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The goal of this Problem Set is to give two proofs (a geometric one and an
algebraic one) of the following result!:

Characterization of the Pythagorean Triplets (CPT). If z,y, z are posi-

tive integers satisfying
2?4yt = 22,

in which case (z,y, z) is called a Pythagorean triple, then there exists a positive
integer d and two relatively prime integers v and v such that

r=du®—v?), y=2duww, z=du?®+0v?),
up to permutation of z and y.
Geometric proof. Consider, on the affine XY-plane, the circle
C: X?+Y*=1

and the line
Lyp:Y+m(X+1)=0,

for m € Q. Let P, = (A, Bn) denote the intersecting point of L,, and C
distinct from (—1,0).

Exercise 1A. Show that for every P = (A, B) € C with A, B € Q and distinct
from (—1,0), there exists m € Q such that (A, B) = (A, Bm)-

Exercise 1B. Compute (A4,,, B,,) in terms of m.
Exercise 1C. Deduce (CPT) from the previous two exercises.

Algebraic proof. We will consider the field of rational Gauss numbers
Qi) ={a+ibla,b e Q},
where i = v/—1. We define the norm of a rational Gauss number a = a + ib as
N(a) = aa = (a +ib)(a — ib) = a® + b*.
Exercise 2A. Show that for a € Q(i):

N(a)=1 ifandonlyif a= g for some nonzero 8 € Q(i).
(Hint: (1 + @) = a+ aa).

Exercise 2B. If (z,y, z) is Pythagorean a triple, define a = Z 4 iZ. Deduce
(CPT) by applying the previous exercise to a.

n a future Problem Set we will give a third proof of this result (an arithmetic proof).
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Exercise 1. Let I denote a finite field. Show that for every a € F, there exist
x,y € F such that a = 22 + 32,

Hint: Compute the cardinality of the sets {x°|x € F} and {a — y*|y € F}.
Distinguish whether F has characteristic 2 or # 2.

Exercise 2.
i) Let M be Z? and M’ C M the submodule generated by
vy = (2,0) and vy = (3,2).

Find a basis by,by for M and «y,a0 € Z with «aq|as such that M’ =
<a1b1,a2b2>z.

ii) Let M be Z3 and M’ C M the submodule generated by
v1 = (4,54,0), vy = (2,0,12), and vy = (0,24, -12).

Find a basis by, by, b3 for M and aq, s, a3 € Z with aq]as|as such that
M/ = <a1b1,a2b2,a3b3>z.

Exercise 3. Let R be a PID and let A € M, «,,(R) be a square matrix with

coefficients in R. Show that there exist ay,...,a, € R with ay|...|a, and
invertible matrices S,T € GL,(R) such that
a1 0 [N 0
0 Qg ... 0
. = SAT.
0 0 ... ap

The diagonal matrix on the left is called the Smith normal form of A and the
elements a; € R are called its invariant factors.

Hint: View A as a linear map R* — R™ =: M, and denote its image by M’.
Use the elementary divisor theorem to find a basis B = (by,...,b,) of M and
ai,...,0q € Rwithoq]. .. |og such that M' is generated by the o;b;, i =1,...,q.
Seta; =0 fori=q+1,...,n.

Show that R™ = ker(A) @ M’, and that ker(A) is a free R-module of rank
s:=n—q. Conclude by assembling everything into a commutative diagram

R” M’ M

.

Rt — > R1—> R"




where the map RITS — R™ in the lower Tow is given, with respect to the standard
bases, by a map of the desired form. Define the matrices S and T using the outer
column isomorphisms.

Exercise 4. Let k be a field.

i) Let g(T) =T + aq—1T4 ' +--- + ag € k[T] be a monic polynomial with
coefficients in k. Denote by V the k-vector space k[T]/(g). Consider the
endomorphism

oV =>V

defined by ¢(f) = fT. Give the matrix of Myxq(k) corresponding to the
endomorphism ¢ with respect to the basis 1,7, ..., T% 1.

ii) Let V be a finite dimensional k-vector space and ¢: V — V an endomor-
phism. Consider the ring homomorphism

k[T] — End(V)

that maps T to ¢. It endows V with a structure of k[T]-module. Show that
there exists a k-basis of V' so that the matrix of ¢ with respect to this basis
is a block diagonal matrix all of whose blocks are of the form

0 0 0 ... 0 =
1 0 0 ... 0 =«
01 0 ... 0 =
0 0 0 ... 0 =
0 0 0 ... 1 =

Hint: Apply the structure theorem of finitely generated modules over PIDs
to the k[T]-module V.
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Exercise 1. Let K be a field and G a finite subgroup of K*. Show that G is
cyclic.

