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Goal

This talk is based on the paper by Nick Katz:

@ A Note on Riemann Hypothesis for Curves and Hypersurfaces
Over Finite Fields, IMRN, Volume 2015, Issue 9, 2015, Pages
2328-2341.

The paper has two parts:

@ The first explains how to reduce proving the Riemann hypothesis
for any smooth, projective, geometrically connected curve over a
finite field to proving the RH for the Fermat curves over finite
fields. (Today)

@ The second explains a reduction process that allows to prove the
RH for any smooth and projective hypersurface by proving the RH
for a single hypersurface in each degree, dimension, and
characteristic. (Next week)
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The zeta function

4 denotes the finite field with g = p’ elements, where p is a prime.

X smooth, projective, geometrically connected [F4-variety.
Recall the zeta function of X

[e'e) Tn
Z(X.T) = exp (2:1 #qun)n) € QT
For a closed point p € X, let k(p) denote its residue field. Set

Nmp = #k(p), g8 = #k(p).

The zeta function can be rewritten as

zZ(x, )= J] (-T*")"cqQ[TI.

closed peX
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A cohomological expression

Let d = dim X and choose a prime ¢ # p.
We saw that Z(X, T) admits an ¢-adic cohomological expression

2d
ZX, T)=[PX. D™, where P(X, T) € Q[T].
i=1
This shows that Z(X, T) € Q[[T]] N Qu(T) = Q(T).
The polynomials P;(X, T) were described in the following way:
@ Let oq € Gal(Fq/Fy) be the arithmetic Frobenius, i.e, o4(a) = aj.
e Let Fy = o' be the geometric Frobenius.
@ Write X := X X Spec Fq SPEC Fq.
@ Then Pi(X, T) = det(1 — TFq|H, (X, Q).
@ In particular, Po(X, T) =1—T and Poy(X, T) =1 —qT.
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The Riemann hypothesis for varieties over finite fields

| - | will denote the complex absolute value.
We say that o € Q is a g'-Weil number if |(a)| = ¢//2 for all .- Q(a) < C.

Riemann hypothesis for X

For each /, the polynomial P;(X, T) belongs to Q[T] and its reciprocal
roots are q'-Weil numbers.

If X = Cis a curve, there is an explicit description of Hgt(a Q).
@ Let g denote the genus of C.
@ Let J denote the Jacobian of C.
@ Define the ¢-adic Tate module of J as

Ty(J) := lim J[0')(Fq) = Z2°.
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The Riemann hypothesis for curves over finite fields

Define the rational ¢-adic Tate module of J as
Vi(J) = To(J) @z, Q.
It turns out that

HL(C,Qp) ~ Vo(J)Y  as Gal(F4/Fq)-modules.

We get
P1(C, T) =det(1 — Toq| Ve(J)) .
Note that
_ k(G
Z(C, T)= (=D eQ(T) = Py(C, T)eZ[T].

Riemann hypothesis for C
The reciprocal roots of P;(C, T) are g-Weil numbers.
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The étale fundamental group

Let:

@ U be a connected scheme.
@ ¢ :SpecQ — U be a geometric point of U (Q2 a separably closed field).

In talk VI, we defined the étale fundamental group #$(U, £), which
classifies finite étale extensions of U:

finite étale ~ finite sets equipped vyith
covers of U a continuous action of 7§'(U, €)

Given a second geometric point £’ of U, we have an isomorphism
(U, €) =~ n{'(U,¢)
given by a “path" connecting ¢ and &’. The isomorphism is independent

of this path up to inner conjugacy.
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Frobenius elements in 7$t(U, ¢)

Let k be a finite field.

The choice a separable closure ks/k defines a geometric point « of
Spec k and we have

7$(Spec k, k) ~ Gal(ks/k) .
Any Spec k 2 U induces a map of fundamental groups
®: Gal(ks/k) — 7§ (U, k) ~ 7§ (U, €)

Let Fx € Gal(ks/k) denote the geometric Frobenius of k.
Define Frob, as the image of Fj via .

Frob, is well-defined only as a conjugacy class of 7$'(U, ).
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Lisse Q,-sheaves

From now on, assume that U is a connected IF4-variety.

A lisse Q,-sheaf F on U of rank r is a continuous representation
o: (U, €) = GLA(Qy).

One can show that im(o) C GL,(E,), for some finite E\/Q;.

Let p be a closed point of U. Then:

@ The construction of “Frob," from the previous slide applies to p.
Indeed, the residue field k(p) is finite and p induces

Uy : Speck(p) = U.
In this case, we will write Frob, = Frob,, .

