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Local-global principles for isogenies

K a number field. ¥ finite places of K.
A, B/K abelian varieties of dimension g > 1.
S C Xk primes of bad reduction of A and B.

Vp € Xk \ S, denote by Ak(y), Bk(p) the reductions of A, B modulo p.

Notation

V'p = For every prime ideal of Ok outside a 0 density set containing .
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Notation

V'p = For every prime ideal of Ok outside a 0 density set containing X.
Faltings isogeny theorem

A and B are isogenous if and only if Ax(,y and B, are isogenous V'p.
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Local-global principles for isogenies

K a number field. X finite places of K.

A, B/K abelian varieties of dimension g > 1.

S C Xk primes of bad reduction of A and B.

Vp € Tk \ S, denote by Ak(y), Bk(p) the reductions of A, B modulo p.
Notation

V'p = For every prime ideal of Ok outside a 0 density set containing X.
Faltings isogeny theorem

A and B are isogenous if and only if Ax(,y and B, are isogenous V'p.
Theorem (Khare-Larsen; 2020)

A and By are isogenous if and only if A@ and B@ are isogenous V'p.
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Twists

F =K, K, or K(p).

A, B/F abelian varieties.

Category of abelian varieties up to isogeny:
@ Objects: abelian varieties.

@ Morphisms: Hom®(A, B) := Hom(A, B) ®z Q.
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Twists

F =K, K, or K(p).
A, B/F abelian varieties.
Category of abelian varieties up to isogeny:
@ Objects: abelian varieties.
@ Morphisms: Hom®(A, B) := Hom(A, B) ®z Q.

We say that B is a twist of A if there exists an algebraic field extension L/F
and an isogeny

QOZBL—>AL.
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Quadratic twists

Let Gr := Gal(F/F) be the absolute Galois group of F.

{Twists of A (up to F-isogeny)} — H1(G,:,Aut°(Af))
(¢:BL— AL = (0= %popT)
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Quadratic twists

Let Gr := Gal(F/F) be the absolute Galois group of F.

Weil descent

{Twists of A (up to F-isogeny)} — H'(Ger, Aut®(Az))
(¢:BL— AL = (0= %popT)
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Quadratic twists

Let Gr := Gal(F/F) be the absolute Galois group of F.

Weil descent

{Twists of A (up to F-isogeny)} — H'(Ger, Aut®(Az))
(¢:BL— AL = (0= %popT)

The inclusion {£1} C AutO(Af) induces a (not necessarily injective) map
H'(Gk, {£1} = Hom(Gr, {£1}) — H'(GFr, Aut’(A7))

X Ay
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Quadratic twists

Let Gr := Gal(F/F) be the absolute Galois group of F.
Weil descent
{Twists of A (up to F-isogeny)} — H'(Ger, Aut®(Az))
(¢: BL— AL = (0= %popT)
The inclusion {£1} C AutO(Af) induces a (not necessarily injective) map
H'(Gk, {£1} = Hom(Gr, {£1}) — H'(GFr, Aut’(A7))

X — Ay
B is called a quadratic twist of A if B is (isogenous to) A, for some x.
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Quadratic twists

Alternative more explicit description:
Given y € Hom(Gg, {£11), write L := " Then

A _ complement of Ain Res;/r(A) if x is nontrivial
XA if x is trivial.
Remark
Not every twist over a degree 2 extension L/K is a quadratic twist:

A% and A x A, are twists over the a degree 2 extension,
but they are not quadratic twists.
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Main result from Cardedeu 2021

K a number field and A, B/K abelian varieties of dimension g > 1.
A, B are called locally quadratic twists if A(y), Bk(p) are quadratic twists v'p.

Question Does the following hold?

A, B quadratic twists < A, B locally quadratic twists. (LGP)
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Main result from Cardedeu 2021

K a number field and A, B/K abelian varieties of dimension g > 1.
A, B are called locally quadratic twists if A(y), Bk(p) are quadratic twists v'p.

Question Does the following hold?

A, B quadratic twists < A, B locally quadratic twists. (LGP)
Theorem 1 (F.; 2021)

(LGP) holds for g < 3.
(LGP) does not hold for g = 4.

Remark

Ramakrishnan, Serre, and Rajan have given proofs of the above for g = 1.
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Some ideas in the proof
Let ¢ be a prime. One translates the problem in terms of the ¢-adic
representation attached to A
ot Gk = Au(Tu(A) @ Qr),  Tu(A) = lim A[')(K) ~ Z{°.
r
A and B are quadratic twists if and only if pa, ~ x ® es ¢ for x quadratic.
Let K<™ /K be the minimal extension such that pa ¢( Gk )*" is connected.

