4 Let L be any operator of the form (2.1)-(2.2), and u €
Lip(R"™) be any function satisfying

u=>0 in R"
Oeell > —K in B
ML (u—u(-—h) = —K|h| in{u > 0}N B

\Vu| < K(1 + [x]*T%) inR"

forallh e R" and e € S"1 Then, there exists a small constant T > 0 such
that

”M”Cl,r(Bl/z) < CK.

The constants T and C depend only on n, s, \, and A.
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Proof of Propositions 2.2 and 2.4 Let xo € B34 be any point at which
u(xo) = 0. Then, after rescaling and truncating the function u#, we may apply
Lemma 2.3 to find

[Vu(x)| < CK|x — xo|* (2.6)
at every such point xg € B3/4.
Now, let x € {u > 0}, let xg be its nearest point on {# = 0}, and let
r = |x — xo|. By (2.6), we have
[Vu(x +rz)| < CKrt(1+|z]%).
Therefore, by interior regularity estimates [3], we will have

[Vulcr (s, ) = CK (2.7)

forall x € {u > 0} N B3 4.
Let now x and y be any two points in By 2, and let us show that

[Vu(x) — Vu(y)| < Clx — y[". (2.8)

Let d(z) = dist(z, {u = 0}), and r = min{d(x), d(y)}. Define also R =
lx — yl.

If 2R > r, then (2.8) follows from (2.6) and the triangle inequality. If

2R < r then Brr(x) C {u > 0}, and thus (2.8) follows from (2.7). Hence
(2.8) holds, and therefore

”vu”CT(Bl/z) =< Ca

as desired. O

3 Uniqueness of positive solutions to Lv = 0 in C! cones

The aim of this section is to prove the following Phragmen-Lindelof type
result.

Theorem 3.1 Let ¥ C R" be any cone with nonempty interior, with vertex at
0, and such that 3% is C' away from 0. Let L € L, and uy, uy be functions
in C(R") satisfying

/ w0+ [y ™2 dy < oo,
Rn
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Assume that u; are viscosity solutions to

Lu; =0 inR"\ &
ui=0 inX 3.1)
u; >0 inR"\ X.

Then,
u = Ku2 in Rn

for some K > 0.

The proof of the previous result requires several ingredients. First, we will
need aboundary Harnack inequality for the class £, in C! domains, established
in [10].

Proposition 3.2 [10] Let L € L, and 2 C R" bea C U domain with modulus
of continuity p. Let uy, uy € C(R") be two (viscosity) solutions of

Lui=0 inBNQ

u; =0 in B1\ Q 3.2)
u; >0 in R".
Assume
/n i (y)(1+ |y|)_n_25 dx =1.
Then,

ujl .
O0<c=<—=<C inBp,
us

where ¢ and C depend only on p, n, s, and ellipticity constants.

We next show an auxiliary lemma, a version of boundary Harnack, which
is the first step towards Theorem 3.1.

Lemma 3.3 Let ¥ C R" be a cone with nonempty interior, with vertex at 0,
and such that 3% is C' away from 0. Let L € L, and u;, i = 1,2, be two
solutions of

Luij=0 inBy\X
u; =0 inx (3.3)
u; >0 inR"\ X.
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Assume in addition that

[ a2y =1 (3.4)
Then,
uy>cur and ur >cu; inBj

for some ¢ > 0 depending only on n, s, X, and the ellipticity constants.

Proof We divide the proof into three steps.

Step 1. We show first that if P is a point with |P| = 1 and B;(P) C R*\ &
then (3.3) and (3.4) imply that u; and u, are both comparable to 1 in
B1/4(P). First, by Theorem 5.1 in [4] we have that

0<u; <C in By;(P).

On the other hand we have the following dichotomy: either

(@) wehave [ pyui()(1+ Iy dy = 5.

or
(b) we have fo . py i+ 1Y) dy > 4.

In both cases we claim that
ui > ¢ >0 in Byj(P). (3.5)

Indeed, in the case (a) the supremum of u; in Bj/4(P) is bounded below
by a positive universal constant and hence the interior Harnack inequality
immediately implies (3.5).

In case (b) the function

2
P (x) = (1 —4lx — P|)" xByu(p)(X) + i (X) xR\ B 4 (P) (X),

with ¢ small enough, satisfies L¢p > 0 in B ,2 (it is a subsolution of the
equation). Therefore, since u > ¢ in R" \ By,2(P) we obtain

ui(x) > c(1—4lx — P))* in Byja(P),
and (3.5) follows.
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Step 2. We show that u; and u; are comparable up to the boundary in the
annulus

A= B3;; \ By)2.

Note that by assumption the domain B, \ X will be C! at all the boundary
points z € dX N (B32 \ Bi,2).
Therefore, by Proposition 3.2, we have

0<c<<C ina (3.6)
17%)

with C depending only on 7, s, ¥ and the ellipticity constants.
Step 3. We finally show that u| > cus.
Let us define

w = {MZXBl + CXB]/4(P)}-
It follows from (3.4) that w is a subsolution in By 3 \ X, i.e.,
Lw>0 inBip\X,

provided that C is chosen large depending only on , s, and ellipticity constants.
Notice that here we are exploiting the nonlocal character of the equation in
order to obtain such a simple subsolution.

Thanks to Step 2 we have u; > ¢ win B3 2\ By 2, for some ¢ > 0 depending
only on n, s, ¥ and the ellipticity constants. Since w = 0 outside B3> and
u; > 0 we also have u; > cw outside B3/>. The same inequality trivially
holds in ¥ where both # and w vanish. Thus, it follows from the maximum
principle that

Uy >cw >cup inall of By,

as desired. O

Using the previous Lemma, we can now establish Theorem 3.1.

Proof of Theorem 3.1 Let P be a point with |P| = 1 and B;(P) C R" \ X.
We may assume after normalization that

ui(P)=1,
and we want to prove uj = u;.
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Step 1. We first show, using Lemma 3.3 at every scale, that
uy >cuy and wup > cuy inall of R”, (3.7

for some ¢ > 0 depending only on n, s, ellipticity constants, and X.
Indeed, given R > 1 we define u; as

where C; are chosen so that

[ ama s Fay=t.

By Lemma 3.3, we have

uy >cup and up > cuy in By. (3.8)
But since

I =u;(P) = Ciu;j(P/R),

and since u1(P/R) and u> (P /R) are comparable, then we obtain that C; and
C, are comparable. Hence, rescaling the first inequality in (3.8) from Bj to
Bgr we obtain

uy >cup and wuyr > cuy in Bp.

Since R > 1 is arbitrary, (3.7) follows.
Step 2. We define
c= sup{c >0 : uy>cujinall ofR"}.
By Step 1 we also have ¢ # 400. Define
vV=1uy—cui,

which is either O in all of R” or positive in R” \ X (by the interior Harnack
inequality). If v > 0 in R" \ %, applying Step 1 to the two functions v/v(P)
and u, with v/v(P) playing the role of u>, we deduce that v > du; for some
8 > 0—which may depend on v. This is a contradiction with the definition of

¢, and hence it must be v = 0 and u» = cuy. Since u1(P) = u(P) = 1, then
¢ = 1, and the result is proved. O
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4 Classification of global convex solutions

The aim of this section is to prove the following result, which classifies all
global convex solutions to the obstacle problem under a growth assumption
on u.

Theorem 4.1 Let Q C R" be a closed convex set, withQ € 9Q2. Let o € (0, s)
be such that 1 +s + o < 2. Let u € C'(R") be a function satisfying, for all
h € R",

[ L(Vu) =0 inR"\ Q
Lu—u(-—h) >0 inR"\Q
D*u >0 in R" (4.1
u=20 in Q

| u >0 in R",

Assume that u satisfies the following growth control
| VullLooppy < R forall R > 1. 4.2)
Then, either u = 0, or
Q={e-x<0} and u(x)= C(e-x)fr“

for some e € "' and C > 0.