@ Even though Frob, is only well defined up to conjugacy, the
polynomial det(1 — TFrob,|F) is uniquely defined.
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L-function of a lisse Q,-sheaf

Define the L-function of 7 on U as

LU, F, T):= ][] det(1— TEPFroby|F)~" € Q[T]].
closed peU
Note that if F is trivial, then L(U, F, T) = Z(U, T).
As for Z(U, T), we would like to see that L(U, F, T) admits an
¢-adic cohomological expression.
In order to do so, we need three ingredients:
@ Reinterpretation of “lisse sheaves on U" as “¢-adic sheaves on U".
@ Cohomology with compact support “with coefficients": HétVC(U, F).
@ A Grothendieck-Lefschetz trace formula “with coefficients".

Francesc Fité ( MIT) The Rankin method after Deligne 10/19/2020 10/30



/-adic sheaves

Locally constant Z,-sheaf. It is a projective system F = (F;),>1 of
abelian étale sheaves F, satisfying:

@ F; has finite stalks.

@ F, is locally constant.

@ Friskilled by ¢" and Fy, 1/ Friq ~ Fr.
Locally constant Q,-sheaf. It is a locally constant Z,-sheaf regarded up
to isogeny (i.e., the Homs from F to G are Homy,,-sheaves(F, G) ®z, Q¢ ).

There is a correspondence:

locally constant PN finite dim. continuous
Qy-sheaves on U Qq-representations of n§'(U, €)

There are variants of the above obtained by replacing “Q," with “E)".
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Cohomology of /-adic sheaves
One can define cohomology groups of an ¢-adic sheaf 7 = (F;),>1 by
Hét,c(Uv F) = I@ Hét,C(U7 ]:r)-
r

Trivial example: If F := (Z/¢'Z),>1, then H., (U, F) = H., (U, Zy).

ét,c ét,c
If d =dim U, then we have:

° Hétﬁc(U, F) is finite dimensional. It is 0 unless i € [0, 2d].

o If Uis affine, then H}; (U, F) = O unless i € [d,2d].
@ Recall the exact sequence

00— 7m(U, () — n${(U, ¢) — Gal(Fq/Fq) — 0.

ﬂ_igeom 7Tz11r1th

HZ2,(U, F)(d) =largest quotient F . of Fon which =§*"acts trivially.
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Generalized Grothendieck-Lefschetz trace formula
The correspondence:

locally constant ~ finite dim. continuous
Qy-sheaves on U Q-representations of 7$(U, €)

F > OF

is such that, for every finite extension k/Fq, the
Grothendieck-Lefschetz trace formula (GLTF) is satisfied:

2d
> Tr(or(Froby)) = Y (—1)'Tr(Fi|Hi o(U, F)) .
ueU(k) i=1
More in general, the formula holds for lisse Q,-sheaves
(replace “Q," by “Ey").
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Cohomological expression for the L-function

2d
> Tr(or(Froby)) = (—=1)"Tr(Fe|Hi o(U, F)) .
ueU(k) =1

Taking k = Fgn, F = (Z/"Z)r>1, we get the GLTF “without coefficients"

2d

#U(Fq) = Y _(—1)'Tr(FgIHE (U, Z0))

i=1
As we did in Talk IV for Z(U, T) using the GLTF “without coefficients",
we can use the general GLTF to get a cohomological expression (CE)

L(U,F,T) = Hdet(1 TFalHiy o(U, P e Q(T).
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Case of interest

We will consider the setting in which:

@ U := Uy is a smooth, affine, geometrically conn. curve over F.

@ f: X — Uy is a proper and smooth morphism.

@ F .= Rif*Qg.
This might look surprising since our original interest was to study:
Hi, (X, Q) for some smooth, projective, geom. connected Fy-variety X.

What motivates the above setting is the following strategy:
@ Put X in the family X, i.e. obtain X as a fibre of f: X — Up.
@ Via proper base change, reduce:

study of Hy(X, Q)  to  study of H,, (Us, R'.Q0).

Moral: At the cost of complicating the “sheaf of coefficients" we greatly
simplify the geometry of the “scheme".

Francesc Fité ( MIT) The Rankin method after Deligne 10/19/2020 15/30



Proper base change

Let p be a closed point of Up. Define X, YP via the cartesian diagram:

L

Spec k(p) —— Spec k(p) 2 Uy
Proper base change (PBC) provides an isomorphism
(Up)"(R'E.Qe) = Hiy(Xy, Q)
of Q,-adic sheaves on Spec k(p). This means:
det(1 — TFroby|R'£.Q,) = det(1 — TFg*8 P|HL (X, Qy)).
(Recall #k(p) = gi<&¥).
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Recap

We put together what we have seen so far:

We are given a proper smooth family f: X — Uy over an affine curve.

