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Exercise 1.

i) Let k be a finite field and |- |: & — R>¢ an absolute value. Prove that
|z| =1 for every x € k*.

ii) Let k be a field of characteristic p. Show that there does not exist an
archimedean absolute value on k.

iii) Give two non-equivalent archimedean absolute values on Q(v/2).

Exercise 2. Let k be a field with a non-archimedean absolute value | - |. For
x,y € k, define d(z,y) = |z — y|.

i) Show that if |z| # |y|, then |z + y| = max{|z], |y|}.

ii) For a € k and r € Ry, let D(a,7) = {z € k|d(z,a) < r} be the “closed”
disc of center a and radius r. Show that D(a,r) is open and closed in k.

ili) Show that two discs D and D’ are either disjoint or concentric (that is, there
exists a € k and r,7" € Ry such that D = D(a,r) and D’ = D(a,1’)).

iv) Show that every triangle is isosceles: if for z,y,z € k one has d(z,z) <
d(y, z), then d(y, z) = d(z,y).

Exercise 3. Write the 5-adic expansions of %, 7% as elements of Zs.
Solution: 5

g:4+1-5+3~52+1-5’>f’>+3~54+....

2

_g:1+3'5+1'52+3'53+1'54+"'-
Exercise 4. Write the first 4 digits in the 7-adic expansion of a root of the
polynomial 22 — 2 € Z7[x].
Solution:

3+1-7+2-72+6-72.

Exercise 5. The only field automorphism of Q, is the identity.
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Exercise 1.

1. Let E/K be a Galois extension and let M/K be a Galois subextension of

E/K. Let p be a nonzero prime ideal of K, let B be a prime ideal of L
lying over p, and write pas = pN M. Then e/ (par) = faryx (par) = 1if
and only if the decomposition group D,k (B) € Gal(E/M).

Let p be a nonzero prime ideal of a number field K. Let L/K and L'/K
be finite Galois extensions. Show that p is split in LL'/K if and only if it
is split in L/K and L'/ K.

Exercise 2. Show that the polynomial 2® — 32? + 2x + 3 € Z3[x] decomposes
into linear factors over Qs.

Exercise 3. Let K/Q, be a finite extension, and denote by p the maximal ideal
of the valuation ring of K. Write pOg = p¢. Write U™ =1 4 p” for n > 1.

i)

ii)

iii)

iv)

Show that for 1+ z € UM, the following series converges

2?2 ad

log(1 =r— — 4+ — — ...
og(l+z)==x 2+3

Show that for x € p™ with n > zﬁ’ the following series converges

2 28
exp(z):1+x+§+§+...
Hint: Let v, be the p-adic valuation of Q. Show that if v = .., a;p’,
with 0 < a; < p, then v,(V!) = p%l Yiioai(pt —1).

€

For n > T

show that log maps U™ into p” and exp maps p” into U™,

Hint: Show that if v, denotes the normalized valuation of K, then v, (log(1+
x)) = vy(z) and vy(exp(x) — 1) = vy(x) for vy(x) > 7T

Deduce that for n > p%l, log: U™ — p™ and exp: p” — U™ are mutually
inverse isomorphisms.

Hint: Simply invoke the following identities of formal power series:
log((14+X)(14Y)) = log(1+X)+log(1+Y), exp(X+Y) = exp(X)exp(Y),

exp(log(l1+ X)) =1+ X, log(exp(X)) = X .



Exercise 4. Let ((X;)ier, (fij)i<jer) be an inverse system of topological spaces
X; and continuous maps f;;: X; — X;. The inverse limit X = @ X, is endowed
with projection maps

pi: X = X;.
Equip X with the following topology: U C X is an open set if and only if U is a
union of subsets of the form p[ll(UZ- )n--- ﬂp;nl(Uin) fori, € [ and U;, C X;,
open.

i) Show that this is the coarsest topology such that all maps p; are continuous.

ii) Show that if Y is a topological space and g;: ¥ — X, are continuous maps
such that g; = fijog;, then there exists a unique continuous map u: ¥ — X
such that g; = p; o u.
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Exercise 1. A topological group G is a topological space endowed with a group
structure such that the operations of product

GxG—G, (x,y) = zy

and taking inverses

G— G, z— !

are continuous maps. Let G and G’ be topological groups.

i) Show that a subgroup H C G is open if and only if it contains an open
neighbourhood of the identity element 1 € G.

ii) Show that a group homomorphism f: G — G’ is continuous if and only if
there is a basis of open neighbourhoods B of the identity 1 € G’ such that
f~1(B) is open for every B € B.

iii) Show that every open subgroup of G is also closed.
iv) Give an example of a closed and non-open subgroup in a topological group.