We will establish Theorem 4.1 by using a blow-down argument combined
with the following Proposition, which corresponds to the particular case in
which € is a convex cone ¥ with nonempty interior.

Proposition 4.2 Let 3 be a closed convex cone in R" with nonempty interior
and vertex at 0. Then, Theorem 4.1 holds for Q = X.

To prove the Proposition we will need the following.

Lemma 4.3 Let u : R" — R be a convex function such that the set {u = 0}
contains the straight line {te’ : t € R}, ¢’ € S*\. Then, u(x + te’) = u(x)
forallx e R" and allt € R.

Proof Let p(x) = ax + b be a supporting hyperplane of the epigraph of u.
Since {# = 0} contains a straight line parallel to e it must be a - ¢’ = 0, since
otherwise

0=u(te)>pite)=t@-e)+b
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would be violated by taking + = C(a - ¢’), with C > 0 large. Thus, every
vector belonging to the sub-differential of u at some point in R” is orthogonal
to ¢/, and this means that u is constant on lines that are parallel to ¢’. O

We give now the:

Proof of Proposition 4.2 We prove it by induction on the dimension n. We
divide it into two steps.

Step 1. We show first that the proposition holds when X is C! away from
O—in particular for the case n = 2.

Since X has nonempty interior we may choose n linearly independent vectors
e;,i =1,2,...,n,suchthat —e; € X and |¢;| = 1. Then, we consider

Ui = 88,’ u,
and notice that they solve

Lvi=0 inR"\ ¥
v,=0 nX 4.3)
v, >0 inR"

The non-negativity condition v; > 0 follows from the convexity D?u > 0 and
the fact that —e; € ¥ = {u = 0}.

Now, since ¥ is C! away from 0, it follows from Theorem 3.1 that the linear
space of functions

n
[ZA,‘U,‘ s (ML A, ) €RY
i=1

has dimension at most one. This means that v; = a;v; forsome 1 < k < n
and foralli =1, ..., n, and thus 9, _q,¢,u = 0 in R” for all i # k. It follows
that u has 1 — D symmetry, that is, u = ¢ (e - x) for some e € §"~! and
¢ : R — R. In particular, ¥ = {e - x < 0}, where we have used that Oc 9 X.

But then ¢ € C! is a nonnegative solution of L(¢') = 0in R, ¢ = 01in
R, satisfying ¢ (t) < C(1 +57%), witha € (0, s). It follows from Theorem
4.1 in [9] that ¢'(t) = K (1), and thus ¢ (z) = K(t)fs for some K > 0.
Hence,

u(x) = K(e-x),
as desired.
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Step 2. We show next by induction on the dimension that the cone X will
be C! away from 0, and hence that we can always apply Step 1.

Assume that the statement of the proposition holds true up to dimension
n — 1. Then, we will prove that convex cone £ C R” must be C! away from
0. More precisely, we will show that for any z € 3% N d B; the blow-up of X
at the point z is a half-space. This, together with the fact that X is convex will
imply that X is C! away from 0.

Let us consider a blow-up sequence at points z € dB1 N dX. Forr > 0, we
define

Vulre(s,
8(r) = sup Il ”f (B,/(2))
Fr (r )s+ot

Note that 6(r) < oo for all » > 0 thanks to the growth control (4.2).
Moreover, we claim that

O(r)y > o0 as r — 0. 4.4)

Indeed, let B be a ball of radius 1 such that B C R"” \ ¥ and z € 9B (recall
> is convex), and let wg be the solution of Lwg = —1 in B, wyg = 0 in
R" \ B. By the results of [8], we have that wg > c¢d® for some ¢ > 0, where
d(x) = dist(x, R"\B).Let K CC Bbeanycompactsetin B,andn € C2°(K)
besuchthat0 < n < land |, x 1 > 0.Then, the function ¢ = wo+Cn satisfies
Lp>0inB\K,¢p=0inR"\ B,and¢p < Cin K.

Let now e € S"! be such that —e € ¥. Then, d,u > 0 in R”, and by
the Harnack inequality d,u > ¢ > 0 in K. Therefore, we may use €¢ as a
subsolution to find that d,u > €¢ in B, and in particular d.u > c¢d® in B for
some small constant ¢ > 0. Hence, ||Vu|[zo B, ;) > cr® forall r € (0, 1),
and this yields (4.4).

Now, thanks to (4.4), for all m € Ntherearer), > 1/mandz,, € 9B NJIX
such that r;, — 0 and

0(/m) _ 0(ry)
2 T2

(r,ﬁ,)_s_“IIVulleB,,;, @) =
Then the blow-up sequence

u(z+rpx)

satisfies the growth control

Vit || Loo(pey < R°TY forall R >1
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and the “nondegeneracy” condition

N | —

Vil Loo(By) =

By the C!' estimates of Proposition 2.2 and the Arzela-Ascoli theorem,
the functions u,, converge (up to a subsequence) locally uniformly in the C'
topology to a function u, that satisfies

| Vitooll Loy < R*TY forall R > 1, (4.5)
1
Vool Loy = 7 (4.6)
and
L(Vue) =0 in R"\ 2
L(tog —Uoo(-—h)) >0 in R*"\ X
(oo ~ ool =) 2 \ oo 4.7
D%use >0 in R”
Uoo =0 in X,

where X is the blow-up of X at z € 0X N JdBy.
Now, since X is a cone with vertex at 0 and |z| = 1, the cone X will
satisfy

re +To = T forall A € R,

at least for one vector ¢/ € §"~! (just take ¢’ = z).
But since us, > 0 is convex and its zero level set X is invariant under
translations in the direction ¢’, then by Lemma 4.3

UsoMe' + ) = Uoo.

Thus, 1 is a function of only n — 1 affine variables and hence solves the same
problem in dimension n — 1.

It then follows from the induction hypothesis that X, is a half-space and
that uso = K (e -x)frs for some e € S"~! and K > O—the fact that K is not
zero follows from (4.6).

Thus, X is a convex cone ,with vertex at 0, with nonempty interior, and such
that its blow up at every point z € 9% with 1/2 < |z| < 3/2 is a half-space.
Therefore, 3% is C! away from the origin. Indeed, since ¥ is convex, d X is a
convex graph locally. Namely, for some § > 0 we have under the appropriate
choice of coordinates,
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¥ N Bs(z0) = {x, > G(x)} N Bs(z0),

for all zg € 0¥ with |zg| = 1, where with G convex.
But since the blow-up of X (of G) is a plane for all z € B;s(zp) we find that
G is C! and thus 9% is C! near zo. O

We next show the following.

Proposition 4.4 Let X be a closed convex cone in R" with empty interior and
vertex at 0. Then, Theorem 4.1 holds for Q = X.

We will need the following supersolution.
Lemma 4.5 Lets € (0, 1), and L € L. Givene € S"~!, the function ¢ (x) =
exp(—|e . x|) is a viscosity supersolution of

Lp<C inR"

and satisfies the inequality pointwise. The constant C depends only on n, s,
and ellipticity constants.

Proof The function ¢ (x) = min{4, exp(—e - x)} satisfies
Ly <C in{e-x > —1}

and the function ¢, (x) = min{4, exp (e . x)} satisfies
Lpy <C infe-x < 1}.

It immediately follows that ¢ = min{¢, ¢} is a viscosity supersolution in all
of R" and satisfies the inequality pointwise. O

We now give the:

Proof of Proposition 4.4 Since X is convex and has empty interior it will be
contained on some hyperplane ¥ = {e - u = 0}. Using Proposition (2.2)
(rescaled) at every ball Bg and (4.2) we obtain

[M]CI,I(BR) < CRS—HX_I

In particular u € Cllo’cr (R™M).

