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Univariate Resultants

_ d di—1 d
alpXo '+ anXxXgt Xyt ... 4 g X1t

fi =
fr = 320X0d2 + 821X0d271X1 + ...+ 82d2X1d2

Carlos D'Andrea
Resultants modulo p



Univariate Resultants

d d—1
fi = a1oxo™ + a11xe™ xy + ...+ aid, X1
d dr—1 d
fo = axX0® + anXo® X1+ ...+ 2, X1

di

a10

0

Res(f1, f,) = det

a0

0

0

aid, 0 c. 0
aid,—1 aid; - - - 0
aio s e a1y
a2d, 0 c. 0
Ad,—1 d2dy - - - 0
dano T - o7
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Resultants modulo

fl, fh € Z[Xl,XQ] — ReS(ﬂ, 1(2) c Z
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Resultants modulo

fi, h € Zixi, %] = Res(f, ) € Z
Res(fi, ) =0modp <—
deg(gcd(f; mod p, f, mod p)) > 0




Resultants modulo

fi, h € Zixi, %] = Res(f, ) € Z
Res(fi, ) =0modp <—
deg(gcd(f; mod p, f, mod p)) > 0

pdeg(gcd(fl mod p., mod p)) | Res(fl, )"2)

(Gomez-Gutierrez-Ibeas-Sevilla 2009)




This fact has been used!

(Chang-D-Ostafe-Shparlinski-Sombra 2016)




This fact has been used!

(Chang-D-Ostafe-Shparlinski-Sombra 2016)

bounding the cardinality of the
reduction mod p of lengths of orbits
of pairs of univariate dynamical
systems




lgor Shparlinski's Question

pdeg(gcd(fl mod p., mod p)) | Res(fl, )"2)




lgor Shparlinski's Question

pdeg(gcd(fl mod p., mod p)) | Res(fl, )"2)

How general is this?

ﬁi""D
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Vanishing of Resultantes modulo

(Busé-D-Sombra 2016)

4 L N N
fi‘ o Z(X0+...+an:dl al,ao,...7(ynXO I Xn n
— Q «
< f2 o Zao—l-...—i-an:d2 a2, ag....,0, X0 O Xy "
— o o
\ fn+1 _ Z(YO+---+an:dn+l an-’—l’(yO"_.?anXO 0' 'Xn "
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Vanishing of Resultantes modulo

(Busé-D-Sombra 2016)

— o7 ap
h = Zao+...+an:d1 d1.00,....,a,X0 - -+ Xn
< f2 - Zao—l-...—i-an:d2 a2.aq,....a, X0
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Known case

fdi=dbo=... = n+1:1,then

Res(fi, ..., for1) = det (aij)1§i,j§n+1




A non trivial example

fo = aooxo + ao1x1 + ap2Xe
fi = a10X0 + a11x1 + anXxe

2 2 2
fr = axXo” + ax1XoX1 + axnXoXe + ax3X1° + axuXxiXe + axsXo
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A non trivial example

fo = aooxo + ao1x1 + ap2Xe
fi = a10X0 + a11x1 + anXxe

_ 2 2 2
fr = axXo” + ax1XoX1 + axnXoXe + ax3X1° + axuXxiXe + axsXo

Res(fy, fi, f2) = a3ya3;ax — a3ya11312a24 + Aagdsndn3
—2a0pa01a10811825 + A00d01310312324 + d00301311312322
—3003013%2321 + 800302310311 824 — 23800302310312323

— 300302331322 + 0002311312321 + 331 33325
—351310312322 + 3313%2320 - 301302850324
+a01302310811822 + A01802810312321 — 2301802311 312320
+a(2)23§0323 - 3(2)2310311321 + 332251320

Carlos D'Andrea
Resultants modulo p




m It is irreducible




m It is irreducible

m It is homogeneous in each group of
: dy-do-...d
variables, of degree =-—%-1+1

d;




m It is irreducible

m It is homogeneous in each group of
: dy-do-...d
variables, of degree =-—%-1+1

dj
m It is invariant under linear changes
of coordinates




Geometric Properties
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Geometric Properties

mRes(f,...,f11) =0 <—
3¢ € P such that

fl(g) — e n+1(€) =0




Geometric Properties

mRes(f,...,f11) =0 <—
3¢ € P such that

fl(g) — e n+1(€) =0

m Poisson Formula:
Res(fi,. .., fai1)

Res(f0, ..., f))%+ ngV(ql,..,f,}) fo+1(€)
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Resolution of systems of polynomials

P(uo7 u/') — Res(UiXO— toX;, f1, . . ., fn)




Resolution of systems of polynomials

P(uo7 u/') — Res(UiXO— toX;, f1, . . ., fn)

can be used to compute the
coordinates of the (finite) roots of
the system
f=0,....f{,=0
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Computation

r 0 a ag 0 0 0 0 0
ap ap 0 0 0 0 0
0 a as o 0 0 o0
0 ag a 0 0 0 0
R(fo , ﬂ ’ f2 ) _ det —C4 —C5 —Cg 0 0 0 ay 0 ag 0
—cy —C3 —c7 0 0 0 ay & a ag
—Co —C —Cg 0 0 0 0 ap 0 ap
0 0 0 —Cy —Cs —Cg
0 0 0 —¢; - —o
) 0 0 —q -6 —c ]
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Resultants modulo