Let K¢/ K be the minimal extension such that End(Ax) = End(Agen).
In fact, if g < 3, then Ko = Kend,
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Some ideas in the proof

Let ¢ be a prime. One translates the problem in terms of the ¢-adic
representation attached to A

ot Gk = Au(Tu(A) @ Qr),  Tu(A) = lim A[')(K) ~ Z{°.

A and B are quadratic twists if and only if pa, ~ x ® rgw for x quadratic.
Let K<™ /K be the minimal extension such that pa ¢( Gk )*" is connected.
Let K¢/ K be the minimal extension such that End(Ax) = End(Agen).
In fact, if g < 3, then K" = Ked,
Proposition If A, B are locally quadratic twists, then:

@ End(Ax) ® Q ~ End(Bg) ® Q.

o Kom(A) = K< (B),

@ Kend(A) = Ked(B).
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Some ideas in the proof

Let ¢ be a prime. One translates the problem in terms of the ¢-adic
representation attached to A

ot Gk = Au(Tu(A) @ Qr),  Tu(A) = lim A[')(K) ~ Z{°.
A and B are quadratic twists if and only if pa, ~ x ® rgw for x quadratic.
Let K<™ /K be the minimal extension such that pa ¢( Gk )*" is connected.
Let K¢/ K be the minimal extension such that End(Ax) = End(Agen).
In fact, if g < 3, then K" = Ked,

Proposition If A, B are locally quadratic twists, then:
@ End(Ax) ® Q ~ End(Bg) ® Q.
o K©mM(A) = KM (B).
o Ked(A) = K*d(B).
Proposition If K = K" or End(Ax) = Z, then (LGP) holds.
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Some ideas in the proof Il

Proof that (LGP) holds if End(Ag) ~ Z

By Khare—Larsen, there is a finite extension L/K such that

Q¢ ~ Hom(AL, B) ® Q
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Some ideas in the proof Il

Proof that (LGP) holds if End(Ag) ~ Z

By Khare—Larsen, there is a finite extension L/K such that

Q¢ = Hom(AL, B) ® Q¢ = Homg, (0a.¢. 08,) == (04, ® 08,)% .
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Some ideas in the proof Il

Proof that (LGP) holds if End(Ag) ~ Z

By Khare—Larsen, there is a finite extension L/K such that

Q¢ = Hom(AL, B) ® Q¢ = Homg, (0a.¢. 08,) == (04, ® 08,)% .

(0n,® 0g.¢)@ affords a character y of Gal(L/K), which in fact is quadratic.
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Some ideas in the proof Il

Proof that (LGP) holds if End(Ag) ~ Z

By Khare—Larsen, there is a finite extension L/K such that

Q¢ = Hom(AL, B) ® Q¢ = Homg, (0a.¢. 08,) == (04, ® 08,)% .

(0n,® 0g.¢) @ affords a character y of Gal(L/K), which in fact is quadratic.

It will suffice to see that

Homg, (08,6, X ® 0as) #0.
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Some ideas in the proof Il

Proof that (LGP) holds if End(Ag) ~ Z

By Khare—Larsen, there is a finite extension L/K such that

Q¢ = Hom(AL, B) ® Q¢ = Homg, (0a.¢. 08,) == (04, ® 08,)% .

(0n,® 0g.¢) @ affords a character y of Gal(L/K), which in fact is quadratic.

It will suffice to see that

Homg, (08,6, X ® 0as) #0.

Note that

Homg, (08,6, X ® 0a,¢) ~ Homg, (04, ® 0B, x) # 0.
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Some ideas in the proof Il

Proof that (LGP) holds if K<™ = K
@ By Serre and Tate, there exists © € Xk of density 1 such that
End(Ak(p)) @ Q ~ End(Am) ®Q forevery p € ¥.

® Write E := End(Ag) ® Q and E; := End(Agqy) @ Q.
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Some ideas in the proof Il

Proof that (LGP) holds if K<™ = K
@ By Serre and Tate, there exists ¥ € ¥k of density 1 such that
End(Ak(p)) ® Q =~ End(AW) ®Q forevery p € .

@ Write E .= End(A?) ®Qand Ep = End(Am) ® Q.
@ By Khare-Larsen, there is cg € H'(Gk, E* /{£1}) attached to A.
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Some ideas in the proof Il
Proof that (LGP) holds if K<™ = K
@ By Serre and Tate, there exists ~ € Yk of density 1 such that
End(Ak(p)) ® Q ~ End(Agry) ©Q  foreveryp € X
® Write E := End(Ag) ® Q and E; := End(Ag5) ® Q.
@ By Khare-Larsen, there is cg € H'(Gk, E*/{+1}) attached to A.

