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Yet another joint work with Alicia
Dickenstein!
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Univariate interpolation
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find the polynomial of smallest
degree passing through these points
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Moreover...

Any p(x) € K[x] can be expressed
modulo f(x) as
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The local residue
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The local residue

f(x), p(x) € Clx], £ € C
p(x)y 1 p(2)
Resf(m) . 27ri_/qp fl2) %
( 0 ifF(£) #0,
% if £(£) =0 /(&)
=94 lim Z P&) in general
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The global residue

Can be defined algebralcally
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m Res,; is linear in p(x)

0 Resg(’:(( ))) = deg(f(x))
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m Res,; is linear in p(x)
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We just saw that

Resg(fg ;) — 0 <= modulo

f(x), p(x) can be represented by a
polynomial of degree < deg(f(x)) —1




We just saw that

Resg(ﬁg g) — (0 <= modulo

f(x), p(x) can be represented by a
polynomial of degree < deg(f(x)) —1
Euler-Jacobi Vanishing Theorem

If deg(p(x)) < deg(f(x)) — 1

then Res, (%) =0
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Consequences

p(x) =
ho + hix + ...+ hg- 1x971 mod f(x)
— ho+hix+. ..+ hy_1f'(x) mod f(x)

Resg (%) = f)d_1Resg (’:((;)))
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(K = K, char(K) = 0)
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Multivariate residues

fi,..oo € Klxy, ..., x,] a
zero-dimensional system
(K = K, char(K) = 0)

J = det (57)
EK[Xl,.. ]fEK”

p
Res§gﬁpfn) . Jf(g) =26 Jljr((%e

p
Res, f f,,) Z&ev Resg ( )
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m Res, is linear in p

O Resg(ﬁ) = deg,(V(f,..., 1))

m If the input has coefficients in
k C K, Resg(ﬁ) € k

p

O Resg( ) is computable
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Moreover...

pe(f,....f) <
Resy (75) =0 =1,...,¢
with (bl,...,bg)abass of
Kxg, ..., x.|/{f,... F)

— effective membership tests
Dickenstein-Sessa MEGA 1990
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THEOREMATA NOVA ALGEBRAICA CIRCA SYSTEMA
DUARUM AEQUATIONUM INTER DUAS VARIABILES
PROPOSITARUM.

1
E theorematis, quae in elementis algebraicis traduntur, vix extat alind
utile in aequationibus maxime diversis, quam notum illud:

»Designante X functionem ipsins @ rationalem integram, fieri

ST
5( ax ] =0,
£y

i quidem extendatur summa ad omnes radices # aequ

Jacobi MEGA 1835

onis X = 0,
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Vanishing Theorem
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Multidimensional Euler-Jacobi

md=deg(f;)) 1 <i<n
mdeg (V(f,..., ) =d1...d,
mdeg(p) <di+...+d,—n

p
Resg (7 ) =
e\z 7)Y
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Multivariate Interpolation

If deg (V/(f1,...,f)) =di...d,
any p € K[xy, ..., x,| can be
expressed mod (f1,... f,)

as
Resg(%)
1...Tn J
Pot

with deg(po) < i + ... +d, —n
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Y-, ¥d CK
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V(A,....f)=1{&, ..., &4}
Yi,--,¥d CK
dp € Klx, ..., x,] such that
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Multivariate Interpolation Il

V(ﬂa"wfn):{gla"'agd}
Yi,---5Yd C K
dp € Klx, ..., x,] such that
p(&;) = yj with
deg(p) <di+...+d,— n —

d
i1 Tjgj) = Resg(fl.‘.).f,,) =0
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A “negative” consequence

If deg(V(f,..., 1)) =di...d,




A “negative” consequence

If deg(V(f,..., 1)) =di...d,
you will never find a K-basis of
Kxt,...,xp]/(fi,...,f,) made of
polynomials of degree
<d+...+d,—n

v
-

N4
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Residues in the torus
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Residues in the torus

f, ... K[ ... 7Y
V(h,....f) C (KX

zero-dimensional




Residues in the torus

f, ... K[ ... 7Y
V(h,... f) C (K*)"
zero-dimensional
Local and global residue are defined
as usual:

Resg (777) = Zeev(r) Rese (777)
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Computing residues

Easy in the generic case
deg,(V(f,...,f)) =
MV(N(A), ..., N(f)) = m

Cattani-Dickenstein-Sturmfels MEGA 1992
Cattani-Dickenstein MEGA 1994
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Euler-Jacobi in the torus

If deg,(V/(f1,...,f,)) = m and
N(ty...t,p) C (N(fl){r. .+ N(f))°




Euler-Jacobi in the torus

If deg,(V/(f1,...,f,)) = m and
N(ty...t,p) C (N(fl){r. .+ N(f))°

p
—> |Res, ( . - =
1...1n
Khovanskii 78
Cattani-Dickenstein MEGA. 1994
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If deg,(V/(f1,..., 7)) = m any
pe K[t . ..t mod (f,....f)




