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Algebraic dynamical systems

K is a field.
R=Ry,...,Rn e K(X,..., Xn)

a system of m rational functions in m
variables over K | i.e.

/E/
Ri=c. FGEKX, ... X]

I
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For i =1,..., m we define the k-th
iteration of R, by the recurrence
relation
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Starting with t € K™, its orbit is the

sequence
i = U
Un+1 — (Rl )(Un)
_ <R1(n+1 ,(nn+1)>(U)

with n=0,1,2...
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Finite orbits

The orbit terminates when 0, is a
pole of one among Ry, ..., R,

U is a k-periodic point of order
k>1iftt,= Uy, Yn=0,1,...
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Changing the field

mIf K = C, classical theory
(37XX at MSC2010)

m If K is finite, then every orbit
either terminates or eventually
becomes periodic
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Related work

m A. Akbary and D. Ghioca, Periods of orbits
modulo primes' (2009)

m R. L. Benedetto, D. Ghioca, B. Hutz,
P. Kurlberg, T. Scanlon and T. J. Tucker,
‘Periods of rational maps modulo primes’ (2013)

m R. Jones, ‘The density of prime divisors in the
arithmetic dynamics of quadratic polynomials’
(2008)

m J. H. Silverman, Variation of periods modulo p
in arithmetic dynamics' (2008)
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Open questions

m distribution of the period length
m number of periodic points

m number of common values in orbits
of two distinct algebraic dynamical
systems
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Our results
(D-Ostafe-Shparlinski-Sombra)

Works for
Rl,...,RmEZ(Xl,...,Xm) of

m degree at most d > 2

m height at most h

Assuming that the dynamical system
determined by ‘R has finite periodic
points of order k over C
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T heorem

(D-Ostafe-Shparlinski-Sombra)
JA, € N>y with log Ay bounded by

(dkmk+1)2’"+2((2k+

dn{;"i 1 )(10m-+14)+(54m+152) log(2m+T7))

such that, if p is a prime not dividing
Ay, the dynamical system R modp
has at most (a’kmk + 1)m—|—1 periodic
points of order k
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Main Tool: Effective versions of
Hilbert's Nullstellensatz

F, Fl,...,F(EK[Xl,...,Xm]

m Weak Version

VK(Flzo,...,Fg:O):Q <~ <F1,...,Fg>:].

m Strong Version
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Effective Nullstellensatz
(D-Krick-Sombra 2013)

It F, Fi,...,Fr € Z|x1, ..., xn| of degree bounded
by d and height bounded by h there exist
beZ\ {0}, Q,...,Q € Z[x,...,Xmn]| with

log b < C(M, £)d"t(h+ d)

and F{Q1 + ...+ F,Qy, = bF"
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Consequence mod
(D-Ostafe-Shparlinski-Sombra)

For Fi,...,Fm € Z[X1,. .., Xp] of degrees < d

height < h, and #Ve(Fy, ..., Fn) =T, dJAE€ Z-y

with

log A < (10m + 4)d*™ th + (54m + 98)d*" log(2m + 5)
such that #VE(H’ o Fn)=TifptA
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In our case

k
/(_F' -
R Gk’/_l

VVe apply the estimates to
of degrees d* and he|ghts < h
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Some remarks

m [here are examples showing that
the bound is tight

m Better bounds for more "tailored”
systems

m bound is sharp in FF,
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Another application: Orbit
Intersections

For w € K set
Ow(R) = {(Ry, ..., Rm)" (W) | n> 0}

For an algebraic variety V' we want
to estimate the number of points in

OVT,(R) NV
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Related work on boundness

m J. P. Bell, D. Ghioca and T. J. Tucker, The
dynamical Mordell-Lang conjecture’ (2014)

m R. L. Benedetto, D. Ghioca, P. Kurlberg and
T. J. Tucker, ‘A gap principle for dynamics’
(2010)

m J. H. Silverman and B. Viray, On a uniform
bound for the number of exceptional linear
subvarieties in the dynamical Mordell-Lang
conjecture’ (2013)

m...
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The intersection of orbits of R with

/' is L-uniformly bounded if
4L = L(R, V) such that

#04(R)NV <L VYweK"




f R € Z(x1,...,xn)" for a prime p
and NV € N,

OS;RV {Rn( V) € Vp, 0<n< N}

V, is the variety defined in F[T by the
equations of V' mod p
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Our results

(D-Ostafe-Shparlinski-Sombra)

Works for R € Z( X1, ..., X»)™ of
degree < d and height < h

\/ is defined by polynomials of degree
< D and height < H

Assuming that he intersection of
orbits of R with V is L-uniformly
unded in C
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Theorem
(D-Olafe-Shparlinski-Sombra)

For any ¢ € (0,1/2), 3B € N with
|OgB < ML+1(dM_1DmM_1+1)(5+1)(L+1)X
(s+1)(2(M = 1) + Jo—rp—— + h)

+(4m + 12) log(m + 4))

where M = |2e71(L +2)| + 1 such that if
pt B, VN > M then max; gn #0757 |, < eN.
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More (possible) Applications of
Effective Nullstellensatz

m Synchronized orbit intersections
(D-Ostafe-Shparlinski-Sombra)

m Arbitrary finite fields

m Diameters’ of polynomial
dynamical systems

m Points in varieties of small
subgroups ...
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