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https://arxiv.org/abs/2005.10185

Notation

@ k a number field.
@ A an abelian variety defined over k of dimension g > 1.
@ For a rational prime ¢, let

Ti(A):=lim ALNQ@) ~ 2%, Vi(A) = Tu(A) @z, Q.
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Notation

@ k a number field.
@ A an abelian variety defined over k of dimension g > 1.
@ For a rational prime ¢, let

Ty(A) = lim Al"N(@) = 2%, Vi(A) = To(A) @z, Q.

@ Let p be a “prime of k" of good reduction for A. We will denote by:
o A, the reduction of A modulo p.
e P,(A, T) the charpoly of Frob, acting on V,(A) (for p { £).
(It has degree 2g, integral coefficients, and is independent on /).
e u,(A) the number of roots of P, (A, T) in Z, which are p-adic units.
(As ay, - @, = Nm(p) for any root «,,, we have 0 < u,(A) < g.)
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Newton polygons

o Let P(T)=apT"+a;T" '+ + +an € Qp[T] with ag, a, # 0.
@ Let v denote the extension to @p of the p-adic valuation.
@ The Newton polygon of P(T) is the lower convex hull of the set

{(,v(a)) : i=0,....n}.
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Newton polygons

o Let P(T)=apT"+a;T" '+ + +an € Qp[T] with ag, a, # 0.
@ Let v denote the extension to @p of the p-adic valuation.
@ The Newton polygon of P(T) is the lower convex hull of the set

{(,v(a)) : i=0,....n}.

@ For s € Q, the Newton polygon satisfies:
x-length of the segment of slope s = #roots of P(T) of valuation s.
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Newton polygons for abelian varieties
@ Py(AT)=ay T2 +a; T2 + ... + apy 1T + apq satisfies:
a =1, ag=Nm(p)?, v(a)>0, v(ag)=v(ag-Nm(p))>i.
(v is normalized so that v(Nm(p)) = 1).

@ uy(A) = number of roots of P, (A, T) of valuation 0.
@ The Newton polygon of P, (A, T) looks like:
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Ordinary primes

Definition/Proposition
p is ordinary for A if any of the following equivalent conditions hold:
@ A[p](Fp) has cardinality p9.
° u(A)=g.
@ The central coefficient ag4 of P, (A, T) is not divisible by p.
@ The Newton polygon of P, (A, T) looks like:
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The conjecture
@ Let P,q(A) denote the set of primes of k which are ordinary for A.

Conjecture (Often attributed to Serre)
For every abelian variety A/k, the set P,4(A) has a nonzero density. J
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The conjecture

@ Let P,q(A) denote the set of primes of k which are ordinary for A.

Conjecture (Often attributed to Serre)
For every abelian variety A/k, the set P,4(A) has a nonzero density. }

@ Suppose p is of absolute residue degree 1 (i.e., Nm(p) = p is prime).

@ If Ais an elliptic curve, then |a¢| < 2,/p and thus
plas = a =0 ifp>5.
@ If Ais an abelian surface, then —2p < a, < 6p and thus

p‘az = a2:_2p)_p707p7"‘75p'
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The conjecture
@ Let P,q(A) denote the set of primes of k which are ordinary for A.

Conjecture (Often attributed to Serre)
For every abelian variety A/k, the set P,4(A) has a nonzero density. J

@ Suppose p is of absolute residue degree 1 (i.e., Nm(p) = p is prime).

@ If Ais an elliptic curve, then |a¢| < 2,/p and thus
plas = a =0 ifp>5.
@ If Ais an abelian surface, then —2p < a, < 6p and thus
plaa = a=-2p,—p,0,p,...,5p.
@ The number of values of a4 for which p can fail to be ordinary for A:

e Stays bounded as p grows if g < 2.
o Grows arbitrarily large if g > 3.
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Ordinary primes in context

@ The notion of ordinary can be defined in much greater generality
(it can essentially be defined for any arithmetico-geometric object).

Francesc Fité¢ ( MIT) Ordinary primes Around Frobenius distributions 7/21



Ordinary primes in context

@ The notion of ordinary can be defined in much greater generality
(it can essentially be defined for any arithmetico-geometric object).
@ The notion of “ordinary” appears in:
@ The construction of p-adic L-functions.
e The construction of p-adic families (Hida theory).
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Ordinary primes in context

@ The notion of ordinary can be defined in much greater generality
(it can essentially be defined for any arithmetico-geometric object).
@ The notion of “ordinary” appears in:
@ The construction of p-adic L-functions.
e The construction of p-adic families (Hida theory).

e The abundance of ordinary primes for an abelian surface is a
technical assumption in an automorphic lifting theorem of
Boxer-Calegari-Gee-Pilloni.