Exercise 2. Let K be a field with a non-trivial non-archimedean absolute value
|-]. Suppose that K is locally compact with the topology induced by |-|. Prove
that then K is complete, | - | is discrete, and the residue field is finite.

Exercise 3. Let K be a local field. Prove that:
i) If Char(K) = 0, then (K *)™ is an open subgroup of K* for every n > 1.
ii) If Char(K) = p, then (K*)™ is an open subgroup of K* if and only if p { n.

Hint: Use the “p-adic Newton method” in the form that given f € Ok[X] and
a € Ok with |f(a)| < |f'(a)|? there exists a zero b of f in O.

Exercise 4. Let K be a complete non-archimedean field and let K denote an
algebraic closure. Let «, 8 € K, assume that « is separable over K (f), and let
@ = qq,Qs,...,q, be the Galois conjugates of a over K. Prove that if

oo = B < o — i
for 2 < i <n, then K(«a) C K(5).

Hint: Note that it is enough to show that 7(a) = o for allT € Homg () (K (av, ), K).
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Exercise 1. Give an example of a field K, complete with respect to a non-
archimedean absolute value and with perfect residue class field, and two totally
ramified extensions L1/K and Lo/K such that their compositum L;Ls/K is
not totally ramified.

Exercise 2.

i) Prove that there exists a sequence {a, }nen C Z satisfying
ap = @y, (mod m)

whenever m|n, but such that there is no ¢ € Z such that a,, = a (mod n)
for every n € N.

ii) Now let Fy be a finite field, ¢ some prime power. Deduce from part i) that
Frob? C Gal(F,/F,).

Exercise 3. Let G be a profinite group and let G’ be the closure of its com-
mutator group [G,G]. Show that G* = G/G’ is a profinite group and that
every continuous homomorphism G — A, where A is an abelian profinite group,
factors through G&P.

Exercise 4.

i) Let K be a local field of characteristic 0. Show that every subgroup of K*
of finite index is open.

ii) Let K be the extension field of Q generated by all \/p where p is a prime
number. Show that G := Gal(K/Q) = [[,cy Z/2Z. Via this identification,
let H= @ 7Z/2Z C G. Show that H is dense in G. Prove that there exists
a subgroup H C H’ C G such that G/H’ is finite but non-trivial (choose a
basis of the Fo-vector space G/H in order to find such a H'). Conclude that
G has normal subgroups of finite index which are not open. (Remark. It
is easy to deduce that also Gal(Q/Q) has normal subgroups of finite index
which are not open.)
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Exercise 1. Let E/K be a finite Galois extension of local fields. Prove that
Gal(E/K) is solvable.

Exercise 2. Let L/K be an unramified extension of non-archimedean local
fields. Let f = [L : K], let # € K be a uniformizer, and let x and A be the
residue fields of K and L.

i)

ii)

Let n = |A\| — 1 and m = |k| — 1. The mth (resp. nth) roots of unity are
contained in K (resp. L). Prove that for every mth root of unity ¢ in K
there is an nth root of unity £ in L such that Ny, x(§) = .

Hint: It is enough to show that if £ is a primitive nth root of unity, then
2., f—1
Nijse(€) = €1 InHIn 41
is a primitive mth root of unity.

Prove that Ny, /i (L*) = (rf) x O, where O denotes the ring of integers
of K.

