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Resultants

Important for both algorithmic and
complexity aspects of polynomial
system solving
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Given




Given

fi(x, - x0) =0,...,f(x1, ..., %)) =0
deg(f;) = dj

We get the i-th coordinates of the

roots via

Resdl,...,dn( 11.7 LI fnl) —
Resl,dl,...,dn(t — Xj, flv SR fn)
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Does the same happen in the sparse world?

Resﬁi(Al)’ i( )(f .. ,n')

ReS{O,e,-},Al,...,An(t — Xj, f17 RN fn)
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Sparse Resultants
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Sparse Resultants

le,...,AnCZ"
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Sparse Resultants

.AO,...,AnCZn
mFori=0,....n fi=>__, caX
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Sparse Resultants

.AO,...,AnCZn
mFori=0,....n fi=3% 4 CaX®

The sparse resultant of f, ..., f,
should be
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Sparse resultants
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Sparse resultants

m A generator of

(fo, ..., fa) NZ[Cia, i =0,...,n]
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Sparse resultants

m A generator of

(fo, ..., fa) NZ[Cia, i =0,...,n]

m The defining equation of

W ={(cia,x): =0} C P™x...xP™x(C*)"

S Lo
(W) C Pmo x ... x P
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Issues

Carlos D'Andrea
Sparse Resultants of Toric Cycles



Issues

[ | .AO -Al AQ {(070)7 (170)}
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Issues

[ | .AO — -Al - AQ - {(07 0)7 (170)}

mfy = cpo+coixi, i = ciot+aix, h = co+oix
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Issues

u AO — -Al — AQ - {(07 0)7 (170)}
m fo = oo+ Corx1, fi = cio+cuixy, b = G+ X
m (fy, fi, o) N Z[c;] is not principal
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Issues

u AO — -Al — AQ - {(07 0)7 (170)}
m fo = oo+ Corx1, fi = cio+cuixy, b = G+ X
m (fy, fi, o) N Z[c;] is not principal

m (V) does not have codimension 1
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Classical definition (GKZ, Sturmfels,...)
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Classical definition (GKZ, Sturmfels,...)

m Irreducibility
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Classical definition (GKZ, Sturmfels,...)

m Irreducibility

m homogeneities
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Classical definition (GKZ, Sturmfels,...)

m Irreducibility
m homogeneities

m all sort of extremal coefficients
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Classical definition (GKZ, Sturmfels,...)

m Irreducibility
m homogeneities
m all sort of extremal coefficients

m determinantal formulae
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Classical definition (GKZ, Sturmfels,...)

m Irreducibility

m homogeneities

m all sort of extremal coefficients
m determinantal formulae
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Classical definition (GKZ, Sturmfels,...)

m Irreducibility

m homogeneities

m all sort of extremal coefficients
m determinantal formulae

m--

m But you lose some geometrical invariants
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(D- Galligo-Sombra, AMJ 2014)

Give a close (and elegant) formula for

Res{O,a},Al,...,An(t o Xa7 f17 R fn)
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(D- Galligo-Sombra, AMJ 2014)

Give a close (and elegant) formula for

Res{O,a},Al,...,An(t o Xa7 f17 R fn)
for all a € Z"
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(D- Galligo-Sombra, AMJ 2014)

Give a close (and elegant) formula for

Res{O,a},Al,...,An(t o Xa7 f17 R fn)
for all a € Z"

ReS{Oe}Al Az(t Xi, fl(Xl) 7[2(X2)) f( )
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Sparse Resultants of Toric Cycles
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Sparse Resultants of Toric Cycles

(D-Sombra PLMS 2015)

W ={(cia,x): fi=0} C P™x...xP™x(Cx)"

\J G
(W) C Pmo x ... x P
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Sparse Resultants of Toric Cycles

(D-Sombra PLMS 2015)

W ={(cia,x): fi=0} C P™x...xP™x(Cx)"

\J G
(W) C Pmo x ... x P

Res 4,4, is the defining equation of
the direct image 7. W
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Example
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L »AO = Al — -/42 — {(07 0)7 (270)7 (07 2)}
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Example

L »AO = Al — -/42 — {(07 0)7 (270)7 (07 2)}

mf; = Cio+ cixX¥ + X3
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Example

| AO = Al - ./42 — {(0; 0)7 (270)7 (07 2)}
mfi=cjp+ C,'1X12 + C,'2X22

m Classically: Res, 4, 4, = det(cj)
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Example

| AO = Al - ./42 — {(0; 0)7 (27 0)7 (07 2)}
mfi=cjp+ C,'1X12 + C,'2X22
m Classically: Res 4, 4, 4, = det(cj)

m With the new definition, Res 4, 4, 4, = det(c;)*

Carlos D'Andrea

Sparse Resultants of Toric Cycles



With the new definition
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With the new definition

m Res g, . 4, I1s not irreducible anymore
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With the new definition

m Res g, . 4, i1s not irreducible anymore but the
power of an irreducible element (the old
resultant)
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With the new definition

m Res g, . 4, i1s not irreducible anymore but the
power of an irreducible element (the old
resultant)

m deg,  (Resy, .. 4,) = MV(Q,..., Qi-ooy @)
Q, = convex hull(A;)
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Algebra meets Geometry

(if 7(W) has codimension one)
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Algebra meets Geometry

(if 7(W) has codimension one)

Res,...a,(fo, .-, fn) =0

)
dp e X4 fo(p)=...=1f(p) =0

X4 is a toric variety defined by Ay, ..., A, with
respect to (C*)"
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Toric Varieties vs Toric Cycles