Then, on the one hand, for 7 = R/f.Q,, we have seen

L(Up, R'1,Q,, T) =9 [[ det(1 — T *Frob,|R'f. Q)"
closed pe Uy
PBC

= H det(1 — (TFq)"& P |Hy(X,, Q¢)) ™

closed pe Uy

On the other hand, for a general lisse Q,-sheaf F, we have seen

L(Uo, F, T) =CF det(1 — TFq|Hg o(Uo, F)) - det(1 — TFq|H5 o(Uo, F))~

=M det(1 — TFy|H} (Uo, F)) - det(1 — qTFy| Frem)~".
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Some types of lisse sheaves

Let F be a lisse Q,-sheaf on Up/Fq and let .: Q, — C.

@ Fis said to be -pure of weight w € Z if, for every closed point
p € Up and every eigenvalue « of Frob,|F, we have

()] = (Nmp)*/2.

@ Fis pure of weight w if it is .-pure of weight w for every choice of ..

@ Fis -real (resp. t-integral) if, for every closed p € Uy, the
polynomial det(1 — TFrob,|F) has real (resp. integral) coefficients.

Remarks:
@ RH holds for the X,'s <= R'f.Q, is pure for all .
@ RH holds for the X,'s = P;(X,, T) € Z[T] = R'f,Q is integral.
e If ¥ =C/U, is a curve, then:
Z(Cp, T) € Q(T) = Py(Cp, T) € Z[T] = R'£.Qy is integral.
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Deligne’s version of the Rankin method (after Katz)

Theorem
Let F be a lisse Q,-sheaf on Uy such that:
@ ltis (-real.
@ Forall k € Z>4, every eigenval. (3 of Fg|(F®2K)_ =on hass [¢(5))]

<1
Then, for all closed points p, every eigenval. « of Frobp|]-" has |c(a)| < 1

Proof: Via ¢, we regard Q, C C.

Lyok(T ! Tr(Frob!| F)2* 7o)
pan(T) = det(1 — Tde& PFrob, |F®2k) — &P Z (Froby|7) n ‘

n>1
F is t-real = Tr(Frob]| F)? € R>o = L, 2x(T) € Rxo[[T]].

Since L(Up, F©2K, T) = [1, Ly.2(T), we have that L(Up, F¥2¥, T)
dominates, coefficient by coefficient, each of its Euler factors L, o« (T).
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If Reony :="Radius of convergence", then

Reonv (L( UO7 ]:®2k7 T)> < Reonv (Lp,zk(T)) ’

that is
R det(1 — TFQ|He]t,c(U0’]:®2k)) <R 1
U\ det(1 - qTF|(F®2K) zem) | = (det(1 — Tdes PFrobplf@’?")) ’
that is
min |roots of LHS den.| < min |roots of RHS den.|,
that is
max 2K/ deg < max q-18l<q.
o eigenval. of Froby|F B eigenval. of Fg|(F®2K) scom
:
Therefore
la| < q@e?/CK) 51 ask — oco.
Q.E.D.
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Corollary (Katz)
Let F be a lisse Q,-sheaf on Uy such that:
@ Itis-real.

@ There exists a closed point pg such that every eigenval. oy j of
Froby, | F has [u(ag,i)| < 1.

Then, for all closed points p, every eigenval. o of Frob,|F has |¢(«)| < 1.

Proof: Again, regard Q, C C via ¢.
By the theorem it suffices to show that
for all k € Z-1, every eigenvalue 3 of Fq|(]-“®2k)7r1gcom has |B| < 1.
Let d := deg po. Then Fg acts on (F#2K) o as Froby,.
Thus:

5% = some eigenvalue of Froby, |(F#) s = ag,j ... a0 j -
The hypothesis |ag ;| < 1 implies |5] < 1.

Q.E.D.
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The “connect by curves" lemma

@ nice= “smooth, projective, and geometrically connected".
@ nice-affine="smooth, affine, and geometrically connected".

Lemma (Katz)
Let Co, Cy be nice curves defined over [F4 of genus g > 1.

Atfter passing to a finite extension E/Fq, Cy and C; are fibres of a
smooth and proper f: C — Uy to a nice-affine curve Up.

Francesc Fité ( MIT) The Rankin method after Deligne



Idea of proof: For g = 1, after finite base change, both curves become

elliptic curves equipped with a rational point of order N > 4. Take

C = Y1(N) universal modular curve of level I'1(N)
|r
Up := Yi(N) affine modular curve of level I'1(N)

For g > 2, Deligne and Mumford provide a smooth, quasi-projective,
and geom. connected scheme Hg/Fp classifying 3-canonically
embedded genus g curves over [F,. Take f defined by the cartesian
diagram

C—— Mg

I
Uo L) Hg
where U is a nice-affine curve and  is bijective on [Fg-points

(See: N. Katz, Space filling curves over finite fields, MRL, 1999).
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Corollary (Katz)
Let g be an integer > 1 and p a prime.