Hint: The difficulty is showing that O* is contained in Np,x(L*). Let ¥
be a generator of \* and let @ = Ny ,.(7) be a generator of k™. By i), it
is enough to show that for every a € O* such that o = @ (mod 7) there
exists v € L* such that Ny, (y) = a. Let f(T) € k[T] be the minimal
polynomial of 5 over k. Show that you can obtain such a 7y as a root of a
lift of f(T) in K[T), whose constant term is (—1)7a.



Exercise 3. Let K be a non-archimedean local field, and denote by 7 a uni-
formizer of K. Let K" and K% be its maximal unramified and maximal tamely
ramified extensions. Denote by I'" = Gal(K* /K"") the tame inertia group. Re-
call from the course that there is a canonical isomorphism

o~

to: I —» @ﬂe(Ku“)
pte

induced by the isomorphisms Gal(K(¢/m)/K) = u.(K"™), o — o(/m)//w
(where /7 denotes a fixed zero of X¢ — 7).

1. Let ¢ € Gal(K"/K) be the Frobenius automorphism. Then ¢ acts on
I'" by conjugation (i.e., every lift of ¢ to an element of Gal(K'/K) acts
on the normal subgroup I** by conjugation, and the action is independent
of the lift). Show that

to(pop™") = to(0)".
2. Conclude that the extension K" /K is not abelian.
Exercise 4.
i) Give an example of a group G and an exact sequence of G-modules

0-A—B—=C—0

such that
0— A% - BY 0% =0

is not exact.
ii) Give an example of a group G and G-modules A and B such that the map
A% ® BY —» (A® B)¢

is neither injective nor surjective.
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Exercise 1. Let J J
e — O —1>O0 —0>C_1 — ...

be a sequence of abelian groups such that for every ¢ € Z there exists a group
homomorphism hy: Cy — Cyq1 such that hy1 ody + dgq1 0 hy = idg,. Show
that C, is exact if one of the following conditions is satisfied:

1. The sequence C, is a complex, i.e., dy 0 dg41 = 0 for all g.

2. We have Cy = 0 for all ¢ < —1 and dp o d; = 0 and that h, is surjective
for all q.

Exercise 2. Let G be a group and A a G-module. A map ¢: G — A is called
a 1-cocycle if for every 0,7 € G one has

p(oT) = p(0) +op(T).

Let Z'(G, A) denote the group of 1-cocycles (with addition induced by the
addition on A). A map ¢: G — A of the form (o) = o(b) — b (for some
fixed b € A) is called a 1-coboundary. Let B'(G, A) denote the group of 1-
coboundaries; check that this is a subgroup of Z'(G, A). The first cohomology
group of A is then defined as the quotient

HY(G,A)=Z(G,A)/B* (G, A).

i) Let G =7/2Z = {1,—1} act on A = Z in the following way: the nontrivial
element —1 satisfies —1-a = —a for every a € Z. Compute H'(Z/2Z,7).

ii) Let G = (Z/4Z)* act on A = Z/4Z by multiplication. Determine the group
HY((Z/AZ)*,Z]AZ).

iii) If p is a prime and the action on Z/pZ is the natural one by multiplication,
what is H((Z/pZ)*,Z/pZ)?

Exercise 3. Let L be a finite Galois extension of the field K, and let G =
Gal(L/K).

i) Prove that H'(G,L*) = 1.

Hint: Given a l-cocycle ¢: G — L*, construct a 1-coboundary from the

element
b= ¢(0)- ola)

oceG

for a € L* chosen such that b # 0. To show that there exists a € L™ such
that b # 0, use Dedekind’s theorem on the independence of characters.



ii) Suppose that G is cyclic and that o is a generator of G. Show that if a € L*
is such that Ny, (a) = 1, then there exists b € L* such that a = b/o(b).

Hint: Show that if a € L* is such that Np k(a) = 1, then there is a
1-cocycle ¢: G — L* uniquely characterized by the condition p(o) = a.
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Exercise 1. Let G be a group and A an abelian group. (In this exercise and
Exercise 2 we write all groups multiplicatively.) A group extension of G by A is
a short exact sequence of groups

0A—>E5SG—1.