Let us show now that, given & € R", the function v := u — u(- — h) is a
viscosity subsolution of Lv > 0 in all of R”. Indeed, for ¢ € (0, 1) consider
Ve = v — £¢, where ¢ is the supersolution of Lemma 4.5. Note that ¢ has a
positive wedge on ¥ = {e - u = 0}.
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Assume xo € R” and that w is C? in a neighborhood of x( and touches v,
by above at xg. Since v € Cllo’cr (R™) then v, has a negative wedge on ¥ and
thus it can not be touched by above by a C? function on X. Thus x( does not
belong to ¥. Then, we use that Lv > 0 in R” \ X to obtain

Lve(xp) > Lv(xg) — eLp(xo) = 0—Ce

Then, v = sup,_( ve is a viscosity subsolution of Lv > —Ce for all ¢ > 0.
Therefore Lv > 0 in the viscosity sense in all of R", for every h € R”, i.e.,

L(u—u(- —h)>0.

Now, changing & by —h we get L(u( -+ h)— u) < 0, or equivalently L(u -
u(- — h)) < 0in all of R". It follows that, for any fixed h

Lv=L(u—u(- —h)) =0 inallof R"
Using (4.2) we have
vllLeoBg) < [RIRTE

for all R > 1, and since s + o < 2s the regularity theory for Lv = 0 implies
that v is affine. Thus, u is a quadratic polynomial. But since u is convex, has
a minimum at 0, and it has subquadratic growth at co (since 1 + s + o < 2)
we obtain that u = 0, as desired. O

We finally give the:

Proof of Theorem 4.1 The proof is via a blow-down argument. If # = 0 there
is nothing to prove. Hence, we will assume that « is not identically O and thus
Q # R

After a translation we may assume that 0 € d€2. Since €2 is convex, then we
will then have

QcCle-x <0}

for some e € S" 1.
For R > 1 define

IVull LB,
O(R) = sup ———— K~
) R’ZPR (R)ste

Note that 0 < 8(R) < oo and that it is nonincreasing.
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For all m € N there is R), > m such that

om) _ 6(R,,)

2 2

(Ry) ™ N Vumll oo (g, =

Then the blow down sequence

u(R),x)
(R}/n)l—i-s+o:9(R’/n)

Uy (x) =

satisfies the growth control
Vit || Loo(Bpy < R*T® forall R > 1

and the “nondegeneracy” condition

IVl LooBy) >

N | =

By the C1'7 estimates of Proposition 2.2 and the Arzela-Ascoli theorem,
the functions u,, converge (up to a subsequence) locally uniformly in C! to a
function uo that satisfies

| VitoollLoo(Bgy < RTY forall R > 1, (4.8)
Vusollieisn = 3, (49)
and
L(Viusg) =0 inR"\ &
Lo —Uoo(-—Hh)) >0 inR"\ X
D(zuoo >0 | in R" \ 10
Uoo =0 in X,
where
T =()Q/R,Cle-x <0} 4.11)
k>1

Note that (4.11) follows from the convexity of €2: since 0 € 92 then we have
QD Q/RDQ/R, D - D QR forallk > 1.
Notice that X is a cone.
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If ¥ has empty interior then it follows from Proposition 4.4 that u, = 0.
Hence, ¥ has nonempty interior.

Now, using the interior Harnack inequality and the fact that Vi, is not
identically zero, we find that ¥ = {Vus = 0} = {uso = 0}, where the last
identity is by convexity of u«,. Thus, it follows from Proposition 4.2 that

Uoo(X) = C(e-x)ljs and X ={e-x <0}
Using that 0 € 9€2, (4.11), and the convexity of €2, it then follows that
Q=Y ={e-x <0}.
Hence, using again Proposition 4.2 we find that
u(x) = K(e- x4t
for some K > 0, and the theorem is proved. O
Remark 4.6 In the second order case there are non-trivial global solutions

with ellipsoids and paraboloids as zero sets. These solutions have the same
homogeneity at infinity (quadratic) as the half-space solution.

5 Regular points and blow-ups

We start in this section the study of free boundary points. More precisely, we
show that at any regular point xqo there is a blow-up of the solution u that
converges to a global convex solution of (4.1) satisfying (4.2).

From now on, we consider the equivalent problem

u>0 in R”
Lu<f in R”
Lu=f in {u > 0}

D*u > —1 inR".

(5.1)

This is obtained by subtracting the obstacle ¢ to the solution u to (1.4) and
then dividing by C||¢|| c2.1gn). For convenience, we still denote u the solution
to (5.1).

Notice that, dividing by a bigger constant if necessary, we will have

feC'®") with | fllLipen < 1. (5.2)
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Moreover, by the results of Sect. 2,
u e C“(]R”) with lullcregny <1, (5.3)

for some 7 > 0.

Definition 5.1 We say that a free boundary point xg € d{u > 0} is regular if

SUPB, (xo) ¥ _

lim sup Trsta = 00 5.4)

rl0

for some o € (0, s) suchthat 1 +s + o < 2.
Notice that, according to this definition, non-regular points will be those at
which u(x) = O(Jx — xo|' 1) for all such values «.

The definition of regular free boundary point is qualitative. In some of our
results we need the following quantitative version.

Definition 5.2 Let v : (0, o0) — (0, 00) be a nonincreasing function with

limv(r) = oo.
rl0

We say that a free boundary point xg € o{u > 0} is regular with modulus v if

SUPg , (xg) 4

Sllp (r,)1+s+a

r'>r

> v(r) (5.5)

for some o € (0, s) suchthat 1 +s + o < 2.

We next show the following result, which states that at any regular free
boundary point xg there is a blow-up sequence that converges to K (e - x)fs

forsome K €e Rande € S"1.

Proposition 5.3 Let L € L., and u a be solution to (5.1)—(5.3). Assume that
0 is a regular free boundary point with modulus v.
Then, given § > 0, Ry > 1, and ro > O there is

r =r(8, Ro,ro,c,v,s,n, 1, A) € (0, r9)
such that, for some d > 0, the rescaled function

u(rx)
d

v(x) =
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satisfies, for some e € sr—1

”VU”LOO(BR) < RSt forallR > 1, (5.6)
IL(Vv)| <8 infv> 0}, (5.7)

and
lv—K(e 0|+ |Vo—K( +s)e-x)e| <8 inBr, (58)

. e 1
for some K > 0 satisfying 7 < K < 1.
For this, we will need the following.

Lemma 5.4 Let L € L, and u be the solution to (5.1)—(5.3). Assume that xg
is a regular free boundary point with modulus v. Then, the quantity

0(r) = sup(r) " V| o 5 ) 5:9)

r'>r
satisfies 0(r) = v(r) forallr > 0.
Proof Since u(xo) = 0 for every r’ > 0 we have:

N—1—s— IN—S—
)T Nl won = O Vi e 1)

and the result follows taking supremum in »’ > r and using the definition of
V. O

To prove Proposition 5.3 we will also need the following intermediate step.

Lemma 5.5 Given 6 > 0 and Ry > 1, there is
n=n(, Ro,a,n,s, A, A) >0

such that the following statement holds:
Let v € Lip(R") be a nonnegative function satisfying

IL(Vv-e)| <n infv>0} forall ee ",
D*v> —pld in R",
[Voll oo g,y = BT forall R=1,
and
1

”VU”LOO(B]) z 7
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Then, for some e € S"=1 we have
lv—K(e - 0) |+ |Vo—K(1 +s)(e-x)\ el <8 inBg,
where

<(0+s)K =<1

N =

Proof The proof is by a compactness contradiction argument. Assume that for
some Ry > 1 and § > 0 we have sequences n; | 0, Ly of the form (1.1)—(1.2),
and v; € Lip(R") of functions satisfying

|Li (Vg - €)| < me in {vg > 0} forall ee $",
D?v; > —mld inR",
Vol oo g,y = BT forall R > 1,
and
1
190 ey = 3 (5.10
but we have
ok — K (e - X)HS Hcl(BR y =8
1
forall - < (I1+5)K <1 and ee sl (5.11)

By Proposition 2.2 (rescaled) we obtain that vy is C'7 in all of R” with the
estimate

[Vor] e g,y < CRTTTT forall R > 1.