(This ALT leads to the meromorphicity of the Hasse-Weil L-function
of a generic abelian surface defined over a totally real field).

e The abundance of ordinary primes can be used to establish the
average running time of modulo p point counting algorithms for
curves C over number fields.

(First compute P,(Jac(C), T) (mod p). Then find the lift to Z[T]).
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Results for g < 2

Theorem (Serre; 1981)

Let A/k be an elliptic curve. Then Pyq(A) has density:
@ 1if Ay does no have CM.

° [k,;—k] if Ay has CM by an imaginary quadratic field F.
In particular, Poq(A) has density 1 or 1/2.
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Results for g < 2

Theorem (Serre; 1981)

Let A/k be an elliptic curve. Then Pyq(A) has density:
@ 1if Az does no have CM.

° [k;—k] if Ay has CM by an imaginary quadratic field F.
In particular, Poq(A) has density 1 or 1/2.

Theorem (Sawin; 2016)
Let A/k be an abelian surface. Then P,4(A) has density:
@ 1 if no Q-isogeny factor of A has CM.

° WJ—k] if Ay has CM by a quartic CM field F.
° [ij—sz] if A5 ~ Ey x Ep, at least one E; is CM, and F; = End(E;) ® Q.
In particular, Poq(A) has density 1, 1/2, or 1/4.

v
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Idea behind the proof

Theorem (Serre; 1981)
Let A/k be an elliptic curve. Then P,4(A) has density:
o 1if Az does no have CM.

° [k,_l—k] if Ay has CM by an imaginary quadratic field F.
In particular, Pyq(A) has density 1 or 1/2.

@ Consider the ¢-adic representation g4 ¢: Gx—Aut(V,(A)) .
@ Let G, be the Zariski closure of the image of g4 .
@ Then Serre shows:

#conn. comp. of Gy on which Tr(ga¢) =0

Dens(Pyq(A)) = 1 #conn. comp. of Gy

Francesc Fité¢ ( MIT) Ordinary primes Around Frobenius distributions 9/21




Idea behind the proof

Theorem (Sawin; 2016)
Let A/k be an abelian surface. Then P,4(A) has density:
@ 1 if no Q-isogeny factor of A has CM.

° [k;—k] if Ay has CM by a quartic CM field F.
° [kF11—F2k] if Ay ~ Ey x E, one of the E; is CM, and F; = End(E;) ® Q.
In particular, Poq(A) has density 1, 1/2, or 1/4.

@ Let x;: Gk—Q) be the /-adic cyclotomic character.
@ Sawin shows:

#conn. comp. of G, on which Tr(A%pa, ® x; ') = const.

Dens(Pya(A)) = 1 #conn. comp. of G,

In fact, here “const." means -2,-1,0,1,2.
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The ¢-adic method of Katz, Ogus, and Serre

@ E a number field.

@ )\ a prime of E lying above /.

@ S a finite set of places of k.

@ Let o: Gy—Aut(EY) a d-dim. cont. rep. unramified outside S.
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The ¢-adic method of Katz, Ogus, and Serre

@ E a number field.

@ )\ a prime of E lying above /.

@ S a finite set of places of k.

@ Let o: Gk—Aut(EY) a d-dim. cont. rep. unramified outside S.
@ We say that p is:

o Of-integral if CharPoly(o(Frob,)) liesin E[T] C Ex[T] forallp ¢ S.

e of weight w if it is integral and every root of CharPoly(o(Frob,)) is a
Nm(p)*-Weil number for all p & S.

(Recall: a € Q is a g-Weil number if |o(a)| = \/q for all t: Q(a) = C).
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The ¢-adic method of Katz, Ogus, and Serre

Proposition (Katz)

Suppose that ¢ is Og-integral of weight 1. There exists a finite
extension k’/k and a set R of primes of k’ such that:

@ Every p in R is of absolute residue degree 1 (write Nm(p) = p).
@ p { Tr(o(Froby)) for every p in R.
@ R has density 1.
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The ¢-adic method of Katz, Ogus, and Serre

Proposition (Katz)

Suppose that ¢ is Og-integral of weight 1. There exists a finite
extension k' /k and a set R of primes of k’ such that:

@ Every p in R is of absolute residue degree 1 (write Nm(p) = p).
@ p { Tr(o(Froby)) for every p in R.
@ R has density 1.