An extension is said to split if there exists a group homomorphism o: G — F
such that 7o o = id.

i) Show that in an extension of G by A, the abelian group A has a G-module
structure with action defined by 9a = g’ag’~! for a € A and g € G, and
¢ € E any lift of g.

ii) The semidirect product A x G of a group G and a G-module A is a group
with underlying set A x G and multiplication given by the formula

(a,9) - (b,h) = (a-7b,gh).
Show that A x G is indeed a group.

iii) Prove that the group extension 0 -+ A — E — G — 1 splits if and only if
E is isomorphic to A x G, where G acts on A as in i).

Exercise 2. Let G be a group and A a G-module. We will be interested in
extensions & of G by A such that the given G-module structure on A coincides
with that induced by £ as in Exercise 1 ii). Say that two such group extensions
&:0—> A — E; - G —1of Gby A with i = 1,2 are equivalent if there exists
a group isomorphism ¢: F; ~ F5 such that the diagram

0 A £y G 1
A
0 A by G 1

is commutative. Let EXT(G, A) denote the set of equivalence classes of exten-
sions of G by A inducing the given G-module structure on A. Given a group
extension £: 0 - A - E 5 G — 1, define

ce(g,h) = a(g)o(h)o(gh)~' € A,

where 0: G — E is a map such that 7 oo = id.



i) Prove that c¢ lies in Z2(G, A), that its cohomology class v only depends
on the equivalence class [£] of £, and that the association [£] — ¢ gives a
bijection between EXT(G, A) and H?(G, A).

ii) Let m,n € Z~1, and let Z/mZ act trivially on Z/nZ. We will see later in
the course that
H*(Z/mZ,7./nZ) = Z/(n, m)Z.

Prove this for (m,n) = (2,2),(2,3),(3,3).

Hint: Prove that every extension E of a cyclic group G by an abelian group
A contained in the center of E is again an abelian group, and then use i).

Exercise 3. For a cyclic field extension L/K, show that H!(Gal(L/K), L) = 0.

Exercise 4. For a finite group G, we define the character group GV :=
Hom(G,Q/Z) of G. Prove that the natural map G — GV induces an iso-
morphism GYV = G?P.
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Exercise 1. Let G be a finite group and A a G-module.
i) Show that Ord(G) - H}.(G, A) =0 for all ¢ € Z.
Hint: Use dimension shift.
ii) Show that if the multiplication map
A— A, a — Ord(G)a
is an isomorphism, then H}(G, A) = 0.
Exercise 2. Prove that H*(G,Z) = GV.

Hint: Consider the exact sequence 0 — Z — Q — Q/Z — 0 and apply the
previous exercise.

Exercise 3. Let GG be a finite group and A a finite abelian group of order
coprime to the order of G. Prove that any extension

1 A—-F—-G-—1
is split.

Hint: Use Fxercise 1 and Ezercise 2 of PS6.
Remark: More generally, the Theorem of Schur and Zassenhaus says that the
condition that A be abelian can be dropped.

Exercise 4. Let m > 1 be an integer, and let k be a field whose characteristic is
coprime to m. Let k be a separable closure of k, and let G = Gal(k/k). Denote

by pm C %~ the subgroup of m—th roots of unity.
i) Show that k> /(k*)™ ~ HY(G, pim).
ii) Assume that p,, C k*, so that the first part yields an isomorphism
Y kX /()™ = Hom(G, i)
Prove that the maps
k' ™! (Hom(Gal(K'/k), pim)),
B k(¥/b; be B)

define a bijection between the finite abelian extensions k’/k inside k whose
Galois group is annihilated by m and finite subgroups of k* /(k*)™.
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Exercise 1. Let G be a finite group and let A be a G-module. Denote by
H1(G, A), the p-primary part of H}(G, A), that is, the group of all elements
whose order is a power of p. Let G, denote a p-Sylow subgroup of G. Prove
that:

i) resq: H}(G, A), — HL(Gp, A) is injective.
ii) cory: HL(G,, A) = HL(G, A), is surjective.