Hint: Use that there exists z € G such that ord(z)|ord(z) for every x € G.

Exercise 2. Let [F; be the finite field of cardinality g. Show that the set
{(z,y,2) € Fy | 2® = yz}

has cardinality ¢2.

Exercise 3. Let p be a prime and ay,...,a2p,—1 € Z. Show that there exists a
subset I C {1,...,2p — 1} of cardinality |I| = p such that

Zai =0 (modp).
icl

Hint: Consider the polynomials Zfﬁ;l xffl, ngzl aiz? e Fplzi,...,xop-1].

1= i

Exercise 4. Show that the ring R = Q[X,Y]/(Y? — X3) is a domain. Show
that there exists an element in Frac(R) which is integral over R, but not con-
tained in R.

Hint: Identify R with a subring of Q[T by giving a ring homomorphism Q[X,Y] —
Q[T with kernel (Y2 — X3).
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Exercise 1. Let A be an integrally closed domain and let K be its fraction
field.

i) Let L/K be a finite extension and let B be the integral closure of A in L.
Show that for every x € L, there exists b € B and a € A such that z = b/a.

ii) Let f,g € K[T] be monic polynomials such that f - g € A[T]. Show that
frg9 € A[T].

Exercise 2. Let I, denote the finite field of cardinality g. Consider the norm
map
N]Fqn JF, Fqn — Fq .

Fix a basis B of the n-dimensional F-vector space F,». Show that there exists
a homogenous polynomial N(y1,...,yn) € Fgly1,...,yn] of degree n and with
no non-trivial zero such that if (z1,...,x,) are the coordinates of z € Fgn in
the basis B, then

Nr,n/r, (¥) = N(21,...,25) .

Exercise 3. Let L/K be a finite separable extension of degree n = [L : K].
By the primitive element theorem, L = K(z) for some x € L. Let f denote the
minimal polynomial of z. Show that

D(,z,...,2") = (-1)"" H(frz —zj) = (*1)n(n2_1)NL/K(f'($))~
1#]

Compute the above expression in terms of a,b € K in the case that f(T) =
T 4+ aT + b for n = 2, 3.

Hint: Forn =3, the result is —27b* — 4a3>.
Exercise 4.

i) Let K = Q(a), where a® —a — 1 = 0. Show that the ring of integers of K
is OK = Z[Oﬁ].

ii) Let K = Q(a), where a® —d = 0 with d # £1 a squarefree integer. Show
that [K: Q] = 3 and that Ox C 3Z[a].

Hint: Let 0 = u+av+wa? with u,v,w € Q be an element of Ox. Compute

Tri/q(0) = 3u € Z, Trg g(ad) = 3wd € Z, Trg g(e0) = 3vd € Z,



Nr/o(0) = u® + v*d + w?d® — Buvwd € Z.
By considering 3*-d-Ng q(0) and 3*-Ng o(0) deduce that 3u,3v,3w € Z.

iii) Let K = Q(a), where a® — 17 = 0. Show that the ring of integers of K is

2—a+1
oK:z[l,a,a;ﬁ].

Hint: Combining Ezercise 8 and Exercise 4 i), first note that the discrim-
inant of K is either —33 - 17% or —3 - 17%. Show that B := (o> —a +1)/3
satisfies 3° — 32 + 63 — 12 = 0. For this you may use that B = 6/(a + 1).

Compute D(1,a, ) from D(1,a,a?) to deduce that the discriminant of K
is —3 - 172
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Exercise 1. Let p be an odd prime and ¢, a primitive pth root of unity in an
algebraic closure Q of Q.
i) Show that the discriminant D(1,(p,..., CII;*Z) of the pth cyclotomic field
. p=1
Q(¢p) is (=1) = pP~2.
Hint: Use Erercise 3 of Problem Set 4 and note that (¢, — 1)(®},((p)) =
pﬁp_l, where ®, denotes the pth cyclotomic polynomial.

ii) Show that 4/ (—1)%]) is an element of the ring of integers of Q((,). Which
is its expression with respect to the basis 1, (p, ..., 45—2?

