Reprinted from

SANKHYA
THE INDIAN JOURNAL OF STATISTICS
SERIES A, VOLUME 47, PART 1, 1985

RAQO’S DISTANCE FOR NEGATIVE
MULTINOMIAL DISTRIBUTIONS*
By
JOSEP M. OLLER and CARLES M. CUADRAS

STATISTICAL PUBLISHING SOCIETY
CALCUTTA

* (versién revisada)



Sankhya: The Indian Journal of Statistics
1985, Volume 47, Series A, Pt. 1, pp. 75-83.

RAO’S DISTANCE FOR NEGATIVE
MULTINOMIAL DISTRIBUTIONS

By JOSEP M. OLLER and CARLES M. CUADRAS

University of Barcelona, Spain

SUMMARY. Rao (1945) proposed a method, based on Fisher’s information matrix, for
measuring distance between distributions of a parametric family satisfying certain regularity
conditions. In this paper, Rao’s (1945) method is applied to obtain the distance between two negative
multinomial distributions. Some other properties are discussed too.

1. INTRODUCTION

The question of introducing a distance between different statistical populations
has been considered by various authors. If we assume that all the information for
constructing such a distance is contained in the probability density function of a
random vector X, supposedly existing and restricted to each population, it will not
be generally satisfactory to characterize each populations by their mean value of
the random vector X, since the latter does not determine uniquely the probability
density function associated with each population.

A reasonable alternative would be to allow that the probability density function
of the random vector X, in any of the populations studied, to belong to a certain
parametric family, p(-|#). Thus, a population could be characterized by 6 =
(6',...,0"), element of a parametric space Q.

It is also reasonable to require that the proposed distance on the parametric
space Q, possesses the property of being invariant under any admissible
transformation of the parameters, since the latter does not affect the probability
density function, p(-|@), of the random vector X. In addition, the distance has to be
invariant for admissible transformations of the random vector X, since it must be
independent of the method by which the measurements are attained.

The method proposed by Rao (1945) and studied later by Atkinson and
Mitchell (1981) and Burbea and Rao (1982a, b), allow us to define a distance
on the parametric space Q with the above mentioned characteristics. If the
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parametric family satisfy certain regularity conditions, the Fisher information
matrix defines a covariant symmetric tensor field of the second order on the
parametric space Q,

/I p(X]6) 31n p(X]0)
g”_E< 6 36/

) (i,j=1,...,n) . (11)

and may also be taken as a metric tensor field on Q, thereby rendering Q as a
Riemannian manifold. The Rao distance between two points 64 and 85 of Q is then
defined as their geodesic distance with respect to the metric induced by (1.1).

In this paper, Rao’s (1945) method is applied to obtain a distance between
two negative multinomial distributions. We also discuss some other differential
geometric properties of these distributions.

2. DEVELOPMENT

Let F be a holomorphic function in the unit disk A= {z € C: |z] < 1} with a
power-series expansion

F(2)=) bu" (z€A) . @0
m=0
with b,, >0 (m=0,1,...) and not all b,, are zero. For & = (ay,...,@,) € Z" and
6= (6',...,6") € C", using multinomial notation, we write
ol =1+ +a, , al=a! @,
6 = (01) e (@), @=0' 4+ O .. 2)
Define
Q={0=(0",....00)eR": ¢ >0 (j=1,...,n),0< 1} .. (23)
and let
(@)= —— 1y o (wez peq) 2.4)
alf) = —— ——by, o' , , 2
P F(O) a! o +

then p(a|6) is a probability distribution defined on Z’} x Q, where Z, is the sample
space and Q is the parameter space.

In this case, a use of (1.1) and (2.4) gives

gij(9)=f(®)<%6ij+%> (i,j=1,...,m) ... (2.5
where F’
fo=29 ea. .. (26)
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If we choose
_ 1 T(m+r)
Flz)=(1—-2)7"= — " >0, €A N O

we obtain the family of negative multinomial distributions {P,(-|-)}, r > 0,

_ I(le|+7r) Ay
Pall) =~y ¢ (1-©) . 28)
In this case
0= —ogr@y 1= O ooy --97 . @9)
therefore,
1 1
g,-j(Q):en—:l<a5ij+W> (i,j=1,....n) .. (2.10)

where ! =1 —© and 6; ; is a Kronecker delta. It follows that the tensor in (2.10)
is positive definite on the parametric space Q, and thus Q is a Riemannian manifold
(see also Hicks, 1965).