Thus, up to taking a subsequence, the operators L; converge weakly to
some operator L € L,—the spectral measures ai(y/|y|) converge weakly
in L®(S" 1. By Arzela-Ascoli, the functions vx converge in Clloc(R”) to a
function v, that is a viscosity solution of

L(Vvs -€) =0 in {ve > 0} foralle € S" 71,
D?*vs > 0 in R”
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with the growth control
||Vvoo ||LOO(BR) < R*T forall R > 1.
By the classification result Theorem 4.1, we have
Voo = Ko(x - e)1++s, forsome ee "' and Ko > 0.

Passing (5.10) to the limit and using the growth control we have
1
5= | Vo HLOO(BI) =1

and thus § < (14 5)Ko < L.

We have shown that v; — Ko(x - e)fs in the C! norm, uniformly on
compact sets. In particular, (5.11) is contradicted for large k, and thus the
lemma is proved. O

Proof of Proposition 5.3 We will deduce the result from Lemma 5.5. For this,
we have to rescale the solution u appropriately and check that the hypotheses
of the lemma are satisfied.

Let

O(r) == sup(r’)~*7¢ “Vu“ L>®(B,1)’

r'>r

By assumption, 0O is a regular point with modulus v. Then, by Lemma 5.4 we
have

6(r) >v(r) > o0 asr 0.

Note that € is nonincreasing.
Then, for every m € N there is an

/
'y =

1
m
such that
/I \N—S—Q 1 1 /
)=Vl o = 500 m) = S0G). (5.12)
Note that since || Vu||po®r) < 1 we have

() > %9(1/m> > %v(l/m)
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and thus

1

— <71, < A/m)~ VT Lo,

m

This shows that taking m large enough we will have r,, < ro.
Define the* blow-up sequence”

u(r x
Uy (x) = W
By definition of 8, we have
IVom| oo gy = BT forall R > 1, (5.13)
and by (5.12)
||va||Loo<B.) > % (5.14)

On the other hand, the function v,, satisfies

|va |_ ﬂuvu(ﬂ .)|
SNCARESIGH 8
(rr/n)l+25
—_— \%
— (r}%)1+s+a(9(r’/n) xsélﬂsn‘ f|
_ )
0 (ry,)
1 1

< < = Nm
v(r),) — v(l/m)

in the domain {v,, > 0}. Furthermore,

2 1—s—
(rp) SO b

2 _
Drom = s Tsrag ey P T ()

Id>—pn,ld in R"

Take now m large enough (but fixed) so that n,, < n, where 7 is the constant
given by Lemma 5.5. Then, by Lemma 5.5 we obtain

|vm —K(e-x)1L+S| + |va — K(l—i—s)(e-x)ie\ <4 in Bg,

with1/2 < (14+s)K < 1. O
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6 Optimal regularity of solutions and regularity of free boundaries

We prove in this section Theorem 1.1. The proof will consist on several steps.

First, we prove that the free boundary will be Lipschitz near any regular
point xq, with Lipschitz constant going to zero at that point. Using this, we
then prove that the set of regular points is open, and thus the free boundary is
C! near those points. Finally, we deduce that the free boundary will be C!-7,
and that the solution will be C1*.

6.1 Cones of monotonicity

We prove first the following result, which states that the free boundary is
Lipschitz in a neighborhood of any regular point xo. Moreover, the Lipschitz
constant approaches zero as we approach xo, so that the free boundary is C'!
at xq.

Proposition 6.1 Let u be a solution of the obstacle problem (5.1)—(5.3) and
assume that xo = 0 is a regular free boundary point with modulus v. Then,
there exists a vector e € §"~! such that for any £ > 0 there is r > 0 such that

{u>0yNB, ={x, > g(X1.%2,.... %~} N B,

where X = Rx, R rotation with Re = e,, and where g is Lipschitz with

lgllcois,) < €.
Moreover,
dou >0 in By, forall ¢ -e> L’
Vite?
and

deu > cr’t® in B,.(2re) C {u > 0}.

The constants ¢ and r depend only on £, «, v, n, s, A, A.
For this, we will need the following:

Lemma 6.2 Thereis e = e(n, s, A, A) > 0 such that the following statement
holds.
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Let E C Bp be some relatively closed set. Assume that w € C(By) satisfies
(in the viscosity sense)

Lw<c¢g in B\ E
w=20 in EU@R"\ Bp) (6.1)
w>—¢ inBy\E,

and
/ wedx > 1. (6.2)
B

Then,
w>0 in Bl/z.

Proof Let v € CZ2°(B3;4) be some radial bump function with v/ > 0 and
satisfying » = 1in By ;. Let

Y(x) = —e —t 4+ e (x).

If the conclusion of the lemma does not hold then 1, touches w by below
at z € B34 for some t > 0. Since ¥; < —t in all of R” we have that
w(z) = ¥+(z) < 0 and hence z belongs to By \ E.

By Lemma 3.3 in [3], the operator L can be evaluated classically at the
point z.

One the one hand we have

Lw—y)@ 24 [ w—yoe+ " 2 k/B wy dx > A

On the other hand
L(w —v)(z) < Lw(z) + [LY(2)| = ¢ + Ce.

We obtain a contradiction by taking & small enough. O

We now show Proposition 6.1.

Proof of Proposition 6.1 Let§ > 0, Rp > 1, and rg > 0 to be chosen later,
and consider the rescaled function

u(rx)
d 9

v(x) =
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with r € (0,r9) and d > 0 given by Proposition 5.3. Recall that for some
e € §" ! we have

[Vu(x) — K1 +5)(x - e)’e| <3,

forsome}‘ <K <1.
Let e’ € "~ ! with

e/ . e Z L Z {
Vi4e2 2
(we may assume that £ < 1).
Then, we have
Vv-é > (e - x)} — 48 in Bg,, (6.3)
and
|IL(Vv-¢e)| <é& in{v > 0}. (6.4)

Let ¢ > 0 be the universal constant from Lemma 6.2. Then, for every given
£ > 0from (6.3), (6.4), and the growth control (5.6), we see that we can choose
C universal large enough, and Rg large enough (depending only on ¢, «, n, s,
8, » and A) so that the function

C
w = Tl(Vv . e/))(B2

satisfies
Lw<S1s<e inB\E
w=0 in EU (R"\ By) (6.5)
wz—%&z—e in B\ E,

and

/ W+dXZ 1,
B

provided that C is large enough and § is small enough.
Then, Lemma 6.2 implies that

w >0 in By.

@ Springer



Obstacle problems for integro-differential operators...

Using that v is a rescaling of u, this is equivalent to

dou >0 in By .

14

o . . S NI+
Lipchitz epigraph in de direction e with Lipschitz constant bounded by ¢.

Finally, using (6.3) we find

This happening for all ¢’ with ¢’ - ¢ > implies that { > 0} isin B,> a

deu > cr*t® in B.(2re),

and the Proposition is proved. |

6.2 C! regularity of free boundaries

We prove now that the set of regular free boundary points is open, and that the
free boundary is C! near those points.

The following lemma from [10] states the existence of positive subsolutions
of homogeneity s + € vanishing outside of a convex cone that is very close to
a half space.

Lemma 6.3 [10] Lets € (0, 1), and e € S"~'. Foreverye > O thereisn > 0
such that the function

B n (e.x)z s+e€
P(x) = (e-x - Z|x| (1 BT ))+

satisfies, for all L € L,

L® >0 inC,
®=0 inR"\C,

where

2
Cy = xeR”:e-i>ﬁ|x| 1—(e x) .
lx| 4 |x|?

The constant n depends only on €, s, and ellipticity constants.
Using the previous Lemma, we now show the following.