Hint: You have already seen this in a different context.

iii) Deduce that Q({,) has a unique quadratic subfield, which is real if p = 1
(mod 4) and imaginary if p = 3 (mod 4).

Exercise 2. Let K be a number field of degree n. If ay,...,a, € Ok are
algebraic integers of K, show that

D(ay,...,a,)=0 (mod4) or D(ai,...,a,)=1 (mod4).

Hint: Let A, denote the alternating group, that is, the subgroup of the sym-
metric group &, made of permutations of positive sign. Let o1,...,0, be the
embeddings of K into Q. Show that if we set

pP= Z Hai(o‘ﬂ(i))v N = Z Hai(aﬂ(i))a
re, i=1 TES\D,, i=1

then PN, P + N € Z. Conclude by expressing the discriminant in terms of P
and N in a suitable way.

Exercise 3.
i) Let p # g be primes. Show that the following are equivalent:

a) There exists a € Z such that ®,(a) =0 (mod p).
b) p=1 (mod q).
ii) Let ¢ be a prime number. Prove that there exist infinitely many primes p

such that
p=1 (modgq).



Hint: Suppose that there exist only finitely many primes p with p =1 (mod q)
and let I denote their product. Show that ®,(qll) > 1, that any prime dividing
®,(qIl) is =1 (mod q), and that this is a contradiction with the initial claim.

Exercise 4.

i) Give an example of a ring A, a finitely generated A-module M, and a
submodule N C M which is not finitely generated.

ii) Give an example of a noetherian ring B and a subring A C B which is not
a noetherian ring.

iii) Let A be aring, M an A-module, M’ C M a submodule, and M" = M/M’.
Show that M is noetherian if and only if so are M’ and M".
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Exercise 1. Let R be a Dedekind domain. Show that R is a UFD if and only
if R is a PID.

Exercise 2. Show that a Dedekind domain R with only finitely many non-zero
prime ideals p1,...,p, is a PID.

Hint: For i = 1,...,r, consider m; € p; \ p7. Use the Chinese Remainder
Theorem to find z; € R such that z; = m; (mod p;) and z; = 1 (mod p;) for
every j # i. Determine the factorization into prime ideals of (z;).

Exercise 3.
i) Show that Z[y/—5] is not a UFD.
ii) Give the factorization into prime ideals of (6) C Z[v/—5].

Exercise 4. Let K = Q(a), where o = ¥/2. Let R = O denote the ring of
integers of K.

i) Show that @ and « + 1 are prime elements of R.
ii) Determine the factorization into prime ideals of (2) C R and (3) C R.

Hint: Note that 3 = (o — 1)(a + 1)3.
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Exercise 1. Let K be a number field and let 2r, be the number of complex
non-real embeddings of K. If z1,...,z, is a Q-basis of K, show that

sign(D(z1,...,2,)) = (—1)™.

Hint: Let 0q,...,0, denote the embeddings of K into C. What is the complex
conjugate of det(o;(x;))?

Exercise 2. (Minkowski’s theorem on linear forms). Let
n
)\i(xl,...,xn): E QijTj, i:l,...,n,
=1

be real linear forms such that det(a;;) # 0, and let ¢1,...,¢, be positive
real numbers such that ¢;---¢, > |det(a;;)|. Show that there exist integers
my,...,m, € Z such that

[Ai(ma,...,mp)| < ¢, i=1,...,n
Exercise 3. Show that Y-, 107U € R is a transcendental number.
Hint: Apply Liouville’s theorem.
Exercise 4. Let K = Q(y/—23) and let Of denote its ring of integers.

i) Determine prime ideals p,p C Ok such that pp = (2) C O. Deduce that
p is not a principal ideal.

ii) Show that p? is a principal ideal.

Hint: Consider the prime ideal factorization of (L {23) C Ok.
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Exercise 1.

i) Show that the quadratic fields

Q(v2), Q(V3), Q(V5), Q(v13), Q(v-1), Q(vV-2), Q(vV-3), QWV-T)

have class number 1.