Sparse Interpolation

If deg,(V/(f1,..., 7)) = m any
pe K[t ... tF ] mod (A, ..., f)

B Resg( )
=Pt Geg (V)
Wlth

N(ty...tapo) C (N(A)+...+N(f))°
Soprunov 07
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Sparse Interpolation |I
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V(f) — {Ela T 7€m} - (Kx)n

Yi,.--,¥m C K
Ip € K[t ..., 7] with p(¢,) =y, and
N(ty...t,p) C

(N(A) + ...+ N(f))® —

m Y
ijl Jf(Jgj) = Resg(fl.[.).fn) =0
Soprunov 07
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Compactifications!

f f < K[Xl, .. ]
fl?" f EK[Xo,Xl,... Xn]
homogenlzatlons
deg (V(f,...,f))=d1...d, —
Vn(xo, £, £ = () <=

Joihin & (0. f' o f)) =

X0
dim (K[xo,...,xn]/<xo,f1h,..., h =1

>)d1+...+d,,—n
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Homogeneous residues

The map
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Homogeneous residues

The map
(K[xo,...,xn]/(xo,ﬂh,... fh>)d1+ va-n — K
S g = di...d,

Is the global residue

h
Obs: Resg (12) = Reso(—2)

If deg(p) < i +...+d,—n
xo |p" = Euler-Jacobi
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f, ..., e K[t ..., e
fi?" fhEK[Xl,XQ,...,Xn+r]
homogenlzatlons to the Cox ring
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Sparse compatifications

f, ..., e K[t ..., e
fi?" fhEK[Xl,XQ,...,Xn+r]
homogenlzatlons to the Cox ring
deg,(V(f,..., ) =m <—
Vx(X@, flh, e ooy fnh) — @

X is a toric variety adapted to the
N(f;)'s
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Toric residues

There is a trace map
(Klxt, - ooy Xoer] /(X R fnh>)p — K
giving the global residue




Toric residues

There is a trace map
(Klxt, - ooy Xoer] /(X R fnh>)p — K
giving the global residue
Cox 96

Cattani, Cox, Dickenstein 97
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Toric jacobians?

J aflh?"'?fnh - ]I{[X]_7 ... 7Xn+r]

X
very special cases

Cox 96
Cattani, Cox, Dickenstein 97

“Combinatorial” jacobian
Cattani, Cox, Dickenstein 97
D, Khetan MEGA 2003
Khetan, Soprunov 05
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dim (K[xq, ..., xar ]/ (X, A1 fnh>>p =1
if there is a Jacobian
Combinatorial characterization given
In

Cox, Dickenstein 05
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Euler-Jacobi

Is it true that if deg,(V/(f)) < m?
then dp: N(t;...t,p) C
(N(h) + ...+ N (7,))°

such that Resg( P ) + 07
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First obstruction: codimension!

A=2—t+ti+t+20t+t5
h=1+tH+1t
f; = 2—3t3—|—t§
N(f) =24, x {0}
N(f) = A, x {0}
N(f3) = {(0,0)} x [0, 2]




First obstruction: codimension!

A=2—t+tt+t+2titr+t;
h=1+tH+1t
s = 2 —3t3+ t%
N(f) = 24, x {0}
N(f) = A, x {0}
N(f) = {(0,0)} x [0, 2]
fails the codimension 1 property
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Only obstruction (so far):

D-Dickenstein MEGA 2024
Assume that N(f),..., N(f,) is
“completable”. If deg,(V(f)) < m
and dim(Vx(f™)) = 0 then
dp : N(tl...tnp) C
(N(f) + ...+ N(f,))° such that

Resg(f1 ) #0
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Second question

D-Dickenstein MEGA 2024
If generically

dim (K[x1, ..., xor]/(F§, FL, - - - Fhy
0 ?’é VX(thv flh? Ty fnh)

and dim(Vx(#",...,f")) =0




Second question

D-Dickenstein MEGA 2024

If generically
dim (K[x1, ..., xor]/(F§, FL, - - - Fhy
®7é VX(f()hvflh7°°°7fh)
and dim(Vx (", ..., ") =
then Jon € (f), ... £

07.-.7 n
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A “good” consequence

If deg,(V/(f1,...,f;)) < m




A “good” consequence

If deg,(V/(f1,...,f;)) < m
there is a simplicial cone 0 € 2 x
where you can get a basis of the
quotient ring K[X,]/(f7, ..., f?)

with support contained in

(N(fl) + . + /\/(fn))O

[r

| £ =t |
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m Geometry of toric varieties




Tools

m Geometry of toric varieties

m Local study of toric / in the torus
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Tools

m Geometry of toric varieties

m Local study of toric / in the torus
residues

m Useful properties of multiplicities

of points in affine toric varieties
(Bender-Telen 22)
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Last but not least

July 28th to August 1st 2025

Guanajuato, Mexico

‘‘‘‘‘

.....
......

https://www.issac-conference.org/2025/
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Have a great MEGA!

UNIVERSITAT e
BARCELONA

cdandrea@ub.edu
http://www.ub.edu/arcades/cdandrea.html
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