Proposition (Ogus+e¢)
Suppose that ¢ is Og-integral of weight 1 and d = dim(g) > 3. There
exists a finite extension k’/k and a set R of primes of k’ such that:
@ Every p in R is of absolute residue degree 1 (write Nm(p) = p).
@ p{ Tr(A2o(Froby)) for every p in R.
@ R has density 1.
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The conjecture for elliptic curves and abelian surfaces
Corollary

Dens(Pqra(A)) > 0 if A/k is an elliptic curve. J

Corollary

Dens(Poa(A)) > 0if A/k is an abelian surface. J
Francesc Fité ( MIT) Ordinary primes Around Frobenius distributions 13/21



The conjecture for elliptic curves and abelian surfaces

Corollary
Dens(Pqra(A)) > 0 if A/k is an elliptic curve. J

Katz’ proposition applied to ¢ = g4 ¢ = Dens(Poq(Ax)) = 1 for some
finite k’/k = Dens(Poa(A)) > 0.

Corollary
Dens(Poa(A)) > 0 if A/k is an abelian surface. J

Apply Ogus’ proposition to ¢ = g4 ¢, which has dimension > 3.
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The conjecture for elliptic curves and abelian surfaces

Corollary
Dens(Pqra(A)) > 0 if A/k is an elliptic curve. J

Katz’ proposition applied to ¢ = g4 ¢ = Dens(Poq(Ax)) = 1 for some
finite k’/k = Dens(Poa(A)) > 0.

Corollary
Dens(Poa(A)) > 0 if A/k is an abelian surface. J

Apply Ogus’ proposition to ¢ = g4, which has dimension > 3.

Remark

What is known about Dens(P.q(A)) > 0 in higher dimension?
@ Partial results by Suh when A is a Hilbert-Blumenthal ab. var.
@ Known when End(Ag) = Z and MT(A) is “small", by Pink.
@ Known if A has potential CM.
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Proposition (Katz)

If o is of weight 1, then there is a finite k’/k and a set R of primes of k’ s.t.:
@ Every pin Ris of absolute residue degree 1 (write Nm(p) = p).
@ p{ Tr(o(Froby)) for every p in R.
© R has density 1.
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Proposition (Katz)

If o is of weight 1, then there is a finite k' /k and a set R of primes of k' s.t.:
@ Every pin Ris of absolute residue degree 1 (write Nm(p) = p).
@ p{ Tr(o(Froby)) for every p in R.
© R has density 1.

® May assume ¢ : Gx—Aut(OZ ).
@ Let nbe such that A\  d and let o be the reduction of o (mod \").
@ Choose k'/k finite such that g|g,, = 1.

@ R = primes of k’ of abs. res. degree 1, of good red for A, not
above ¢, and > d?. Claim: Any p in R satisfies (2).
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Proposition (Katz)

If o is of weight 1, then there is a finite k' /k and a set R of primes of k' s.t.:
@ Every pin Ris of absolute residue degree 1 (write Nm(p) = p).
@ p{ Tr(o(Froby)) for every p in R.
© R has density 1.

® May assume ¢ : Gx—Aut(OZ ).
@ Let nbe such that A\  d and let o be the reduction of o (mod \").
@ Choose k'/k finite such that g|g,, = 1.

@ R = primes of k’ of abs. res. degree 1, of good red for A, not
above ¢, and > d?. Claim: Any p in R satisfies (2).

@ Then a, := Tr(o(Froby)) = d (mod A\") and in particular a, # 0.
@ If a, = pb, for some b, € Of, then

~ INmgjg(ap)| d \EY
INmg/q(b;)| = TpEQ = (\fp> <1.
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A-adic representations attached to abelian varieties
@ Suppose that A/k is such that:

E — End(A) 2 Q.
@ We will consider

VA(A) := Vi(A) ®egg, Ex Wt E@Q~]][Ev — Ex.
N|e

@ V,(A) has dimension 2g/[E : Q] over E,.
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A-adic representations attached to abelian varieties
@ Suppose that A/k is such that:

E — End(A) 2 Q.
@ We will consider

VA(A) := Vi(A) ®egg, Ex Wt E@Q~]][Ev — Ex.
N|e

@ V,(A) has dimension 2g/[E : Q] over E,.
@ This gives rise to the \-adic representation attached to A

PAN: Gk — Aut( V/\(A)) .
@ Itis Og-integral, of weight 1, and V;(A) ~ D, , VA(A).
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A-adic representations attached to abelian varieties
@ Suppose that A/k is such that:

E — End(A) 2 Q.
@ We will consider

VA(A) := Vi(A) ®egg, Ex Wt E@Q~]][Ev — Ex.
N|e

V\(A) has dimension 2g/[E : Q] over E,.
This gives rise to the \-adic representation attached to A

PAN: Gk — Aut( V)\(A)) .