Hint: Note that if K is a quadratic field, then the Minkowski bound is
V|disc(K)|/2 if K is real and 2+/|disc(K)|/m if K is imaginary.
ii) Compute the class number of K = Q(a), where o® +a +1 = 0.

Exercise 2. Let K be a quadratic field and let O be its ring of integers. Let
a € Ok besuch that O = Z[a] and let ¢(x) denote its minimal polynomial. Let
g(z) € Fplz] be the reduction of ¢(z) modulo p. Show that the decomposition
of the ideal generated by a rational prime p in O, denoted pQOy, is as follows:

i) If g(x) is the product of two distinct linear polynomials in Fy[z], then
pOk = p1p2, where p; and po are distinct prime ideals of Ok

ii) If g(z) is irreducible over Fp[z], then pOf is a prime ideal of Ok.

iii) If g(z) is the square of a linear polynomial in F,[z], then pOx = p?, where
p is a prime ideal of Ok.

Hint: Note that Ok [pOx ~ (Z[z]/q(x))/(p) ~ Fplz] /().
Exercise 3.

i) Show that K = Q(v/—5) has class group isomorphic to Z/2Z.

Hint: Show that the class group is generated by the prime ideal dividing
20k and that it is non principal.

ii) Show that K = Q(+/—23) has class group isomorphic to Z/3Z.

Hint: Show that the class group is generated by the prime ideals dividing
20k and 30, show that they are non principal, and find relations among

them by looking at the prime ideal decomposition of (L 3_23) Ok and
(1+\2/—23) Ox

Exercise 4. Show that, for every number field K, there is a finite extension
L/K such that, for every ideal a of Ok, the ideal aOy, of Oy, is principal.

Hint: Use the finiteness of the class group.
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Exercise 1.

i) Show that K = Q(v/—14) has class group isomorphic to Z/4Z.

Hint: Show that the class group is generated by the prime ideals dividing
20k and 30k, show that they are non principal, and find relations among
them by looking at the prime ideal decomposition of (2 ++/—14)O.

ii) Show that K = Q(+/—30) has class group isomorphic to Z/27Z x Z/2Z.

Hint: Show that the class group is generated by the prime ideals dividing
20k, 30k, and 5Ok, show that they are non principal, and find relations
among them by finding a principal ideal of norm 30.

ili) Show that K = Q(+/—26) has class group isomorphic to Z/6Z.
Exercise 2. Show that if K is a quadratic imaginary field, then
i) pr ={1,-1,i,—i} if K = Q(3), where i = v/—1.

.. _ ; . . _ _ 1+v/=3
i) pr ={w? |0 <5 <5} if K = Q(w), where w = ~5==.

ili) px = {£1}, otherwise.

Exercise 3. Let K = Q(/a,v/b) be a number field of degree 4. Prove that the
cardinality of pg is 2, 4, 6, 8, or 12. Give examples of K showing that all these
values can occur.

Hint: Use that if ¢, denotes a primitive n-th root of unity, then [Q(¢,) : Q] =
o(n), where (n) := #(Z/nZ)* denotes the Euler o-function. Note that by the
Chinese Remainder Theorem, we have that p(nm) = o(n)p(m) if (n,m) = 1.
From the easy fact that o(p') = p*~*(p — 1) if p is a prime and i > 1, one has

w(n)nH(li),

where the product runs over primes p dividing n.

Exercise 4. Let p be an odd prime, (, a primitive pth root of unity, and
Ok = Z[(p] the ring of integers of K = Q((p).

i) Show that if k is an integer such that 0 < k < p — 1, then
E=14+G+C+ -+ €0k,

Hint: Recall that |Ng;o(1 — ()| = [Nkl — ¢F)| = p and note that
E1-¢)=1-¢.



ii)

iii)

iv)

Show that the roots of unity of K are of the form :i:(;f for0<k<p-1.

Hint: Let G C K* be the subgroup generated by the roots of unity of K.
Thus G = () for a certain primitive n-th root of unity (,. Note that 2p|n

and p(n) = ¢(2p).

Take an embedding K C C. Show that any unit u € O can be written as
u = (v, where 0 <7 <p—1 and v € RNOF.