H'(G, E* /{£1}) ——— Tlyex H'(Dy, B /{£1})

T

pes H' Gk (B3 /{11)®)
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Some ideas in the proof Il
Proof that (LGP) holds if K<™ = K

@ By Serre and Tate, there exists ¥~ € Yk of density 1 such that

End(Ak(y)) ® Q = End(Agry) ©Q  foreveryp e ¥

@ Write E := End(Ax) ® Q and E, := End(AW) ® Q.
@ By Khare-Larsen, there is cg € H'(Gk, E* /{£1}) attached to A.

H'(G, E* /{£1}) — [lpes H'(Dp, By /{E1})

T

[Tyes H' (G, B /{£1})

peEX
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Some ideas in the proof Il
Proof that (LGP) holds if K<™ = K

@ By Serre and Tate, there exists ¥ € Yk of density 1 such that
End(Ak(y)) ® Q ~ End(Agry) ©Q  foreveryp € ¥

@ Write E := End(Ag) ® Q and E, := End(Agy p)) ® Q.
@ By Khare-Larsen there is cg € H'(Gk, E* /{£1}) attached to A.

Hom(Gk, E* /{#1})———— [],x Hom(Dy, E; /{£1})

T

[1,es Hom(Gikp), Ep° /{£1})

pex
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Some ideas in the proof Il
Proof that (LGP) holds if K<™ = K

@ By Serre and Tate, there exists ¥ € Yk of density 1 such that
End(Ak(y)) ® Q ~ End(Agry) ©Q  foreveryp € ¥

@ Write E := End(Ag) ® Q and E, := End(Agy p)) ® Q.
@ By Khare-Larsen there is cg € H'(Gk, E* /{41}) attached to A.

Hom(Gk, E* /{+1})——— [,z Hom(Dy, £ /{£1})

T

[1,es Hom(Gikp), Ep° /{£1})

pex

Remark

To complete the proof of Thm. 1, one goes through the possibilities for
End(Az) ® Q and K=" /K for g < 3.
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Counterexample of dimension 6

@ Let x # ¢ be quadratic characters and E an elliptic curve without CM.
@ Observe the character table of the Klein group
| g1 % 9 g

T 11 1 1 1
x [ 1 1 1 A
G111 A

x| 1 4 4
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Counterexample of dimension 6

@ Let x # ¢ be quadratic characters and E an elliptic curve without CM.
@ Observe the character table of the Klein group

|91 G g5 Oa
T 11 1 1 1

x [ 1 1 1 A
G111 A
x| 1 4 4

@ Then
129 6\ & v?¥(g1) = 139 @ x @ ¢ & x1(91)
129 @ x29 @ v?9(g2) = 139 @ x ® ¢ ® x1(92)
129 ¢ 2% @ ¢?%(gs) = 13% & x @ ¢ & x¥(gs)

129 6} & ?9(gs) = —(13% & x & ¥ & x¥(94))
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Counterexample of dimension 6

@ Let x # v be quadratic characters and E an elliptic curve without CM.
@ Observe the character table of the Klein group

\91 92 93 04
1 1 1 1 1

x| 1 1 1 -
L1 11
x| 1 1 1A
@ Then
129 © 2% @ 929(g1) = 13 & x @ ¢ ® x¥(91)
129 @ 2% @ 2P (gp) = 139 & x @ ¢ ® x¥(2)
129 ¢ x 20 © ¢?¥(g3) = 139 @& x ® ¢ ® x1(9s)
129 6} & ?9(gs) = —(13% & x & ¥ & x¥(94))
@ Hence

E?x E2x E;, E*xE xEyxEgy

are locally quadratic twists, but not quadratic twists.
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Kummer twists

A/K abelian variety such that Q((om) € End(Ag) ® Q =: E.

Let o« € K* and m € Z>1. The 2mth Kummer twist of A by «, denoted A,, is
the one corresponding to the image of o under

K> /K*2M ~ H'(Gk, pom) — H'(Gk, E*).
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Kummer twists

A/K abelian variety such that Q(¢2m) € End(Ag) ® Q =: E.

Let o« € K* and m € Z>1. The 2mth Kummer twist of A by «, denoted A,, is
the one corresponding to the image of o under

K> /K*2M ~ H'(Gk, pom) — H'(Gk, E*).
Example

If Ais the Jacobian of
C . y2 :Xm+1 +X/Q,

then (x, y) = ({mX, C2my) induces Q((am) € E. Observe that Q(¢c,,) € Q.
An easy caclulation shows that A, is the Jacobian of

Co:y?=x""4ax/Q.