Proposition 6.4 Let u be a solution of the obstacle problem (5.1)—(5.3) and
assume that 0 is a regular free boundary point with modulus v. Then, there
is r > 0 such that every point on d{u > 0} N B, is regular, with a common
modulus of continuity V.
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Proof By Proposition 6.1, there is e € S"~! such that given n > 0 small there
is r > 0 for which

(x0 + Cy) N Bar(x0) C {u > 0} N By, (0) forall xg € {u > 0} N B-(0).
Here, C), is the cone in Lemma 6.3.

Hence, the rescaled function #(x) = wu(rx) is a solution of the obstacle
problem satisfying

(xo +Cp) N Ba(xp) C {u >0} N By forallxo € {u >0} N By
and,
|L@.@)| < Cir* in{u > 0} N By.
By Proposition 6.1 we have

dell > cor’™® >0 in By (2e).

But from the homogeneous solution ® in Lemma 6.3, which has homo-
geneity s + €, we build the subsolution

V= ®xp, + C3XB)420)-
Indeed, if C3 > 1 is large enough, then  satisfies
Ly >1 in By \ By/4(2e)
and
Y =0 outside C,,.

We now use the translated function cor* Ty (x — xo)/C3, with Xo € {it >
0} N By /4 as lower barrier. Taking r small so that C 12 > corste /C3, we will
have 0,1 (x) > cor® Ty (X9)/ C3. Thus, by the maximum principle,

deit = cor’ T (x — X0)/ Cs,
and using that ® is homogeneous with exponent s + €, we find
90l (Xo + te) > ct*T€

for t € (0, 1). In particular, | Vu||p, s > ct® ¢, and therefore x( is a regular
point (with D(¢) = ct€~%). O
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Using the previous result, we find the following.

Proposition 6.5 Let u be a solution of the obstacle problem (5.1)—(5.3) and
assume O is a regular point. Then, there isr > 0 such that 0{u > 0} N B, is a
C! graph.

Proof By Propositions 6.1 and 6.4 thereis 7 > Osuch thatI" := 9{u > 0}N B,
is a Lipschitz graph (in some direction e) and every pointin I is a regular point.
Moreover, by Proposition 6.1 we have d,u# > 0in B, and d,u is notidentically O
in B,—otherwise I" would not be contained in the free boundary. Furthermore,
by Proposition 6.4, all points in I" are regular points with a common modulus
of continuity.

Thus, applying again Proposition 6.1—now at every regular point xo € I"
and with £ \, O—we find that {u > 0} is C! at every point xy € I, with a
uniform modulus of continuity. O

6.3 Proof of Theorem 1.1

We now prove the optimal C!»* regularity of solutions and the C!-¥ regularity
of free boundaries. For this, we will need the following from [10].

Theorem 6.6 [10] Let s € (0,1) and y € (0, s). Let L € L., and 2 be any
C! domain.

Then, there exists is 6 > 0, depending only on vy, n, s, €2, and ellipticity
constants, such that the following statement holds.

Let vi and vy, be viscosity solutions of

{Lvi:gi in By N 6.6)

vi=0 inB\L,
Assume that || g; ||L>~B,n@) < Co, [|VillLo®n) =< Co,
gi>—6 in BN,
and that

v; >0 in R", supv; > 1.

Then,

lvi/v2llcr@nsy ) < CCo v € (0,5),

where C depends only on y, n, s, 2, and ellipticity constants.
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We will also need the following result.

Theorem 6.7 [10] Lets € (0, 1) and y € (0, s). Let L € L., Q be any CY
domain, and d be the distance to 0S2. Let v be any solution to

{Lv:g in By N2 6.7)

v=0 inB1\Q,
Then,
lv/d*lley s, ) = € (lgllz=Bing) + IlvlliLeom) -

The constant C depends only on n, s, 2, and ellipticity constants.
We now give the:

Proof of Theorem 1.1 After subtracting the obstacle ¢ and dividing by a con-
stant, u satisfies (5.1)—(5.3).

According to our definition of regular points, if xq is a free boundary point
which is not regular then (ii) holds for all « € (0, s) satisfying 1 +s + o < 2.
Note that after subtracting the obstacle we have ¢ = 0.

We next show that (i) holds at every regular point xg, and that the set of
regular points is relatively open and the free boundary is C!-¥ forall y € (0, s)
near each regular point.

First, by Proposition 6.5 the set of regular points is relatively open and the
free boundary is a C! near these regular points. Let x( a regular point. After a
rotation we may assume that e, is the unit inwards normal to {u# > 0} at xq.

Step 1. Let us prove that the free boundary is C LY near x¢. Let vy = d,u
and vy = 20,u + d;u, where 1 <i <n — 1. We will use Proposition 6.6
to show that, for some r > 0 we have

a,‘u

Onu

U1

v2

<C. (6.8)
C7 ({u>0}NB; (x0))

=2+

C7 ({u>0}NBy(x0))

This will imply that the normal vector v(x) to the level set {u = ¢} for¢t > 0
and u(x) = ¢, which is given by,

i o;ju aiu/anu
vi(x) = = (x) =
Vul @0 + 1
V(1) = Onlt ( 1

X) =
Vul = 3@/ + 1
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satisfies |v(x) — v(¥)| < Cl|x — x| whenever x,Xx € {u = t} N B,(xp),
with C independent of + > 0. Therefore, letting ¢+ | 0, we will find that
d{u > 0} NNB,(xg) isa C1¥ graph, and Step 1 will be completed.

It remains to show (6.8). To prove it, notice that we have Lv; = g; and
Lvy, = g2in Q = {u > 0}, and v; = v, = 0 in QF, with |g;| < C.
Moreover, by Proposition 6.1, v; > 0in By (xo) and supg () vi > cr’. Thus,
the rescaled functions w;(x) := Cr—Sv;(xg + rx)XB,O (rx) and wy(x) =
Cr—5v(xg+rx)yx By, (rx), for r > 0 small enough, satisfy the hypotheses of
Theorem 6.6. Therefore, we get that

<C,
cy (QmBr()/Z)

[

and thus (6.8) follows.

Step 2. By Step 1, the domain {u > 0}N B, (x() is C'-¥. Thus, we can apply
Theorem 6.7 to the partial derivatives 0;u, where 1 < i < n, to obtain that

19;u/d* | cv(@nBy ) < CCo.
This implies that
u(x) = cd" (x) + o(|x — x|,

Since u > 0 then ¢ > 0, and since by u does not satisfy (ii) then ¢ > 0. O

7 Fully nonlinear equations: classification of global solutions

In this section we classify global convex solutions to the obstacle problem for
fully nonlinear operators.
Throughout the section, we denote

M*u:=Mfu= sup Lu,
LeLl,

and M~ = M, . Moreover, @ > 0 is the constant given by Definition 1.2.
Recall that stays positive as s — 1.

We establish two classification results. The first one is the following, and
will correspond to the case (i) in Theorem 1.3.

Theorem 7.1 Let y € (0, 1) and 2 C R" be a closed convex set which is not
contained in the strip {—C < €' -x < C} forany ¢’ € "' and any C > 0.
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Let o € (0,&) be such that 1 +s +a < 2. Let u € CH(R") be a function
satisfying

M*T@u) >0> M Bu) inR"'\Q foralle e " .

u=>0 in
7.1
D%*u>0 in R" .h
u=>0 in R".
Assume that u satisfies the following growth control
Vil popg) < R*T  forall R > 1. (7.2)

Then, either u = 0, or
_ _ 1+s
Q={e-x <0} and u(x)=K(e-x)y

for some e € "' and K > 0.

The second classification result, stated next, corresponds to case (ii) in
Theorem 1.3.

Theorem 7.2 Let Q C R" be a closed convex set which is contained in the
strip {—C < €' - x < C} for some ¢’ € $" 1V and C > 0.

Let B € (0, a) be such that 2s + B < 2. Let u € Lip,,.(R") be a function
satisfying

Mt (u — ][u(- —h) d,u(h)) >0 inR"\ Q (7.3)

for every measure u > 0 with compact support and w(R™") = 1. Assume in
addition that

D*u>0 inR"
u=20 in (7.4)

u=>0 in R",
and that u satisfies the growth control
IVulloogpy < R*TP~1 forall R > 1. (7.5)

Then, u = 0.