Hint: Let ¢ denote complex conjugation and note that it restricts to an
automorphism of K. Show that u/c(u) is a root of unity in K by noting
that the absolute value of all of its Galois conjugates is 1. Note that p =
(1—-¢p) = (1 —c(¢p) € Ok by i), and this is a prime ideal by the hint
in i). Rule out the possibility u/c(u) = —(J, for some 0 < j < p—1, by
finding a contradiction by reducing modulo p. Deduce the statement from

ufe(u) = ¢

Show that the fundamental unit of Q(v/5) is 1475

Let now p = 5, ( = (5. Show that
Ox ={X'(1+¢) [0<i<4,jeZ}

Hint: Use that —C*(1+¢) = (14++/5)/2 (see Ex.1.ii) of PS5, for example)
and also take iit) and iv) into consideration.
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Exercise 1. Let A be a Dedekind ring and let K be its fraction field. Let L/K
be a finite extension and let B be the integral closure of A in L. Given an ideal
b C B, let Ny k(b) C A be the ideal generated by all the elements Ny /x (b),
where b € b. The ideal Ny, (b) is called the relative norm of b.

i) Show that Ny x(bB) = Nk (b)A for all b € B.

ii) Let S C A be a multiplicative set. If a C A (resp. b C B) is an ideal,
denote by ag (resp. bg) the ideal in S7'A (resp. S~!B) generated by a
(resp. b). Prove that N x(b)s = Np,k(bs).

111) Show that NL/K(blbg) = NL/K(bl)NL/K(bQ) for all ideals [11, bg € B.

Hint: Check the equality of ideals locally. For a mazimal ideal p C A, write
S = A\ p. Note that As is a DVR and that Bg is a PID by Ex. 2 of PSG6.

Exercise 2. Let A be a DVR with uniformizer 7 and let K be its fraction field.
Let L/K be a finite Galois extension and let B be the integral closure of A in
L. Then B is a PID with only finitely many prime ideals (II), ..., (II;), where
II;, € B are such that

7T:U~HT1--'HSQ7

for some u € A* and some integers e; > 1. Show that Gal(L/K) acts tran-
sitively on the set {(IIy),...,(II;)} and deduce that e; = --- = e, and that
Ny (M) = = Np, g (I,).

Exercise 3. Let A be a Dedekind ring and let K be its fraction field. Let L/K
be a finite Galois extension and let B be the integral closure of A in L. Let B
be a nonzero prime ideal of B and p =P N A. Prove that

Np/k(B) = p,
where f is the residue degree of B over K.

Exercise 4. Let K be a number field. For an ideal a C Ok, recall that we
have defined the absolute norm

N(a) = #0k/a.

Show that there is an equality N /g(a) = (N (a)) of ideals of Z.
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Exercise 1. Show that L = Q(({s3) is not a PID.

Hint: By Fx. 1 of PS5, K = Q(+/—23) is a subfield of L. By Exz. 4 of PS7,
20k = pp, where p and p are two distinct non principal prime ideals of Ok
such that p> and ﬁ?’ are principal. Let P C Op be a prime ideal lying above
p € Ok. Show that B is non principal. For this, argue that Np k() cannot
be a principal ideal of Ok by using Fzx. 3 of PS10, and conclude by applying
Ex. 1 of PS10.

Exercise 2.

i) Let p be a prime number, and let K/Q be a number field such that [K :
Q] > p. Show that if (p) splits completely in Ok, then Ok can not be of
the form Ok = Z|a] for any a € Ok.

ii) Let K = Q(a), where a® + a? — 2a + 8 = 0. Show that 8 = (a + a?)/2 =
(o —4)/a is in Ok, that 20k = p1p2ps with

p1:(271+a)a p2:(27/8)a 93:(2>1+a+6)7

and that the p; are primes pairwise coprime (and in particular distinct).
Deduce that O # Z[a] for any a € Ok.

Hint: Note that first 32 — 282 + 38 — 10 = 0. Deduce the required equality
of ideals from the formulas

O (14+a)f(l+a+p8)=-2(2a+7)
C -2-22-(1+a)pl+a+p8)—-2-2-(1+a)=2

Note that checking coprimality of the p; amounts to showing that (2,1 +
a, 3) = Ok. For this note that (1+ a)(f—1) — 3 =5.