Suppose that there exists a nice genus g curve Co/F ,n,, for some
ng > 1, such that the RH holds for Cy.

Then the RH holds for any nice genus g curve Cy /Fn, for any ny > 1.

Proof: Since the RH is insensitive to finite base change, we may
assume that Cp and Cy are both defined Fj.

View Cy and C; as fibres of a family f : C — Uy as in the Lemma.
By choosing a square root q'/2 of g in @,, on can define a lisse sheaf

F = R',Qy1/2)

The eigenvalues of Frob,| F are those of R'£.Q, divided by (Nmp)'/2.
(Via this normalization, RH is the assertion that F is pure of weight 0).
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Let . be any Q, — C, and regard Q, C C via .
Because RH holds for Cy, every eigenvalue v, of Frob,,|F has

70l < 1.
Since F is «-real, this implies that every eigenvalue ~¢ of Frob,, |F has
Il <1,
Thus, every inverse root a4 of Py(Cy, T) = det(1 — TFg|H(C1,Q;)) has
o] < g'/2.
Because of the functional equation satisfied by P;(Cj, T), the map
a1 = q/ay
is an involution of the roots of P;(Cy, T). Thus

aql > 1/2.
a1l 2 q Q.E.D.
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Fermat curves and Jacobi sums
Fermat curves. Let d be an integer > 2 and coprime to p. The Fermat
curve F4 of degree d is the curve in ]P’,%q determined by the equation

ud +ve =,

Jacobi sums. Given multiplicative characters x1, x2: F; — C*, define

JOxi,x2) = Y x1(a)xe(1 —a).
aclq
(With the convention that y;(0) = 0). Basic properties:
@ J(1,1)=g—2and J(1,x) = —1 for x nontrivial.
@ J(x,x ') = —x(—1) for x nontrivial.
@ If x1,x2 and x1 - x2 are nontrivial, then |J(x1, x2)| = q'/2.
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RH for Fermat curves

Theorem (Weil)
Lete = gcd(d,q — 1) and x: Fg — C* a character of order e. Then

e—1

Pi(Fe T)= I (1 +J62xOT)
a,b=1
at+b+#e

1) Using that #{x € Fq|x® = t} = 1 + 35"} x2(t), one shows

e—1
#FaFg)=1+q"— > (=J6x")"
a,b=1
2) Use the fact: at+b#e

exp (2?111 (Zjﬁn Zj /)TTH> % . P(T) = Hj(1 —qj
P(T),Q(T) € Q[T], P(0) = Q(0) =1 Q(T) =1L -
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Completion of the proof of RH for nice curves
Knowing RH for Fermat curves, does not imply (immediately) RH for
every nice curve, since genus(Fy) = (%), for example.

Lemma

For every g > 1 and prime p, there exists d > 2 coprime to p such that
the Fermat curve Fy over Fp has a nice genus g quotient C.

Remark: This concludes the proof of RH for nice curves, since

Vg(Jc) - Vg(JFd) = P1(C, T) | P1(Fd, T) = RH holds for C.

Proof of the Lemma: If p £ 2, letd’ =2g+10or2g+2sothatptd'.
Then F»¢ has an obvious quotient map to x?' + y2 = 1.

If p = 2, note that Fpy1 has a quotient map to y2 + y + x99+ = 0.

Corollary
The RH holds for any nice curve defined over a finite field. J
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Persistence of purity

Theorem (Katz)
Let F be a lisse Q,-sheaf on Uy such that:
@ Itis-real.

@ There exists a closed point py such that every eigenval. aq ; of
FI‘Opr|]: has |L(Oéo’,')| =1.

Then, F is .-pure of weight 0.

Proof: Applying the corollary we aim to refine, we have:

for all closed points p, every eigenvalue « of Frob,|F has |a| < 1.
Therefore it suffices to show that det F is (-pure of weight 0. We may
thus assume that F has rank 1. The theorem then follows from:
Lemma

Let L be a lisse Q,-sheaf on Uy of rank 1. Then there exist an integer n
and « € Q, such that Frob, |L®" = ad°8 ? for every closed point p.
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Proof of the Lemma:
Since RH holds for the complete nonsingular model of Uy:
every eigenvalue o of Fg|H} ((Uo, Q) has || < g'/2.
By Poincaré duality:
every eigenval. a of Fg|HL(Uo, Q) has |a| > g'/2. In particular o # 1.
Recall that £ is a continuous homomorphism
Loyt - OfF CQ; .
By replacing £ with £2¢#Fx we may assume that

L 5 1 4 L\Og, ~ (\OE, C Q.

Then L] zom € Hjy(Uo, Q) fixed by Fg, 50 L] zom must be trivial.
Q.E.D.
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