We next prove Theorems 7.1 and 7.2.
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7.1 Cones with nonempty interior

We prove here Theorem 7.1. To prove it, we need the following.

Proposition 7.3 Let ¥ C R" be any convex cone with nonempty interior, with
vertex at 0, and such that 3% is C' away from 0. Let vy, va be functions in
C(R") satisfying

/ w1+ [y) " dy < 0o,
]Rn
Assume that vy, vy satisfy, for each A, B € R,

Mt (avy +bvy) >0, M (avy +bvy) <0 inR*\ X
vi =0 nx (7.6)
v, >0 in R"\ %.

Then,
v =Kvy inR"
for some K > Q.

Proof The proof is exactly the same as the one of Proposition 3.1. The only dif-
ference is that here we need to use a boundary Harnack principle in C' domains
for equations with bounded measurable coefficients, given by Theorem 1.6 in
[10]. O

We give now the:

Proof of Theorem 7.1 The proof is essentially the same as the one given in
Sect. 4, using Proposition 7.3 instead of Theorem 3.1. First, by a blow-down
argument we only need to show the case in which €2 is a cone X. Since 2 is
not contained in any strip {|¢’- x| < C} then the cone ¥ has nonempty interior.

Then, by a dimension-reduction argument we get that the cone X is C'
outside the origin. This is done by a blow-up argument on lateral points of the
cone.

Finally, since the cone X is C!, then any two derivatives vy = 0., u and
V2 = 0Og,u, with —e; € X, satisfy (7.6). By Proposition 7.3 we get that all
such derivatives are equal up to multiplicative constant, and this yields that
Y = {x - e < 0} for some e € S"~!. Finally, by the classification result [8,

Proposition 5.1] we get u(x) = c(x - e) fs, and the Theorem is proved. O
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7.2 Cones with empty interior

We next state the Liouville theorem that serves to prove C*%7 interior regu-
larity of concave fully nonlinear equations. We will use it for convex equations
but we state it for concave to obtain a more easily comparable statement and
proof to that of Theorem 2.1 in [11]. Also, we denote

2s =0

Proposition 7.4 Let og € (0,2) and o € [0y, 2). There is & > 0 depending
only on n, o, and ellipticity constants such that the following statement holds.

Let y € (0, a). Assume that u € Lip,,.(R") satisfies the following proper-
ties.

(1) There exists C1 > 0 such that for all for all R > 1 we have
[ulLip(Bp) < C1RTY ™!

(i1) We have
D2u20 and u > 0.

(iii) For every nonnegative measure p in R" with compact support and
f]R" w(h)dh = 1 we have, in the viscosity sense,

M, (][u( +h)u(h)dh—u) >0 inR"

Then, either u = 0 or o + y > 2 and u is a quadratic polynomial.

In the case that u € C>*€ for some € > 0 this follows from Theorem 2.1
in [11]. Here, we give a variation that applies to any convex solution (that is,
only Lipschitz a priori). The proof of this result is differed to the Appendix.

We give here the:

Proof of Theorem 7.2 By the exact same blow-down argument from Sect. 4,
we may assume that €2 is a cone X. Moreover, since €2 is contained in a strip
{l¢ - x| < C} then X has zero measure.

Given a measure u with compact support and unit mass we consider

vV=u— ][u(‘ + h)u(h)dh,

which satisfies MTv > 0 in R" \ T is the viscosity sense. Since u is locally
C!*—by Proposition 2.4—and since 4 has compact support and unit mass,
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then v is also locally C*. Then using the supersolution ¢ of Lemma 4.5,
which satisfies

M*T¢ < C inall of R"

we obtain that

MT(v—e¢) > —Ce inall of R”

foralle > 0.

Thus, taking € |, 0, we find that u satisfies all the assumptions of Proposition
7.4. It follows that u is a quadratic polynomial. Since # > 0, u = 0 on X, and
u has subquadratic growth by assumption, it must be u = 0. O

8 Fully nonlinear equations: regularity of solutions and free boundaries

Using Theorems 7.1 and 7.2, we now study the regularity of solutions and free
boundaries.

Recall that the solution u to (1.6) can be constructed as the smallest superso-
lution lying above the obstacle and being nonnegative at infinity. Thus, exactly
as in Sect. 2 we find the following.

Lemma 8.1 Let I be any operator of the form (1.5), ¢ be any obstacle satis-
fying (1.4), and u be the solution to (1.6). Then,

(a) u is semiconvex, with
deett = —C foralle e S" .
(b) u is bounded, with
lullpoomny < C.
(¢) u is Lipschitz, with
lullLipen) < C.

The constants C depend only on [|¢||c1.1 gny.-
Proof See the proof of Lemma 2.1. O

Now, notice that after subtracting the obstacle ¢ we get the following equa-
tion:

O0=Iu—-—9p+¢) = sup(La(u_¢)+Ca +La(p)
acA
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Thus, we consider the following problem which is equivalent to the obstacle
problem with convex fully nonlinear elliptic operator:

u=0 in R”
SUP e q (Ldu + ¢q (X)) <0 inR"
SupaeA(La” + ca(x)) =0 in{u > 0}
D*u > —1d in R".

8.1)

This is obtained by subtracting the obstacle ¢ to the solution u to (1.4) and
then dividing by C||¢|| c2.1(gn). For convenience, we still denote u the solution
to (8.1).

Notice that, dividing by a bigger constant if necessary, we will have

ca € C'R™Y) with ||cgllLip@ny < 1. (8.2)
Moreover, by Proposition 2.4, we will have
ueC T ®RY with [ulleregn < 1, (8.3)

for some 7 > 0.

8.1 Regular points and blow-ups

From now on, we assume that u is a solution of (8.1)—(8.3), and that xg is a
regular free boundary point with exponent o and modulus v in the sense of
Definition 5.2.

Incasethat 1 +s + o > 2s + &, we will assume in addition that

l{u = 0} N B, (xo)|

lim inf > 0. (8.4)
r=0 B, (x0)]|

For such free boundary points we have the following.

Proposition 8.2 Let u a be solution to (8.1)—(8.3). Assume that xo = 0 is a
regular free boundary point with exponent o and modulus v. In case 1 +s+o >
2s + a, assume in addition that (8.4) holds.

Then, given § > 0, Ry > 1, ro > O there is

r =r(8, Ro, ro, a, v, s,n, A, A) € (0, ro)
such that, for some d > 0, the rescaled function

u(rx)
d

v(x) =
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satisfies

VUl Looey < R*TY forall R > 1, (8.5)
Mt (@,v) > =8 in{v>0} foralle e "', (8.6)

and
Mt (v — ][v(- — h)du(h)) > —§diam(spt ) in {v > 0}

for every measure (> 0 with compact support and (t(R") = 1. Moreover,
lv—K(e 0P|+ |Vv— K +5)(e-x)e| <8 inBr, (8.7)

for some K > 0 satisfying }1 < K < 1and some e € S" .

To prove Proposition 5.3 we will also need the following intermediate step,
which is the analogue of Lemma 5.5.

Lemma 8.3 Given Ry > 1 and § > 0, there is
n=n(, Ro,n,s,x,A) >0

such that the following statement holds.
Let v € Lip(R") be a nonnegative function satisfying

Mt (3v) > —n in{v > 0}

forall e € sr—1
Mt (v — ][v(- — h)d,u(h)) > —ndiam(spt ) in {v > 0}

for every measure . > 0 with compact support and (R") = 1,

D%y > —nld in R",

Vol oo g,y = BT forall R =1,

and

1

”VU”LOO(B]) z 7

@ Springer



L. Caffarelli et al.

Incasel +s + o > 2s + a, assume in addition

=0lNAB 1
Mzco>0 forall R < —.
| BR| n

Then,
lv—K(e - 0){* |+ |Vo—K(1 +s)(e-x) el <8 in B,

where

A

14+s9K <1

| =

and e € "1,

Proof The proof is by a compactness contradiction argument and is very sim-
ilar to that of Lemma 5.5.