Exercise 3.

i) Show that for every integer d < —11, the ring of integers Ok of K =
Q(v/—d) is not a euclidean ring.

ii) Show that the ring of integers of Q(1/—163) is a PID but not a euclidean

ring.

Hint: You may show that Q(+/—163) has class number 1, using the same
method as in Ex. 3 of PS8 or Ex. 1 of PS9.



Exercise 4. Let R be an artinian ring. Denote by 9y, ..., 9, its maximal
ideals. Prove that the natural homomorphism R — [];_, Rox, is an isomor-
phism.

Hint: You may use the fact without proof that an artinian ring is noetherian.
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Exercise 1. Show that if A is a local noetherian ring with maximal ideal m
generated by a non-nilpotent element 7, then A is a DVR.

Hint: You may use without proof* that N2 ym* = 0.

Exercise 2. Let R be a discrete valuation ring with maximal ideal m = (7)
and residue class field k = R/m. Let f € R[x] be an Eisenstein polynomial? and
R’ = R[z]/(f). Let K and K' be the fraction fields of R and R’, respectively.
Prove that R’ is a discrete valuation ring, that R’ is equal to the integral closure
of R in K’ and that 91 is totally ramified in R’, that is, that the ramification
index of the maximal ideal 9 of R’ is [K' : K].

Hint: Use Exercise 1.

Exercise 3. Let K C K’ C K” be number fields. Let " be a maximal ideal
of O and P’ = P” N Ok-. Prove that

fK"/K(‘BH) = fK"/K' (‘B//)‘fK'/K(‘B/)a 6K"/K(‘BN) = €K' /K’ (‘BN)'(?K'/K(‘B/)-

Exercise 4. Let a be a root of 23 — 13z + 7 and L the normal closure of
K = Q(«). Show that:

ii

111

P10 = PB? and p20r, = PoPs for certain prime ideals Pi, Po, Vs of Of.
K is the subfield of L fixed by the decomposition group of 3.

)
) 50k = plpg for certain prime ideals py, po of Ok.
)
iv)

Hint: 1493 is a prime number.

Mn fact, for every ideal a in a noetherian ring, the intersection ﬂfioai is = 0, Atiyah-
McDonald, An introduction to commutative algebra, Corollary 10.18. For a simpler proof in
the situation at hand, see Serre, Local fields, Springer, Proposition 2, Chapter 1.

2Ie., the leading coefficient is 1, all other coefficients are in m, and the constant coefficient
is not in m2. This implies that f is irreducible.
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Exercise 1. Let L = Q(+/5,/—1).

i)

ii)

iii)

iv)

Show that the ring of integers of L is Z [\/ -1, 1+T\/g} . Compute the absolute

discriminant of L.

Show that the only primes that ramify in L are 2 and 5, and that the
corresponding ramification indices are both 2.

Compute the Frobenius automorphism (Lp@) for every prime p distinct

from 2 and 5. Determine the inertia and decomposition groups of 2 and 5.

Show that no prime ideal of Q(v/—5) ramifies in L.

Exercise 2. Let p be a prime and n > 2 an integer such that p { n. Prove that
(p) splits completely in Q(¢,) if and only if p =1 (mod n).

Exercise 3. .

i)

ii)

iii)

Let k be a finite field and |- |: & — R>o an absolute value. Prove that
|z| =1 for every = € k*.

Let k be a field of characteristic p. Show that there does not exist an
archimedean absolute value on k.

Give two non-equivalent archimedean absolute values on Q(v/2).

Exercise 4. Let k be a field with a non-archimedean absolute value | - |. For
x,y € k, define d(z,y) = |z — y|.

i)
ii)

iii)

iv)

Show that if |z| # |y|, then |z + y| = max{|z|, |y|}-

For a € k and r € Ry, let D(a,r) = {x € k|d(z,a) < r} be the “closed”
disc of center a and radius r. Show that D(a,r) is open and closed in k.

Show that two discs D and D’ are either disjoint or concentric (that is, there
exists a € k and 7,7’ € Ryg such that D = D(a,r) and D' = D(a,r")).

Show that every triangle is isosceles: if for x,y,z € k one has d(z,z) <
d(y, z), then d(y, z) = d(z,y).