Exercise 2. Let G be a finite group and H C G a subgroup. For each coset
¢ € H\G, choose a representative o(§), i.e.,

G = U Ho(¢) (disjoint union).
EEH\G

For a G-module C and ¢ € y_,C, define
Nijale) = Y 0(€) -c € n, C.
3

i) Let
0—-—A—-B—-C—=0

be an exact sequence of G-modules. Show that the diagram

Hy ' (G,C) —= HY(G, A)
e
H7'(H,C) —>= HY(H, A)
is commutative. Here, we define N'(c + IcC) = NG,y (c) + InC. Recall
that we know from the lecture that reso(a + NgA) = a + Ny A.
ii) Deduce that N’ = res_;.
iii) Let 7 € G. Show that
o) -1 o)t € H forall & € H\G.

Show that the transfer map ver: G — H?" is given by the formula

ver(tG') = H o(&)To(ér)™ | H'.

EEH\G



Hint: Use the identification G** = I /1% (and similarly for H), and that
by part i) the restriction map Ig/I3 = Hp'(G,Ig) — Hyp'(H,Ig) =
Ig/Igle is given by N'.

Exercise 3. Let G = Z/67Z act on A = Z/3Z in the following way: the action
of a generator of GG is given by the formula a — —a. Show that:

i) HL(G,A) =0 for ¢ = 0,—1. (We will see soon that this implies H%.(G, A) =
0 for every g € Z since G is cyclic.)

ii) The G-module A is, however, not cohomologically trivial, that is, there
exists H C G and ¢ € Z such that H%.(H, A) # 0.

Exercise 4. Let G = Z/27Z act on A = Z/8Z in the following way: the action
of the non-trivial element of G is given by the formula a — 3a.

i) Show that H}(G,A) = 0 for ¢ = 0,—1. (By the remark in Ex. 3 i) this
implies that the G-module A is cohomologically trivial.)

ii) Let B = Z/2 with trivial G-action. Prove that the G-module A ® B is not
cohomologically trivial.

Hint: Recall from PS6 Egzercise 2 part ii) that H*(Z/27Z,7.,)27) ~ 7./27 when
7./27 acts trivially on Z/27.
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Exercise 1. Let M be an abelian group and f, g endomorphisms of M such
that fog=go f =0. The Herbrand quotient is defined as

[Ker(f) : Im(g)]

qar,q(M) = [Ker(g) : Tm(f)] €Q,

provided that [Ker(f) : Im(g)] and [Ker(g) : Im(f)] are finite.
i) Show that if M is finite, then qs o(M) = 1.

ii) Suppose that G is cyclic and that M is a G-module such that the coho-
mology groups H(G, M), H*(G, M) are finite. If o is a generator of G, we
write h(M) = go—1,n, (M). Check that

_ #H*(G, M)

" G n

iti) Compute h(Z), where G acts trivially on Z.
Exercise 2. Let G be a finite cyclic group. Show that if
0—->M —-M-—M"—0

is an exact sequence of G-modules, then h(M) = h(M')h(M"), in the sense
that whenever two of the three Herbrand quotients are defined, then so is the
third one, and that in this case equality holds.

Exercise 3. Let L/K be a finite unramified extension of local fields with Galois
group G, and let Uy, = OF. Show that H}.(G,UL) =0 for all r € Z.

Hint: Show that that there is an isomorphism L* ~ U, X Z of G-modules, where
we let G act trivially on Z. Then use Ezx. 3 of PS5 and Ex. 2 of PS4.

Exercise 4. Let G be a topological group and let M be a G-module. Show
that the following are equivalent:

i) The map G x M — M defined by (g,m) — 9m is continuous, where
M carries the discrete topology and G x M is endowed with the product
topology.

ii) The stabilizer in G of any element m € M is open.

i) M=Uy M Hwhere H runs through all the open subgroups of G.
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Exercise 1. Let G be a group and A a (not necessarily commutative) group
on which G operates by group isomorphisms. We write A multiplicatively, and
by abuse of notation call A a non-commutative G-module. A map ¢: G — A
is called a 1-cocycle if ¢(o7) = (o) - o(p(T)) for every o,7 € G. We denote by
ZY(G, A) the set of all 1-cocycles. Say that two 1-cocycles ¢, 1) are cohomolo-
gous, and write ¢ ~ 1, if there exists a € A such that (o) = a=!- ¢(0) - o(a)
for every o € G. Show that ~ is an equivalence relation. The first cohomology
group of A is the set of cohomology classes

HY (G, A)=ZG,A)/ ~ .