Assume that for some Ry > 1 and § > 0 we have sequences n; | 0 and
vk € Lip(R") satisfying

Mt (@,v0) > —mi in{v > O)foralle € "' foralle € §"7,

M~ (Uk - ka(- - h)du(h)) < nydiam (spt 1),

D?*v; > —mld in R”,
||Vvk||Loo(BR) < R*Y forall R > 1,

1
vakHLOO(Bl) = 2’ (8.8)
and
=0lNAB 1
MZCO>O forall R < —.
| BR| Nk
but we have

ok — K (e- ) > § for aul <(1+s)K <1 and e §"!
k + It (Bry = 2~ - '

(8.9)
By Proposition 2.4 we obtain that vy is C!'7 in all of R” with the estimate

[Vor] e g,y < CRTTTT forall R > 1.
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Thus, up taking subsequences, the functions v converge in Clloc(R”) to a
function v, that is a viscosity

M1 (8,v00) > 0 in {vee > 0} foralle € §"7,
Mt (voo — ][voo(- —h) du(h)) > 0,
D*voe >0 in R"
with the growth control
[ Vveo|| oo g,y = BT forall R > 1.

Moreover, if 2s + a < 1 + s + « then we also have

{veo = 0} N Br(x0)| -
| Bg (x0)] -

co > 0 forall R.
In particular, the convex set {vo, = 0} is not contained in any strip {|¢’-x| < C}.
Thus, in case 2s + o < 1 4+ s + o by Theorem 7.1 we find

Voo = Ko(x - e)fs, for some e € $"' and K¢ > 0.

In case 2s + @ > 1 4 s 4 « then we reach the same conclusion by using both
Theorems 7.1 and 7.2.
In any case, passing (8.8) to the limit and using the growth control we have

3 = V0 <
) L>(By)

and thus % <(1+s)Ky<1.

Therefore, we have shown that vy, — Kg(x-¢) 1++s in the C! norm, uniformly
on compact sets. In particular, (8.9) is contradicted for large k, and thus the
lemma is proved. O

Proof of Proposition 8.2 1t is almost identical to the proof of Proposition 5.3
but we use Lemma 8.3 instead of Lemma 5.5. O

8.2 C! regularity of the free boundary

We show first that the free boundary is Lipschitz in a neighborhood of any
regular point xq satisfying (8.4).
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Proposition 8.4 Let u be a solution of the obstacle problem (8.1)—(8.3) and
assume that xo = 0 is a regular free boundary point with exponent a and
modulus v. In case 1 + s + a > 25 + «, assume in addition that (8.4) holds.

Then, there exists a vector e € S"~' such that for any € > 0 there isr > 0
such that

{u > O} m Br - {)EI’L > g()El’)Ez’ LR 7)?}’1—1)} m Bl”
where x = Rx, R rotation with Re = e, and where g is Lipschitz with

lgllcor(p,) < ¢.

Moreover,

dou >0 inB,, foralle -e> ¢

e - r» i} mv
and

d.u > cr® in B,.(2re).
The constants ¢ and r depend only on n, s, A, A, v, and ¢.

Proof The proof is a minor modification of that of Proposition 6.1. O

Using the previous result we next find the following.

Proposition 8.5 Let u be a solution of the obstacle problem (8.1)—(8.3) and
assume that 0 is a regular free boundary point with exponent o and modulus
v.Incasel +s + a > 2s + «, assume in addition that (8.4) holds.

Then, there is r > O such that every point xo on d{u > 0} N B, is regular
and satisfies (8.4), with a common modulus of continuity v. In particular, the
set 3{u > 0} N B, is C', with a uniform modulus of continuity.

Proof The result follows Proposition 8.4 and using the homogeneous solution

® of Lemma 6.3; see the proof of Propositions 6.4. O

8.3 Proof of Theorem 1.3

We now prove the C-¥ regularity of free boundaries. For this, we will use
Theorems 1.5 and 1.6 in [10].

Proof of Theorem 1.3 After subtracting the obstacle ¢ and dividing by a con-
stant, we may assume that u satisfies (8.1)—(8.3).
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Let xo be any free boundary point. If (iii) holds then there is nothing to
prove. From now on we assume (iii) does not hold, and thus xg is a regular
free boundary point. We also assume xg = O.

Case 1. Assume

.. Hu=0}NB]
liminf ——— =
r—0 |Br|
We need to show that
u(x) — 0(|x|min(2s+y,l+s+a)). (810)

Assume that (8.10) does not hold, and let «’ be such that 1 + s + o' =
min(2s+7y, 1 +s+a). Notice that necessarily we have o’ > 0, since otherwise
there are no such free boundary points (by Theorems 7.1 and 7.2). Thus, xg = 0
is a regular point with exponent &’ > 0, and 1 + s + «’ < 25 + @. Therefore,
since 1 +s +a’ < 2s +a we do not need assumption (8.4) in Proposition 8.5,
and hence we find that the free boundary will be C! near 0. But then

Mu=0inB| 1
Iim —— = —,
r—0 | B | 2

a contradiction. Hence, (8.10) is proved.

Case 2. Assume now

—01NB
liminf W =U0EL 8.11)
r—0 |Br|

Then, by Proposition 8.5, the set of regular points satisfying (8.11) is relatively
open and the free boundary is C! near those points.

Furthermore, rescaling exactly as in the proof of Theorem 1.1 and using
Theorem 1.6 in [10], we find that the free boundary is C LY for all y € (0, )
in a neighborhood of 0. Finally, thanks to Theorem 1.5 in [10] we have

diu/d* € C”({u > 0} N By,)
for some r > 0, and this yields
u(x) = cd'™ +o(lx|"F),

as desired. O
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9 Appendix: Proof of Proposition 7.4

We need to introduce the following definition. Given 2 C R” open, let

[M]Wa,oo(Q) = eSS Super/ |82u(x, y)i(z _ 0)|y|—n—o dy

B,

where d,, = dist(x, 2) and
Ou(x, y) = u(x +y) +ulx — y) = 2u(x)

Note that if v € W () and |v(x)| < 1 + |x|° € then

MZOU(X) = A/n(aZU(x, y))+ dy — A/I(a%(x, y)) dy
and
_ . 2 + 2 -
M v(x) .=)»/Rn(3 v(x,y)) dy—A/Rn(a v(x,y)) dy

are defined for almost every x € .

Proof of Proposition 7.4 The result for all C; > 0 trivially follows from the
result for C; = 1. Thus, in all the proof we assume that C; = 1. Throughout
the proof we will assume without loss of generality that u is C? at 0. Indeed,
since u is convex by a classical theorem of Alexandrov-Bussemann-Feller u
is second order differentiable at a.e. point. Thus, if the origin is not a good
point we set the origin at a new point in B; (changing C; by 2717 C}). More
precisely, after subtracting a plane we may assume that

0=u(0) <u(x)<Mx|*> in B

for some M large enough. We will not need use any quantitative control on M
but we only need in the proof that M < oo so that certain viscosity solutions
are satisfy the equation in the integral sense at almost every point.

Step 1. For fixed h € R", taking  a mass concentrated at £4 we obtain
that, in the viscosity sense,

M (u—u(-—h) =0 inR"
and

M/ —u(-+h) >0 inR".
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Thus
Mﬁ_o(” —u(-—h)) = _MZLO(”(' —h)—u) <0 inR".
Therefore, for v = u — u(- — h) we have
Myv<0<M;uv

in the viscosity sense.

Step 2. We first show that u € W2 °°(Bp) for all R > 1 and prove bounds
for the corresponding seminorms.