Itis Og-integral, of weight 1, and V,(A) =~ ,, VA(A).

S = finite set containing the primes of bad reduction for A.
For p outside S, set P,(V\(A), T) := CharPoly (o4 »(Froby)).
Po(A, T) = T1xje Po(VA(A), T).
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Corollary
If A has potential CM, then Dens(Pqq(A)) > 0.
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Corollary
If A has potential CM, then Dens(Pqq(A)) > 0. J

@ There exists E with [E : Q] = 2g such that
E— End(A@) ®Q.

@ WLOG, we may assume that E — End(A) ® Q.
@ Let p be of abs. deg. 1 and totally splitin E. Claim: it is ordinary.
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Corollary
If A has potential CM, then Dens(Poq(A)) > 0 J

@ There exists E with [E : Q] = 2g such that
E — End(A@) ®Q.

@ WLOG, we may assume that E — End(A) ® Q.

@ Let p be of abs. deg. 1 and totally splitin E. Claim: it is ordinary.
@ Choose /¢ totally split in E, so that V) (A) has dimension 1 over Q.
@ The roots of P,(A, T) are ay, = oa x(Frob,) € Of for A | £.

@ By Weil’s theorem:

axrp - = p=Nm(p).

® As ayp, ay, € O, we have {v(aAp) v(ay,)} ={0,1}.
(van exten3|on to Z of the B-adic valuation for some B | p of E).
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New results in dimension 3
Theorem 1 (F)

Let A/k be an abelian threefold such that End(Ag) @ Q contains an
imaginary quadratic field. Then Dens(Py4(A)) > 0.

Theorem 2 (F)

Let A/k be an abelian threefold for which there exists F/k such that:
@ End(Ar) ® Q contains a totally real cubic field E.
@ F does not contain E.

Then Dens(Py(A)) > 0.
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New results in dimension 3
Theorem 1 (F)

Let A/k be an abelian threefold such that End(Ag) ® Q contains an
imaginary quadratic field. Then Dens(Py4(A)) > 0.

@ |t applies to the Jacobian of a Picard curve:
y3 = f(x), for some separable f(x) € k[x] of degree 4.
Theorem 2 (F)

Let A/k be an abelian threefold for which there exists F/k such that:
@ End(Ar) ® Q contains a totally real cubic field E.
@ F does not contain E.

Then Dens(Py(A)) > 0.

v

@ Let f be a classical newform of weight 2 and cubic coefficient field.
The Thm. applies to the A;/Q attached to f by Eichler—Shimura.
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Theorem 3 (F)

Let A/k be an abelian fourfold such that:
@ End(Ag) ® Q contains an imaginary quadratic field E.
@ The pair (E, A) has signature (2, 2).

Then Dens(Pyq(A)) > 0.
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Theorem 3 (F)

Let A/k be an abelian fourfold such that:
@ End(Ag) ® Q contains an imaginary quadratic field E.
@ The pair (E, A) has signature (2, 2).

Then Dens(Pyq(A)) > 0.

@ The signature of (E, A) is the tuple (r:),. ec defined by:
= dim(c(HO(A(c, quc/(c) ®ERC,r C) )

“the multiplicity of the action of E on HO(Ac, Ql\c/c) via 7.
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Theorem 3 (F)

Let A/k be an abelian fourfold such that:
@ End(Ag) ® Q contains an imaginary quadratic field E.
@ The pair (E, A) has signature (2, 2).

Then Dens(Pyq(A)) > 0.

@ The signature of (E, A) is the tuple (r:),. ec defined by:
= dim(C(HO(A(Ca quc/(c) ®ERC,r C) )

“the multiplicity of the action of E on HO(Ac, Ql\c/c) via 7.

@ The theorem applies when:
e End(Ag) ® Q = E and the signature is (2,2) (A is of Albert type V).
e End(Ag) ® Q is a quaternion algebra (i.e. A has Albert type Il or l).
That is, A is a so-called “fake abelian surface”.
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Proof of Theorem 1
Theorem 1 (F)

Let A/k be an abelian threefold such that End(Ag) ® Q contains an
imaginary quadratic field. Then Dens(Py4(A)) > 0.
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Proof of Theorem 1
Theorem 1 (F)

Let A/k be an abelian threefold such that End(Ag) ® Q contains an
imaginary quadratic field. Then Dens(Py4(A)) > 0.