Ai={aio,...,aim} CZL"
oa: (CH" — Pmox .. Pm™

¢ = ((580,0 R gaoﬁmo)’.__,(éfan,o S gan‘mn)>

is @ monomial map
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Toric Varieties vs Toric Cycles

Ai={aio,...,aim} CZL"

pa: (C) — Pmox .. P™
¢ = ((580,0 R gaoﬁmo)’.__,(éfan,o S gan‘mn)>

is @ monomial map

m Xy = gpA(((CX)") is a multiprojective toric subvariety
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Toric Varieties vs Toric Cycles

Ai={aio,...,aim} CZL"

oa: (CH" — Pmox .. Pm™
'S > ((5"”‘10 I £a°=m0), N (ganao P 53”‘"’"))
is a monomial map
m Xy = gpA(((CX)") is a multiprojective toric subvariety
mZy = (pa)(C*)"is a toric cycle
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Resultant of cycles

Classically, Res 4, . 4, was connected
with the Chow form of X4
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Resultant of cycles

Classically, Res 4, . 4, was connected
with the Chow form of X4
Our definition coincides with the
resultant (in the sense of Rémond) of
the cycle Z4
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Rémond’s resultants of cycles

(Elimination multihomogene LNM 1752, 2001)

To a multiprojective d-dimensional
X C P x ... xP%and d+ 1 multihomogeneous
forms Fo, ..., Fy
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Rémond’s resultants of cycles

(Elimination multihomogene LNM 1752, 2001)

To a multiprojective d-dimensional
X C P x ... xP%and d+ 1 multihomogeneous
forms Fo, ..., Fy
one defines Resx(Fy, ..., Fy) such that if
| X| N V(Fg) cut properly, then
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Rémond’s resultants of cycles

(Elimination multihomogene LNM 1752, 2001)

To a multiprojective d-dimensional
X C P x ... xP%and d+ 1 multihomogeneous
forms Fo, ..., Fy
one defines Resx(Fy, ..., Fy) such that if
| X| N V(Fg) cut properly, then

ResX(FO, ceey Fd) = ReSXZ(FO)(Fl» ceey Fd)
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With this tool, it is easy to prove

(D-Sombra PLMS 2015)
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With this tool, it is easy to prove

(D-Sombra PLMS 2015)
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With this tool, it is easy to prove

(D-Sombra PLMS 2015)

..... A, - Resyq 4,

m Resy,. .4, —H ReSAhA?... (H fo(€)"” )
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With this tool, it is easy to prove

(D-Sombra PLMS 2015)
..... A, - Resq 4,
m Resy,.. 4, —H ResAhA?,._ (H fo(€)"” )

ceV(f,....f)
m “hidden variables”:

ReSW’(Al) (An)(flia SR n) —
Zi:XdReS{Oe}Al ..... (t_Xi,fl,---7fn)’:
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Initial forms

(D-Jerénimo-Sombra)

Forw e [, RA, w = (wia)
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Initial forms

(D-Jerénimo-Sombra)

Forw e [, RA, w = (wia)

init (ResAO _____ :EHRGSAO ..... Any va ---afn.,v>7
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Initial forms

(D-Jerénimo-Sombra)

Forw e [, RA, w = (wia)

init (ResAO ﬂﬂﬂﬂﬂ =+ H RGSAO An,v(fO,v cee fn,v)a

the product is over all primitive v € Z""! inner
normals to a facet of the lower envelope of the
“lifted” polytopes Qou, + -+ + @no,
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Vanishing Coefficients

(D-Jerénimo-Sombra)
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Vanishing Coefficients

(D-Jerénimo-Sombra)

f; with support A; C A,
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Vanishing Coefficients

(D-Jerénimo-Sombra)

f; with support A; C A,

~

ResAOa-“-,An(fO? MR fn) = iResAo,,AnH ResAO,va---aAmv
v

iff the CMD is “relevant”, otherwise it vanishes
identically
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More Homogeneities

(D-Jerénimo-Sombra)

ResAo’_,_’An(fO()\lxl, ey AnXn)y ey F(Arx, - )\,,x,,))

A1 A,
A1t AL - Res gy,

n
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More Homogeneities

(D-Jerénimo-Sombra)

Resa,.. 4, (o(Aixt, ..., Anxn), -, Fa(A1xt, ..., Anxn))

)\{\1 ce A Res ...,

n

where

Ai = MVt (Qoipgs - -+ » @niipry)
_'_ 27:0 ,U/_/MVZ"(Q07 ey Qi—l) Qi—|—17 s ey Qn)

with pj <K 0, and QJ‘v"-ﬂj =
convex hull({(x, x;), (x, ;) | x € Q;}) € R™!
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“Sylvester type” formulae

(D-Jeronimo-Sombra)

Work in Progress!

aq as 0 0 0 0 0
ap ap 0 0 0 0 0
0 ay a3 0 0 0 0
—by —b 0 ag a 0 0 0 0
R(fo . 7(1 ’ f2 ) _ det —c4  —Cs —Cg 0 0 0 aq 0 as 0
—Cq —c3  —C7 0 0 0 a a a ag
—Co —C —Cg 0 0 0 0 E 0 ap
0 0 0 —c4 —C5 —ocg
0 0 0 —¢; -3 —of
0 0 0 —q -6 —c
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Thanks!

http://mate.dm.uba.ar/~ coalaga/
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