Given p > 1 we consider the rescaled function
u(x) =p " Vu(px)

It is immediate to verify that u satisfies the same assumptions (i), (ii), and (iii)
as u. In particular the constant C; in (i) for u is the same as that of u, that is
C =1

Since u < 1 in Bj, the parabola |2x|2 + ¢ touches u by above in B; (for
some ¢ > 0) at the point xg € m Givenv = u —u(- — h), since u is convex
and can be touched by a parabola by above at xg, the function v can be touched
by a parabola by below at xg. Then, by Lemma 3.3 in [3] the Pucci operator
can be evaluated at this point and we have

b
(») dy >0
|y|n+a

Mt u(xo) = / 8%v(x0, y)
where

A if82v(xg, y) > 0
b()’) = o o2
A if 5v(xg, ¥) < O.

Now we rewrite this as

/ 82ii(x0, y)— 2L 4y
B

|y|n+a
b(y) 5 b(y)
+/ 8%v(x0, y) dy 2/ 8“u(xo+h,y) dy
R\ By [y|rte B [y|te
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Using the convexity of i, the fact that |2x|?> + ¢ touches i by above at x( in
B1,2(x0) C By, and recalling that

18%v(x0, Y)| < u(xo + ) — u(xo +h + y)| + [u(xo — y) — u(xo +h — y)|
+ 2|u(xg) — u(xo + h)|
<41 +[y[”th

for |h| < 1 by (i) we obtain

A b
/ 8ly[* _n_ady+/ 4<1+|y|"+y—1>%dy
Bij |yl R\ B, |yl

z/ 82i(xo + h, )
Bi2

|y|n+rr dy

forall & € B;.
Thus,

1
8% (x, y) dy <C
/31/2 |ylrte

for all x € Bj/2 with C universal (this meaning that it depends only on n, oy,
A, and A). This implies that

[I/_t]W”*OO(Bl/z) <C.
This implies, rescaling from « to u and taking p = 2R
[ulwooo(pg) < CRY.

Step 3. For t > 0, let us define

+ 2—-0
Pl(x) := /R (8%u(x, y) — 8%u(0, y)) Wdy
and
N'(x) := / (82u(x, y) — 82u(0, y))_ 2_—ody.
n (t+|yDrte
By Step 2 we have
0<P’<CR” and 0<N°<CR” inByg, 9.1)
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for all R > 1, with C universal (depending only on n, og, A, and A).
Next, dividing u by the universal constant C in (9.1) we may assume

0< PO <4 <2% inBu(0) forallk > 0. 9.2)
and the same for N°. We will prove that, if & is taken small enough then
0< P <4% inBu(0) forallk < —1. (9.3)

and the same for N°. This and a scaling argument will easily lead to a con-
tradiction with the growth (9.1) since y < « unless PY = N = 0 in all of
R".

This estimate (9.3) on PY is proved though an iterative improvement on the
maximum of P° on dyadic balls.

Indeed, our goal is to improve the bound from above P° < 1 in Bj to
PO <1—0in Bj 4, for some 6 > 0. After doing this, we will immediately
have (9.3) for all k£ > 1 for some o small (related to 6) just by scaling and
iterating. Let us thus concentrate in proving P* < 1 — 6 in By /4-

Note that P! < PO for all + > 0 and that P° = lim,_,¢ P’ by monotone
convergence.

We will assume that P%(xg) > 1 — 26 for some xg € B; /2. We will reach a
contradiction taking 6 small enough.

Define the set

A={y:(ulxo+y) +ulxo—y) —2ulxo) —u(y) —u(=y) +2u(0)) > 0}.

In particular we have

2—o0
Pl(xo) = [ (8% —8%u(0, y)) —————d
(x0) /A( u(xo, y) — 8°u(0, y)) PRIk
N :/ 8%u(xo, y) — 8%u(0, y)) ———————dy.
(x0) RH\A( u(xo, y) u(0, y)) crppre

We will take a very small (depending on §p below) so that (9.2) implies

2 —
L= Ty < ©04)

We define v’ as

2—0

t . 2 _ 2
vi(x) = /A((S u(x,y) — 6u(0, y)) T+ b

dy.
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Note that in particular P’ (xg) = v’(xp). Let

0 = - 9.5)
T 4A '

and define the set
D:={xeBjp:1>01-6)

Let us show that, given n > 0 we can take & > 0 small enough so that we
have

|D| = (1 =n)|Bi]. (9.6)

Let ¢t > 0 small and xo € Bj/4 be such that Pl(xo) =1 — 36.
Note now that (9.6) is equivalent to

[{x € Bijp : v° < (1 = 0)}| < nlByl. (9.7)

Let us prove this.

By (iii), approximating x4 (y)(t+|y|) ™"~ by L' functions ;2 with compact
support and using the stability under uniform convergence result for subsolu-
tions [5, Lemma 4.3] we show that

Mfv' >0 inR".

We now apply the nonlocal L? Lemma of Theorem 10.4 in [3] to the function
(1 — v")4, which is an approximate supersolution in B3 4—with right hand
side C§p in (9.4). Note that this function is nonnegative in all of R". We obtain

/ (1 =05 <CO+68)°.
B
Then, by Fatou’s Lemma,
/ (1 =% < €O+ 8)F.
B2

Taking now 6 and §p small enough we obtain (9.7).

We now will obtain a contradiction from (9.6) where 7 is small to be chosen
later. We have that v is larger than (1 — 6) in most of B; ,2- In that case we
consider the function w' defined as v’ but replacing A by R" \ A.

2—0
|y|nte

w' (x) :=/ (8%u(x, y) — 8%u(0, y)) dy.
R"\ A
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Using (iii), approximating xrm 4 (y)(2—0)|y|™" 77 by L' functions u with
compact support and using the stability under uniform convergence result for
subsolutions [5, Lemma 4.3] we show that

Mfw' >0 inR"

forallz > 0.
We observe that by definition P® — N = v 4 w? and that, we have

0<P—-v<l—-(1-6)<6 inD

here we have used that P° < 1 in B; by (9.2).
In addition, reasoning similarly as in Step 2, and recalling that u is second
oder differentiable at O the viscosity inequalities

Mz, (u = u(—h) <0 < MJ, (u—u(-— h))

for arbitrary 4 imply the pointwise integral inequalities
A 00 0 A o
+F (x) =N'(x) = i (x) (9.8)

for almost every x. Here we are using again the convexity of # and applying
the Alexandrov-Bussemann-Feller Theorem and the Lemma 3.3 from [3].
Therefore,

<—-A/A+20<—c ae.inD,

where ¢ = A/2A > 0. Here we have used (9.5).
We thus may take ¢ small enough so that

{w' > =3c/4}| <21

We now use the “half” Harnack of Theorem 5.1 in [4] applied to the function
w=(w()+ 3c/4)Jr (with r > 0 small) to conclude that w’(0) 4 3¢/4 <
¢/2. Indeed, the function w is a subsolution and, by (9.2), it satisfies 0 < w <
P +3c/4 < 2kaip sz/,(O) and w = 0 in D /r, which covers most of By,.
Hence, taking both r and 1 small enough we can make fR” w' (y)we (y)dy as
small as we wish. Thus, using Theorem 5.1 in [4] we find that w’ (0) + 3¢/4 <
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c/2 as promised. As a consequence we obtain that w’(0) < —c/4 < 0; a
contradiction since w’(0) = 0 by definition.

Therefore (9.3) follows.

Step 4. Applying the previous Steps to the rescaled functions u
07 Yu(p-) we find that

0< P <4k inBy(0) forallk <—1. (9.9)

and the same for N, where

_ 7 _
P = [ (i) - 8%0,) " S dy
R ly|"+e
and
MOy = [ (e, y) — 820, )" =L d
T Jre Y Y |ynte .

This implies that

sup Py = p? sup Py < Cora™@ |>1.

B4,1p B,

Thus, taking p = Ro4' we obtain

sup Py < limsup C(Rg)?471@7) = .

Bg, [—+00

Since this is for arbitrary Ry we obtain Py = 0. Similarly No = 0. This implies
that 82u(x, y) is constant in x and thus u is a quadratic polynomial. m|
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