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Disclaimer
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(
Res

(
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))
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(D-Sombra 2016)
Today:

valp
(

Res
(
f1, . . . , fn

))
≥ e(Vp)
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The setting

f1, . . . , fn ∈ Z[X1, . . . ,Xn]
homogeneous of degrees d1, . . . , dn
Resd1,...,dn(f1, . . . , fn) ∈ Z the
Macaulay or dense resultant
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Resultants modulo p

Resd1,...,dn(f1, . . . , fn) = pa11 . . . p
aN
N

The system
f1 mod p = . . . fn mod p = 0 has a

solution in Pn−1
Fp

⇐⇒ p 6= pi , i = 1, . . . ,N
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But what is p = pi?

Then we know that
∅ 6= Vpi(f1, . . . , fn) ⊂ Pn−1

Fpi

Can we say something about ai?

Is geometry related with arithmetics?
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n = 2

Res(f1, f2) = 0 mod p ⇐⇒
deg(gcd(f1 mod p, f2 mod p)) > 0

pdeg(gcd(f1 mod p,f2 mod p))|Res(f1, f2)

(Gomez-Gutierrez-Ibeas-Sevilla 2009)
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In General...

A a factorial ring

p ∈ A an irreducible element

f1, . . . , fn ∈ A[X1, . . . ,Xn]
homogeneous of degrees d1, . . . , dn
Resd1,...,dn(f1, . . . , fn) ∈ A the
homogeneous or dense resultant
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Numerical invariants

For the ideal Ip := 〈f1, . . . , fn〉 ⊂
Rp := (K (A)/p) [x1, . . . , xn]

degree dp = dim (Rp/Ip)t for
t � 0

Hilbert-Samuel multiplicity
ep := min{dp(Jp), Jp ⊂ Ip}, Jp
generated by n − 1 elements

Laurent Busé, Carlos D’Andrea, Mart́ın Sombra

Resultants modulo p



Numerical invariants

For the ideal Ip := 〈f1, . . . , fn〉 ⊂
Rp := (K (A)/p) [x1, . . . , xn]

degree dp = dim (Rp/Ip)t for
t � 0

Hilbert-Samuel multiplicity
ep := min{dp(Jp), Jp ⊂ Ip}, Jp
generated by n − 1 elements
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Known

(Chardin, Teissier, Rémond,...)

If dim
(
Vp(f1, . . . , fn)

)
≤ 0

valp (Res(f1, . . . , fn)) ≥ dp
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Our result

(Busé-D-Sombra 2017)

If dim
(
Vp(f1, . . . , fn)

)
≤ 0

valp (Res(f1, . . . , fn)) ≥ ep
Equality holds if a polynomial of

minimal degree fi is replaced by a
“generic” fi + pFi
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Corollary

The factorization of the resultant
actually bounds the (finite) zeroes

modulo p

for all p!

pep|Res(f1, . . . , fn+1)
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The univariateTheorem revisited

deg(gcd(f1 mod p, f2 mod p))
=

ep = dp
=

deg(Vp(f1, f2))

(Gomez-Gutierrez-Ibeas-Sevilla 2009)
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Remarks

The result works under the
(generic) hypothesis of finiteness
modulo p

Bound is sharp but the “gap” may
be be large
Not a clear “algorithm” for
deciding if dim

(
Vp(f1, . . . , fn)

)
> 0
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Laurent Busé, Carlos D’Andrea, Mart́ın Sombra

Resultants modulo p



Idea of our proof

“Remove” the zeroes from the
infinite & get f1, . . . , fn−1 general
complete intersection

(linear
change of coordinates)

valp(ξj) ∈ Z≥0∀ξ ∈ V (f1, ..., fn−1)

valp(fn(ξ)) ≥ 1∀ξ ∈ Vp(f1, . . . , fn)

Poisson formula
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Laurent Busé, Carlos D’Andrea, Mart́ın Sombra

Resultants modulo p



Idea of our proof

“Remove” the zeroes from the
infinite & get f1, . . . , fn−1 general
complete intersection (linear
change of coordinates)

valp(ξj) ∈ Z≥0∀ξ ∈ V (f1, ..., fn−1)

valp(fn(ξ)) ≥ 1∀ξ ∈ Vp(f1, . . . , fn)

Poisson formula
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Applications 1

GCP Res(f1 + txd11 , . . . , fn + txdnn )
= te(f1,...,fn)O(1)
The “Milnor Number”
e(Jf ) = valt (Disc(f + tF ))
(Pham-Teissier)
Number of roots of tropical
polynomials (Hong-Sendra)
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Applications 2

Polynomial Dynamical Systems
modulo p (Shparlinski)

Removing the “extraneous factor”
in the computation of the “Salmon
Polynomial” (Busé-Chardin-D-
Sombra-Weimann2017)
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Generalizations?

Everybody uses that
Res(f1, . . . , fn) mod p =
Res(f1 mod p, . . . , fn mod p)

We also use Poisson formula &
linear change of coordinates

Makes hard to adapt to sparse
resultants and subresultants
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