(Busé-D-Sombra 2016)
If dim (V,(f, ..., for1)) <O




Resultants modulo

(Busé-D-Sombra 2016)

If dim (V,(f, ..., frr1)) <O
N, := deg (Vp(fl, o fn+1))




Resultants modulo

(Busé-D-Sombra 2016)

If dim (V,(f, ..., frr1)) <O
N, := deg (Vp(fl, o fn+1))

PNP‘ReS(ﬂ, I fn—i—l)




Corollary

pr‘ReS(flv R fn—i—l)




Corollary

pr‘ReS(flv R fn—i—l)

The factorization of the resultant
actually bounds the (finite) zeroes
modulo p
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Corollary

pr‘ReS(flv R fn—i—l)

The factorization of the resultant
actually bounds the (finite) zeroes
modulo p for all prime p !
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The CantabrianTheorem revisited

deg(gcd(f; mod p, f, mod p))

N,
deg(Vp(h, )
(Gomez-Gutierrez-Ibeas-Sevilla 2009)




m Still the result works under the
(generic) hypothesis of finiteness
modulo p
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m Still the result works under the
(generic) hypothesis of finiteness
modulo p

m the “gap” in the bound can be
large
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m Still the result works under the
(generic) hypothesis of finiteness
modulo p

m the “gap” in the bound can be
large

m Not a clear “algorithm” for
dim (Vp(ﬂ, o fn+1)) > 0




|dea of our proof

m “‘Remove” all the zeroes from the infinite
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|dea of our proof

m “Remove” all the zeroes from the infinite (linear
change of coordinates)
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|dea of our proof

m “Remove” all the zeroes from the infinite (linear
change of coordinates)

m Apply Poisson formula
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|dea of our proof

m “Remove” all the zeroes from the infinite (linear
change of coordinates)

m Apply Poisson formula

m Get a “determinantal” version of Poisson
modulo p
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|dea of our proof

m “Remove” all the zeroes from the infinite (linear
change of coordinates)

m Apply Poisson formula

m Get a “determinantal” version of Poisson
modulo p

m Compute the dimension of the Nullspace of the
determinantal matrix
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Generalizations and Extensions

m One could get a refinement of the exponent by
taking into account the valuation mod p of the
roots (Smirnov's Theorem)
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Generalizations and Extensions

m One could get a refinement of the exponent by
taking into account the valuation mod p of the
roots (Smirnov's Theorem)

m Slight generalization to sparse resultants under
stronger hypothesis
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Generalizations and Extensions

m One could get a refinement of the exponent by
taking into account the valuation mod p of the
roots (Smirnov's Theorem)

m Slight generalization to sparse resultants under
stronger hypothesis

m The result holds for any domain, for instance
polynomials with coefficients in R[y, ..., y]
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Applications

m Finding points in varieties modulo p
(Shparlinski)
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Applications

m Finding points in varieties modulo p
(Shparlinski)

m The “Generalized Characteristic Polynomial”
revisited! (Mourrain)
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Applications

m Finding points in varieties modulo p
(Shparlinski)

m The “Generalized Characteristic Polynomial”
revisited! (Mourrain)

m “Extraneous factors” in the Computation of the

“Salmon Polynomial”
(Busé-Chardin-D-Sombra-Weimann)
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Computation of the Salmon Polynomial

(Busé-Chardin-D-Sombra-Weimann)

7. < Clx,y,z, h|/{f(x,y,z, h))

p h
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A point b in a surface S C C? is

called flex (or inflection
contact order at least 3 with S

exists a line passing through b having




If S = V(f(x,y,z)) C C? of degree
d, and not ruled, there is
Fe(x,y,z) € Clx, y, z| of degree
< 11d — 24 such that
Flex(S) = V(f(x,y, z), Ff(x,y, z))




F((x,y,2) + t(u, v, w)) =




f((x,y,z)+ t(u,v,w)) =
f(x,y,z)+th(x,y,z;u, v,w)+
2 h(x,y,z;u, v, w)+
B h(x,y, z;u, v, w)+ O(th)




The “candidate” for F¢(x, y, z)
should be the resultant in (v, v, w) of

mfi(x,y,z;u v, w)
mhH(x,y,z,u v,w)

mf3(x,y,z;u, v, w)

Carlos D'Andrea

Resultants modulo p



“l get a polynomial of degree
11d — 18. Salmon claims that in fact

the degree should be 11d — 24. |
have not checked this”




“The original proof of the
Cayley-Salmon theorem, dating back
to at least 1915, is not easily
accessible and not written in modern
language”
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Our Result

(Busé-Chardin-D-Sombra-Weimann)
Modulo f(x,y,z, h), if we set h =0
we get a nontrivial solution of the
system of multiplicity 6




Our Result

(Busé-Chardin-D-Sombra-Weimann)
Modulo f(x,y,z, h), if we set h =0
we get a nontrivial solution of the
system of multiplicity 6

Res(fi, f, f3)

h6' Ff(X7y7Z) mod f(X7y7zvh)
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Thanks!