To analyze whether the Riemannian manifold Q is Euclidean or not, that
is, whether or not there exists an admissible transformation of the coordinates
(parameters) which reduces the metric tensor field to a constant tensor field, we
proceed to calculate the Riemann-Christoffel tensor of the first kind (covariant
curvature tensor) Ry, j; of the metric (2.10). This gives

& (Oxn — 0 ) + 6" (6:; — O
9n+1

,
5 <5ij5kh — Ol jn +

Ryi= ———
hijk 4919h(9n+1)

(hyi,jk=1,...,n). .. @10

Evidently, Rpjx # 0 if and only if n > 1, in which case the manifold € is not
Euclidean. An alternative expression for Ry;j; is obtained by using (2.10) and
(2.11), namely

1 ..
Rhijk:_ﬂ(ghjgik_ghkgij) (h,i,jk=1,...,n). e (2.12)
The Riemannian curvature K is therefore
1
K=——. ... (2.13
4r ( )

It follows that the space €, is isotropic, and has a constant negative curvature.
Therefore, it is locally isometric to the Poincaré hyperbolic space. An interesting
property is deduced from this : given 6,,60p € Q there is only geodesic line that
joins both points (see Hicks, 1965 and Spivak, 1979).
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In order to obtain the distance between two points of the parametric space
Q, where each point equivalent to a negative multinomial distribution, we have
to calculate the geodesic equations. Taking into account that the inverse of the
tensor-metric g;; is given by

11

g = (6Ve"—0'0')  (i,j=1,...,n) . (2.14)

and defining 6;x = 6;;0, the Christoffel symbols of the second kind are

Oijk  Oi+9; .

Therefore, the differential equations of the geodesics may be written as

k
I =

651 (dF\T 1 dot e
—_— [ — — — =0 (k=1,...,n). ... (2.16
ds? 2ek<ds> o s Z; ds (k=1,....m) (2.16)
Summing up the above n equations gives
ot I 1 (doF\D 1 [dort!
— (=) - — ([ _)Y—p ... 17
ds? +; 20 <ds> g+ ( ds > ’ 17)
. de'  de" : :
and taking into account that the vector 25 ds has unit length, that is
s )

ro(S~1 [doF\T 1 [dot\?
pes] (Z@(g) +W< - ) =1, . (2.18)
k=1

we obtain from (2.17) and (2.18) that

1 2! 3( 1 d9"+1>2 1
_l’_

ol ds2 2\ etl ds 2r

=0. ... (2.19)

The latter equation may be resolved via the transformation

1 dot!

yielding
L S S e 2.21)
u= 7 NG (2

where C is an integration constant.

From (2.21) and (2.16) we obtain

LIS WO I S A R,
Ok ds2 2\ 6k ds

S
_ S = k=1,....n).
+0k ds \/; +C> 0 ( ) 7”)

2\r
(2.22)
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Equations (2.22) have the particular solution
6 =A; =const. (k=1,...,n). ... (2.23)
More general solutions can be obtained through the transformation
Hk —1
zkzek@—) (k=1,...,n), (224
S

which reduces (2.22) to an independent set of linear differential equations of the

form
dz* 1 s
dS \/I_” an (2\/1_” +C> ¢

The general solution (2.25) is

zk:cosh2<2i\/;+c> (ﬁtanh(%ﬁ—i—C)—i—Bk) (k=1,...,n), ... (2.26)

where the By are constants of integration.

% (k=1,...,n). . (225)

It follows, since

lnHk:/lds (1,...,n), .. 227
Zk
that
P 2
Gk:Ak<Bk+tanh<2—\/;+C>> (k=1,...,n). .o (2.28)

Equations (2.23) and (2.28) describe the geodesic lines, with the A; as integration
constants.

The integration constants will be chosen in such a way that they accomplish
(2.18), and satisfy the initial conditions, that is, for s = O the geodesic departs from
a point A, with coordinates (a',...,a") and for a positive value s = d, reaches the
point B, (b1 b ,b"). After some laborious calculations we obtain that the geodesic
distance between A and B is given by

1= Vaibi
j=1

d =2+/rcosh™! _ (2.29)
v artlpntl
Alternatively, (see also Oller and Cuadras, 1982),
2
1= Valbi + (1 = \/ajbf> —a"tipntl
d=2+/rIn =1 =1 (2.30)

an+] bn+1
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3. OTHER RESULTS

(A). From (2.29) it follows that the distance between two negative
multinomial distributions is not bounded. However, if we fix «"t! and "1, is
easy to prove that

1 4
-1
ng\/;COSh <W> < \/_111( n+lbn+l> (31)

(B). It is also possible to establish a relationship between (2.29) and
Bhattacharyya’s distance (1946). This last distance can be obtained applying Rao’s
(1945) method to multinomial distribution (see Rao, 1949).