(observe that ¢. (X, y) = (a'/™x, o™ 1/M ) defines an isomorphism
between C and C, over K).
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Grunwald-Wang counterexamples

A, B/K abelian varieties of dimension g > 1.

A, B are strongly locally quadratic twists if Ak, , B, are quadratic twists V'p.
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Grunwald-Wang counterexamples
A, B/K abelian varieties of dimension g > 1.
A, B are strongly locally quadratic twists if Ak, , B, are quadratic twists V'p.

Proposition (Ambrosi-Coppola-F.) Suppose that A and « € K* are such that:

® K = K((om) and pom N K = {£1}.
@ a,—ag KM
® ac K, V.

Then A, A, are strongly locally quadratic twists, but not quadratic twists.
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Grunwald-Wang counterexamples
A, B/K abelian varieties of dimension g > 1.

A, B are strongly locally quadratic twists if Ak, , B, are quadratic twists V'p.
Proposition (Ambrosi-Coppola-F.) Suppose that A and « € K* are such that:

@ K = K(Com) and pom N K = {£1}.
@ a,—ag KM
@ ac K, V.

Then A, A, are strongly locally quadratic twists, but not quadratic twists.

Counterexample in dimension 4

Take m =8, a = 16, K = Q. By Grunwald-Wang, the hypothesis of the
Proposition are satisfied'.

The Jacobians of C : y2 = x% + x/Q and Cys : y? = x° 4 16x/Q are strongly
locally quadratic twists, but not quadratic twists.

1
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Grunwald-Wang counterexamples
A, B/K abelian varieties of dimension g > 1.

A, B are strongly locally quadratic twists if Ak, , B, are quadratic twists V'p.
Proposition (Ambrosi-Coppola-F.) Suppose that A and « € K* are such that:

® K = K((om) and pom N K = {£1}.
@ a,—ag KM
@ ac K, V.

Then A, A, are strongly locally quadratic twists, but not quadratic twists.

Counterexample in dimension 4

Take m =8, a = 16, K = Q. By Grunwald-Wang, the hypothesis of the
Proposition are satisfied'.

The Jacobians of C : y2 = x% + x/Q and Cys : y? = x° 4 16x/Q are strongly
locally quadratic twists, but not quadratic twists.

"Easier: For every odd p one of (%) (%2) (%‘) is 1 since the product of the three is 1.
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Geometrically simple counterexamples?

Note that A = Jac(y? = x® + x) is not geometrically simple:
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Geometrically simple counterexamples?

Note that A = Jac(y? = x° + x) is not geometrically simple:
Q(¢16) € End(Ag) = Ag has CM.

By looking at the action of (16 on

dx  xdx x2dx  x3dx

y' 'y oy oy
one sees that CM(A) = {1, 3,5, 7}, under Gal(Q(¢16)/Q) ~ (Z/16Z)*.
By Shimura, Stab(CM(A)) = {1,7} # 1 = Alis not geometrically simple.
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Geometrically simple counterexamples?

Note that A = Jac(y? = x° + x) is not geometrically simple:
Q(¢16) € End(Ag) = Ag has CM.

By looking at the action of (16 on

dx  xdx x2dx  x3dx

y' oy oy oy
one sees that CM(A) = {1, 3,5, 7}, under Gal(Q(¢16)/Q) ~ (Z/16Z)*.
By Shimura, Stab(CM(A)) = {1,7} # 1 = Alis not geometrically simple.

Question Suppose that Ay is simple. Does the following hold?

A, B quadratic twists < A, B strongly locally quadratic twists. (LGP’)
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Geometrically simple counterexamples?

Note that A = Jac(y? = x° + x) is not geometrically simple:
By looking at the action of (16 on

dx  xdx x2dx  x3dx

) ) ) )

y y y y
one sees that CM(A) = {1, 3,5, 7}, under Gal(Q(¢16)/Q) ~ (Z/16Z)*.
By Shimura, Stab(CM(A)) = {1,7} # 1 = Alis not geometrically simple.

Question Suppose that Ay is simple. Does the following hold?

A, B quadratic twists < A, B strongly locally quadratic twists. (LGP’)
Proposition If K = K", then (LGP’) holds.
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Main result

Theorem 2 (Ambrosi-Coppola-F.)

Let p =13 (mod 24) be a prime.
Any abelian variety A/Q such that

End(Ag) = Q(¢sp) and dim(A)=p—1
has a twist B violating (LGP’).