Note that H'(G, A) has the structure of a “pointed set”, that is, a set with a
distinguished element corresponding to the trivial 1-cocycle satisfying ¢(c) = 1
for every o € G.

Remark: Note that if A is abelian, H' (G, A) coincides with the group defined
in Fx. 2 of PS5.

Exercise 2. Let )
1-AS5BSHC—1

be a sequence of non-commutative G-modules.

i) Given ¢ € C%, define
6(c): G— A, S(e)(o) =i (bt a(b)),

where b € B is such that 7(b) = c. Show that §(c) € Z*(G, A) and that its
cohomology class is independent of the choice of b.

ii) Show that the sequence of pointed sets
1 A9 8 BG T8 06 5 gh(@, A) S HY(G,B) & HY(G,C)
is exact.

Remark: By the kernel of a morphism of pointed sets we mean the preimage
of the distinguished element of the target set. One can see any group as a
pointed set by considering the set underlying the group together with the
neutral element. Above, ig, i1, (resp. mo, 1) are the maps induced by i
(resp. ).



Exercise 3. Let L/K be a finite Galois extension of fields with Galois group
G = Gal(L/K). Counsider the natural action of G on GL,,(L).

i) Show that H'(G,GL,(L)) = 1.

Hint: Imitate the procedure of PS 5, Ex. 3. To show that given a 1-cocycle
¢: G — GL, (L), there exists C € GL, (L) such that B =73 . ¢(0)-0(C)
is invertible, show first that a linear form L™ — L which vanishes on the
image of the map

b: L — L™, b(x) := Z (o) - o(z)
occG

must be zero on all of L™. In other words, the image of b generates L™ over
L. Then, if x1,...,x, € L™ are such that the y; = b(x;) generate L™, take
C to be the matriz of the linear map that sends the canonical basis e; to x;.

ii) Deduce that H'(G,SL,(L)) = 1.

Exercise 4. Let L/K be a finite Galois extension with Galois group G =
Gal(L/K). For n > 1, let G act naturally on L™ and by

o(¥)(z) = o(¥(c  (z))) for all ¢ € Aut(L"), x € L"
on Aut(L™).
i) Show that giving ¢ € Z'(G,GL,(L)) is equivalent to giving a family of
K-vector space isomorphisms t,: L™ — L™ satisfying

waT = war for all o, T € G

and
Yo (ax) = o(a)y(x) forall o € L, z € L™.

Hint: To construct the family of ¢, from the 1-cocycle ¢, set 1, := ¢(c) o
o).

ii) Note that we can endow L™ with a new action of G by letting o € G send
x € L™ to ¢o(x) € L™. Write V to denote L™ with this new G-module
structure. Show that

VE ={v eV |¢y(v) =0 for all ¢ € G}

satisfies dimg (V¥) = n (and hence the natural map V¢ @k L — V is an
isomorphism).
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Exercise 1. Algebraic independence of characters
Let K be an infinite field, L/K be a finite Galois extension, and o1 = id, o9, ..., 0,
the Galois automorphisms of L/K. Let f € K[X1,...,X,] be such that

flo1(a),...,on(a)) =0
for all @ € L. Prove that f = 0.

Hint: Fiz a basis of L as a K-vector space, and do a suitable change of coordi-
nates so that you can use the following fact (which you may use without proof):
Let E be an infinite field, and let g € E[Xq,...,X,] with g(x1,...,2,.) =0 for
all x; € E. Then g = 0.

Exercise 2. Apply algebraic independence of characters to give another proof
of PS 10, Ex. 3 1) in the case that K is infinite.

Hint: With the notation introduced in the hint of that exercise, let C = cEy,
c € L*, be a scalar matriz and consider det(B).

Exercise 3. Normal basis theorem

Prove that if L/K is a finite Galois extension with K an infinite field (and no-
tation as in Exercise 1), there exists a € L* such that o;(«) is a basis of L as
a K-vector space.