If we consider the multinomial distribution’s parametric family, with known
n+1

index N and parameters 6',...,0""!, where 3" ¢/ = 1, the Bhattacharyya’s
j=1
distance, dp, between two points of the parametric space, (al, co,a) (bl, s b
is given by
n+1
dp =2v/Ncos™! (Z \/al'bf> .. (32
j=1

Hence, if we ﬁx a"*! and b"*!, both distances in (2.29) and (3.2), are decreasing

functions of Z val/bi, and, following Shepard (1962), we conclude that the
preorders assoc1ated with (2.29) and (3.2) are equal.
(C). Whend is very small, we have

d d?
h{ — | ~1+— ... (33
cos <2\/;> +8r’ (3.3)
and thus
n+l
1 =% Valb/
j=1

It follows from (3.2) and (3.4) that

e
d~ 4\IW \/W ... (3.5)

Thus, when a"*! and b"*! are fixed, d and dp are nearly proportional, for small
values of d.

(D). Let E sample space and consider two finite partitions of E,
P ={A,...,A,11} and P, = {By,...,B+1}. Let P, be a refinement of
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P, and thus B, 1 C A,y1, and consider the parametric family of the negative
multinomial distributions (2.8), with parameters ' = Pr(4;) and 6" = Pr(B;)
respectively (notice that there are n independent parameters in the first case and
m in the second one). Let A and B two statistical populations with
Pr(A;))=d' (i=1,...,n) Pr(B;))=p/ (j=1,...,m) (populationA)
Pr(A;))=b" (i=1,....,n) Pr(B))=¢’ (j=1,...,m) (population B)

(3.6)
then
13" Vaibi 1= V/pig
dy =2\/rcosh™! =1 <dy =24/rcosh™! =1
artlpntl pm+1qm+l
3.7)
Actually, it is sufficient to consider first the case
Al:BllUUBlv, A,‘Gfpl,BijE?z (l:1,7n+1) ... (3.8)
and
a=pit4phi bB=gt4-4gh (i=1,....n+1) ... 39

since ‘D, is a refinement of P,

Vb =3 /g (i=1,...n+1) ... (3.10)
j=1

2
because (zl: /pijqij> :(libi*Z (pijqik +pikqij)
j=1

Jj<k
+2Z /pllqllplkqlkgalbl (i:1,-.-,l’l+1)-"’ (3.11)
Jj<k

On the other hand, if

Aw1=B;,U--UBj,UBni1 An1 €EP, B,€P .. (3.12)
then
Var Tt > zh: \/ plegic -/ pmntigntt ... (3.13)
passt
but since
1—%@20 ... (314
=
we find that

h

1_2": vajbj 1—i: \/ajbj—z 1/pjkqjk
j=1 j=1 k=1
< .
A /an+]bn+l = pm+]qm+]

(3.15)
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However, since

- Vaikbi+3" 1/pjkqjk>2m: \/ plg/ ... (3.16)
=1

j=1 k=1

(3.7) follows at once, that is, d; < d : refining the partition associated with
negative multinomial distribution, the distance (2.29) increases.

(E). Let Xi,...,X,, be an independent set of random vectors. Each X; is
distributed as (2.8) with r = r;, n =n; and 8’ = O’j. Then, the parametric space is
defined by

Q=0 x--xQ, ... 3.17)

where

Q= {(e},...,e;"f) eR"|¢/ >0, j:l,...,fj 6 < 1} (i=1,...,m).

(3.18)
Let A and B two points of Q, with A = (a},...,a'{‘,...,a}n,...,aﬁ) and
B = (b},...,bY}'",....b},....b). It is not difficult to prove that the geodesic
distance between A and B is given by
- K,k ?
i 1 1 —; a;b;
d=2 i| cosh™ | —— ... (3.19
; r] n‘,-+1bn‘,-+1 ( )
J J
because the metric tensor’s matrix of the parametric space € is of the form
G = diag (Gy,...,G,) ... (3.20)
where Gq,...,G,, are the metric tensor’s matrix associated with the parametric

spaces Q;,...,Q,, given by (3.18).
(F). We consider two particular cases :

(i) Negative binomial distribution. This is given by (2.8) by taking n = 1.
The obtained distance is

(3.21)

1 —/alb!
d =2/rcosh™! ( a ) :

V—ah)(1—b))

(i) Geometric distribution. This is given by (2.8) by taking n =1, r = 1.
The distance is now

. 1—+Va'b!
d =2cosh <\/(1_a])(1_b1)>. . (322

In both cases, the parametric space is Euclidean.




RAO’S DISTANCE FOR NEGATIVE MULTINOMIAL DISTRIBUTIONS 83
4. REMARKS

In practice, each negative multinomial is characterized by maximum
likelihood estimates of the #. Substituting the latter (2.29), the maximum
likelihood estimate of d is obtained. If we have m negative multinomial
distributions, Nj,...,N,, we can estimate the distances d*(N;,N;) among them.
Then, we would obtain the interdistances-matrix A = (d*(N;,N;)), and thus we can
apply MDS (Multidimensional Scaling) techniques (Cuadras, 1981) to obtain a
representation of the distributions as points in a low dimensional Euclidean space,
generally a plane.

It is also possible to obtain a hierarchic classification of the distributions and
its graphic output, the dendrogram, by using numerical taxonomy methods.
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