@ WLOG, we may assume E — End(A) ® Q and E C k.
@ Choose ¢ splitin E, so that V,(A) ~ V\(A) @ Vi(A).
@ By Ogus’ proposition, there exist k’/k and a set of primes R s.t.:

p := Nm(p) { by := Tr(A%pa \(Froby)), Vp € R and Dens(R) =1.

@ WLOG, we may assume k = k’. Claim: Every p in R is ordinary.
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Proof of Theorem 1
Theorem 1 (F)

Let A/k be an abelian threefold such that End(Ag) ® Q contains an
imaginary quadratic field. Then Dens(Py4(A)) > 0.

@ WLOG, we may assume E — End(A) ® Q and E C k.
@ Choose ¢ splitin E, so that V,(A) ~ V\(A) @ Vi(A).
@ By Ogus’ proposition, there exist k’/k and a set of primes R s.t.:

p := Nm(p) { by := Tr(A%pa \(Froby)), Vp € R and Dens(R) =1.

@ WLOG, we may assume k = k’. Claim: Every p in R is ordinary.
@ Let v be an ext. to Z, of the B-adic valuation for some 3 | p of E.
@ One among v(b,,») and v(b, 5) must be 0.

@ Let o, 3, be the roots of P,(Vy\(A), T).

@ We may assume that v(«a), v(5), v(v) is 0,0, 1.
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Proof of Theorem 1
Theorem 1 (F)

Let A/k be an abelian threefold such that End(Ag) ® Q contains an
imaginary quadratic field. Then Dens(Py4(A)) > 0.

@ WLOG, we may assume E — End(A) ® Q and E C k.
@ Choose ¢ splitin E, so that V,(A) ~ V\(A) @ Vi(A).
@ By Ogus’ proposition, there exist k’/k and a set of primes R s.t.:

p := Nm(p) { by := Tr(A%pa \(Froby)), Vp € R and Dens(R) =1.

@ WLOG, we may assume k = k’. Claim: Every p in R is ordinary.
@ Let v be an ext. to Z, of the B-adic valuation for some 3 | p of E.
@ One among v(b,,») and v(b, 5) must be 0.

@ Let o, 3, be the roots of P,(Vy\(A), T).

@ We may assume that v(«a), v(5), v(v) is 0,0, 1.

@ Note that the roots of P,(V5(A), T) are p/a, p/S3, p/~.
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A mild generalization
Let A/k be such that End(Ag) ® Q contains a simple Q-algebra D.

Let K denote the center of D and t the Schur index of D.
Corollary (F.)
Let A/k be as above. If K is imaginary quadratic and either:
@ t=g/2andg|4;or
@ t=g/3andg|9;or
© t=g/4and g |16 and (A, K) has signature (g/2,9/2);

Then Dens(Pyq(A)) > 0.
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A mild generalization
Let A/k be such that End(Ag) ® Q contains a simple Q-algebra D.

Let K denote the center of D and t the Schur index of D.
Corollary (F.)
Let A/k be as above. If K is imaginary quadratic and either:
@ t=g/2andg|4;or
@ t=g/3andg|9;or
© t=g/4and g | 16 and (A, K) has signature (g/2,9/2);

Then Dens(Pyq(A)) > 0.

@ Even if A may be absolutely simple, after enlarging k, one has:
P,(A, T) = (Q(T) - Q(T))", where Q(T) € Ok|[T].

the case of abelian surfaces (1).

@ The proof then reduces to < the situation of Theorem 1 (2).
the situation of Theorem 3 (3).
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A mild generalization
Let A/k be such that End(Ag) ® Q contains a simple Q-algebra D.

Let K denote the center of D and t the Schur index of D.

Corollary (F.)

Let A/k be as above. If K is imaginary quadratic and either:
@ t=g/2andg|4;or
@ t=g/3andg|9;or
© t=g/4and g | 16 and (A, K) has signature (g/2,9/2);

Then Dens(Pyq(A)) > 0.

@ Even if A may be absolutely simple, after enlarging k, one has:
P,(A, T) = (Q(T) - Q(T))", where Q(T) € Ok|[T].

the case of abelian surfaces (1).

@ The proof then reduces to < the situation of Theorem 1 (2).
the situation of Theorem 3 (3).

@ Alternative proof that Dens(Pq(A)) > 0 if Ais a “fake abelian surface".
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Thank you for your attention!
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