Hint: Consider the matrizv A = (a; ;) € M, (K[Xq,...,X,]), where a; ; = X
if 0,00, = o,. Show that det(A) # 0 and use algebraic independence of

characters to prove the existence of a € L* such that det(B) # 0, where
B = (0,00;()) € My,(L).

Remark: The statement is also true for finite fields.
Exercise 4.

i) Let A be a discrete Z-module. Show that H?2 (2, A) =0, if A is torsion (i.e.,
for all a € A, there exists n € Z \ {0} with na = 0).

Hint: Writing A as an inductive limit of finite Z- modules reduces to the
case that A is finite. Denote by N, the norm of Z/nZ( Z/nZ) Now
apply the fact below to identify hmHQ(Z/nZ A”Z) = lim AZ/N A, with
transition maps AZ/N A— AZ/NmnA given by multzplzcatwn by n.

Fact. Let G be a cyclic group of order n, let ¢ € G be a generator, and
let x € Hom(G, Q/Z) be defined by x(c) = 1/n. Let = d(x) € H*(G,Z),



where § is the connecting homomorphism for the short exact sequence 0 —
Z—Q— Q/Z — 0. Let A be a G-module. Show that

HY(G,A) — HZ(G, A), a—auUb,
is an isomorphism.

ii) Deduce that H2(Z, A) = 0 if A is divisible (i.e., multiplication by n is a
surjection A — A for all n € Z\ {0}).

iii) Let K be a perfect field with absolute Galois group Gal(K/K) = Z. Show
that the Brauer group H2(Gal(K/K),K ') is trivial.

iv) Let K be a perfect field with absolute Galois group Gal(K/K) = Z. Show
that for each finite extension L/K, the norm map Ny k is surjective.
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Exercise 1. Let (1, {2 € Q, be roots of unity such that Q,(¢1)/Q, is unramified
of degree f and (; has order p™. Show that

Ng, (¢162)/0, (Qp(C1¢2) %) = (pf) x U™

Exercise 2. Local Kronecker- Weber
Show that every finite abelian extension K/Q, is contained in a field of the form
Qp(¢), where ¢ € Q, is a root of unity.

Exercise 3. Artin-Schreier theory 7
Let k be a field of characteristic p > 0, k a separable closure of k, and G =
Gal(k/k). Prove that there is an exact sequence

0—Z/pZ — kB k— HYG,Z/pZ) = 0,
where p(x) = 2P — z and G acts trivially on Z/pZ.
Exercise 4. Let K/Q, be a finite extension containing all mth roots of unity

(m>1). Forae K*, set L, = K(%/a), and let L = K(%/a; a € K) be the
compositum of all L,. Prove that

(K*)™ = () Ne.x(LY)=NpxL*.
acK*

Hint: Use Kummer theory (PS 7, Ex. /).
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Exercise 1. Let L/K be a finite abelian extension of p-adic number fields.
Show that the norm residue symbol

(,L/K): K* — Gal(L/K)

maps the group of units Ux onto the inertia group I,k and the the group of
principal units U I((l ) onto the wild ramification group Pr k.

Hint: Recall that U[((l)/U](?) (resp. Pp i) are the unique p-Sylow subgroups of
UK/UI(?) (resp. Ip k).

Exercise 2. Let K be a number field, and let I be its group of ideles. Consider
the content map c: Ix — Rxo, (ay)y = [[, |]o-

i) Show that ¢ is a continuous and surjective group homomorphism.

ii) Let I' be the kernel of ¢. Show that the image of K* in Ix under the
diagonal embedding is contained in I'.

iii) Using, without proof, the fact that the quotient I' /K> is compact, show
that the ideal class group of K is finite.

Exercise 3. Let K/Q be a number field. Show that K C Ak is discrete, that
Ak /K is compact, and that K* C I is discrete.

Hint: Reduce when necessary to the case K = Q.

Exercise 4. Let K be a number field, and let S be a finite set of places of K.
Show that 13- K> is dense in If.

Hint: Use the weak approximation theorem.