Remark

Such A’s occur as quotients of Fermat curves (see Gallese-Goodson-Lombardo).
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Cohomological translation
Let A/K be an abelian variety such that E := End(Ag) is a field.

Write G := Gal(K*"/K).
Proposition The following are equivalent:

@ There exists a twist B of A violating (LGP’).
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Cohomological translation
Let A/K be an abelian variety such that E := End(Ag) is a field.

Write G := Gal(K*"/K).
Proposition The following are equivalent:
@ There exists a twist B of A violating (LGP’).

@ There exists 1 # x € H'(G, E* /{#1}) trivializing in H?>(Gk, {£1}) and in
H'(C, E* /{£1}) for every cyclic C C G.
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Cohomological translation
Let A/K be an abelian variety such that £ := End(Ax) is a field.

Write G := Gal(K*"/K).
Proposition The following are equivalent:
@ There exists a twist B of A violating (LGP’).

@ There exists 1 # x € H'(G, E* /{#1}) trivializing in H?(Gk, {£1}) and in
H'(C, E* /{£1}) for every cyclic C C G.

Proof: H'(Gk, {+1})
H'(Gk, E)

1 —— HY(G, E*/{#+1}) —— H'(Gk, E* /{£1}) —— H'(Gens, EX /{£1})

H?(Gk, {£1})
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Some ideas in the proof |
By Shimura, E = Q((3p) = K*". Hence

G:=Gal(E/Q) = Z/2ZxZ)(p—1)Z,  G; := Gal(E/Q(vV=3))=Z/(p—1)Z

We will apply the following to G/Gy = (comp. conj.):
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Some ideas in the proof |
By Shimura, E = Q((3p) = K*". Hence
G:=Gal(E/Q) = Z/2ZxZ)(p—1)Z,  G; := Gal(E/Q(vV=3))=Z/(p—1)Z

We will apply the following to G/Gy = (comp. conj.):
Cohomology for cyclic groups

Let C = (g) be a cyclic group and
1oN-M—->Q—1

is an exact sequence of C-abelian groups, then

H'(C,Q) ——>— H2(C, N)

Lk

Ker(N)/(9(@)a " )qeq ~os NO/Im(N)
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Some ideas in the proof Il

Take a, b € Q are such that & + 3b? = 3p (possible since p =1 (mod 3)).

Note that y := %? € (E*/{+1})%.
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Some ideas in the proof Il

Take a, b € Q are such that & + 3b? = 3p (possible since p =1 (mod 3)).

Note that y := %? € (E*/{+1})%.

Note that y € Ker(Ng,g,). Hence it defines y € H'(G/ Gy, (E*/{£1})%).
Defines x = Inf(y) € H'(G, E* /{£1}).
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Some ideas in the proof Il

Take a, b € Q are such that & + 3b? = 3p (possible since p =1 (mod 3)).

Note that y := %/\/T? € (E*/{£1})%.

Note that y € Ker(Ng/g,). Hence it defines y € H'(G/ Gy, (E* /{£1})%).
Defines x = Inf(y) € H'(G, E* /{£1}).

Since p #1 (mod 8) and p=1 (mod 4), there exists Q C L C E = Q((3p)
such that [L : Q] is odd and [E : L] = 8. Then:

(LGP’ holds for A < (LGP’) holds for A,.

We may assume that G = Gal(E/L) ~ Z/27Z x Z/AZ.
This has only 4 maximal cyclic groups Hy ~ Hy ~ Z /47, Hy ~ Hy ~ Z./27 |
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Some ideas in the proof Il
Checking that x trivializes in H'(H;, E* /{41}) One checks that

§: H'(H;, E* /{£1}) — H?(H;, {+1}) and computes 5(x) = 1 via Ny,

Hi Hy
H2 H3

L(vV-3) L(/—3p) L(¢p) L(¢ap + ESp)
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Some ideas in the proof Il
Checking that x trivializes in H'(H;, E* /{41}) One checks that

§: H'(H;, E* /{#1}) — H?(H,, {£1}) and computes §(x) = 1 via Ny,

Hi H,
Ho Hs

L(v/-3) L(/—3p) L(¢p) L(¢ap + ZSp)

Checking that x trivializes in H?(Gg, {£1})

This can be checked locally thanks to the CFT s.e.s:

1 = H3(Gg, {1}) = H3(Gr, {1}) x [] H¥(Gay, {£1}) == fZ/Z—>O.
qeXo

For g # 3, p: Dy C G is cyclic and the verification reduces to the above. In
fact, D, is also cyclic. The verification at g = 3 is automatic by CFT s.e.s.
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